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Generalities

Why should a biologist read a book about branching processes in biology, and why
should a mathematician?

This book is aimed primarily at biologists, so let us start with the mathemati-
cians. You should read this book because it places a beautiful mathematical theory
in a proper context. This is not to say that branching processes cannot be viewed
in contexts other than those of population biology. On the contrary, branching pro-
cesses occur in particle physics, in chemistry, and in computer science. However,
mathematics can lose its direction in the jungle of problems that are syntactically
well formed and mathematically intriguing, but that have no clear bearing on the
outside world. Too many mathematicians, in our view, work on intellectual rid-
dles, while important scientific problems escape their attention. You should read
this book to see that branching processes are not only a fascinating mathematical
structure, but also can help us to understand fundamental questions of nature.

This applies whatever your field of mathematics happens to be. If your exper-
tise is in parts of mathematics other than probability or statistics, such as tradi-
tional applied mathematics oriented on differential equations or physics, there is a
further point: this book suggests an alternative, largely discrete approach to popu-
lation dynamics. It also emphasizes the need to model the complete spectrum from
the behavior of individuals up to population phenomena. This is characteristic of
modern stochastics and brings modeling a step forward from classic (determin-
istic) applied mathematics, in which equations are typically derived by intuitive,
non-rigorous arguments, and then analyzed in a strict mathematical manner.

And now to those whose attention we really want to catch: biologists. You
should read this book because many phenomena in areas like population biology,
cell kinetics, bacterial growth, or DNA replication are general; they follow logi-
cally from the fundamental properties of populations. They are mathematical (i.e.,
logically inherent) properties of sets of individuals that change because the mem-
bers generate new individuals. Why is extinction (of families, local populations, or
species) so frequent? Is it a consequence of catastrophes or environmental changes
external to populations? Or is it rather (or also) an intrinsic property of populations
that they tend to die out? If so, how can frequent extinction be compatible with the
famous Malthusian law of exponential increase, until resources become scarce? Is
there a dichotomy between exponential growth and extinction, or are there other,
slower forms of population growth? Can population size stabilize? What happens
to the composition of populations if their multiplication persists for a long time?
Does it stabilize? And what can be said about the history of surviving or extinct
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populations? How gradual or abrupt is natural extinction? What can be said about
mutational history? Or about the time between now and the most recent common
ancestors?

Such broad population dynamics questions are addressed in the second part of
this book. Before that we introduce models of varying generality. These sharpen
our vague intuitive notions about population development into mathematical con-
cepts that build up strict theories. With the help of these we can understand what
must or may happen. However, even if a problem eschews our efforts to provide a
mathematical solution, its formulation in mathematical terms makes it possible to
simulate the model, and thus learn about reality from what has aptly been termed
“experiments in the model.” A mathematical model makes it possible to calculate
explicitly the values of important population parameters, such as the doubling time
or the growth rate, from parameters that describe individual behavior. Finally, it
renders it possible to use population data to estimate parameters (e.g., the expected
offspring size per individual) and test hypotheses about them, using the appropriate
statistical distributions involved.

We emphasize here that branching processes have a role in general popula-
tion dynamics. However, specific phenomena can (and should) also be analyzed
through specific, tailor-made models. Such models are presented in the last part of
the book, on topics that range across the spectrum from the smallest living entities
to ecosystems and the evolution of life on earth.

Finally, it is one thing to wish to address biologists, but quite another to what
extent biologists are prepared to receive our message. We certainly feel that biol-
ogy is ripe for mathematical analysis, and the increasing role of mathematical for-
mulation in all of biology, from algorithms for DNA sequencing and gene search
to modeling of evolution and ecological systems, clearly bears witness to this.
Unfortunately, many biologists may feel that they do not have the mathematical
prerequisites for a text like ours.

We believe that our book can be read, in full, by an interested biologist with
a basic command of calculus, linear algebra, and probability theory, and we dare
hope that many others can capture the important ideas, and may even be intrigued
enough to pursue a more thorough reading, with an elementary text book at their
side. For your benefit we have collected text-book style facts of basic probability
into a mathematical Appendix.

1.1 The Role of Models

The most important function of models is to order our thoughts. With models we
formulate what we know (or think we know) about the world, and we perform
thought experiments through “what if”” scenarios. Every scientist makes models
of the system that he or she studies. In many instances, initial models are verbal
rather than mathematical. There is nothing wrong with verbal models, and they
may suffice. As the scenarios become more complicated, however, it becomes
increasingly difficult to keep track of verbal arguments and to check their consis-
tency. Verbal models therefore involve the risk that they may overlook important
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factors and/or introduce logical inconsistencies. Here, mathematics provides a
powerful language that forces us to be logically consistent and helps provide an
explicitness about assumptions. Although a set of equations may seem daunting
and complex, in most instances it is much easier to check the logic of an argument
from such a list than when it is formulated in ordinary language. (The latter also
takes up much more space!)

Another important use of models is their function as an idealization of the
world. Whenever we formulate a model, we are forced to make a choice con-
cerning which aspects of “the real world” we include in our description and which
we choose to ignore (for the moment). This is true for verbal and mathematical
models alike, but is more easily noted in the latter: mathematical formulations re-
veal contradictions and implicit assumptions. (This lack of gullibility may be one
of the reasons for the unwarranted aversion toward formulation in mathematical
terms.)

We cannot simply put everything we know about a system into a model because
it soon becomes intractable. Computers help in this respect. They can accommo-
date many factors, but it is often difficult to determine which of these affect the
predictions of the model and in what way. Modeling always involves a compro-
mise between realism and the tractability of mathematics (or verbal arguments),
and the inherent conflict between the two becomes more pronounced the more
complex the system under study is.

The choice of what is put into a model and what is left out depends not only on
the perceived importance of various factors, but also on the purpose of the model:
is it to gain insight into a specific question or to address general issues and detect
general patterns? Or is it to control a process, as in many engineering applications,
rather than to understand it?

When we seek the answer to a specific question in a specific system, we might
put in more detailed knowledge about the system. Such models have been called
“tactical,” since the results often have limited relevance. If we are interested in
general patterns and conclusions, we need more of a “strategic” model, alterna-
tively termed “conceptual.” In such a model, we want to make assumptions that
apply in a large class of systems and we want to draw very general conclusions
(e.g., what were the most important factors in the evolution of sexual reproduc-
tion?). A strategic model cannot readily be used for any specific system, but it
might indicate which general pattern to expect. Finally, if the purpose is predic-
tion, management, control, or even purely descriptive, “black box” models, with a
simplistic structure, but with many parameters so that they can be fitted to many
data sets, have proved useful, even though their explanatory scientific value seems
limited. Examples of such models are time series, such as autoregressive processes
or moving averages, or artificial neural networks. Here we do not consider such
descriptive models, even though they have been used in population biology, for
instance to describe periodicity in the famous Hudson Bay Company data set on
lynx and hare [cf. Diggle (1990), which also gives further references].
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The models we consider are individual-based. They start from descriptions of,
or assumptions about, individual life and reproduction, and deduce the behavior
of populations. Such models are sometimes called mechanistic, and the whole ap-
proach reductionist, since properties of populations are brought back to the under-
lying mechanisms of individual life. Population models can also be based directly
on phenomena that appear at the population level; these are called phenomeno-
logical. For instance, the effects of population density may be hard to describe at
the individual level but established much more easily at the population level; an
example is the well known phenomenon of “logistic growth.”

Still, a word of warning is required here. Phenomenological population models
carry tacit assumptions about the individual level. These should be pondered and
made explicit, so that they are first of all not self-contradictory, but also so that
they do not imply assumptions we are not willing to make.

As an illustration of this, many simple classic formulations of population dy-
namics, in terms of differential equations, can be shown to imply that individuals
have exponentially distributed life spans. Other models, often otherwise quite so-
phisticated, have a basic Markov structure, which again means the same. However,
a property that characterizes exponential distributions is that the conditional dis-
tribution of surviving another time period, given that you have survived up to a
certain age, is independent of the latter. The biological meaning of this is that indi-
viduals do not age. This may actually be acceptable in models, say, of populations
of small birds for which the hardships of life mean individuals do not die of old
age itself (though the risk of dying is often higher for chicks than for adults). But
it certainly matters in demography, or in cell kinetics, in which cells have to per-
form various tasks, like doubling their DNA, before splitting. For such cases, we
demonstrate that one can do without the dubious and often simply false assumption
of exponentially distributed life spans.

Finally, a word about the very concept of a model. It derives its meaning from
scale models, simplified but yet replicas of larger structures, such as buildings or
ships. Among the connotations of the concept is therefore a structural similarity
between the model and the original, albeit simplified, sometimes even to the ex-
tent of caricature, but still there. In phenomenological modeling there is less of
this similarity, and in what we have called “black box” modeling above it is almost
always absent. Affinity between model and reality, as in the type of models con-
sidered here, certainly makes us more confident about our conclusions than mere
curve fitting, which may cease to work around the next corner.

1.2 The Role of Randomness

The fate of individuals is stochastic. There is nothing mysterious in such an asser-
tion, simply a recognition that it would be impossible to record all the conditions
that have repercussions on the life career of an individual, even if this were pos-
sible in principle (a matter over which honorable people can disagree). Thus, life
spans are influenced by predation risks, food access, weather, and other processes
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that can only be described as stochastic. As a result, life span is a random variable
and different individuals usually have different life spans.

It is often argued that stochasticity at the individual level can be ignored in the
study of large groups of individuals, and so deterministic models can be used to
study their fate. However, such models are always approximations, since (obvi-
ously) if individuals evolve in a stochastic manner, so do finite populations. The
best approach is always to perform this approximation explicitly, that is to use the
fully fledged stochastic model and show that by some law-of-large-numbers effect
it is well approximated by a deterministic simplification. Thus we may have a
chance to estimate the magnitude of the errors involved, and also to discover as-
pects for which the approximation is unfeasible. We discuss such approximations
further in this book, and often come back to the possible existence of stationary —
i.e., possibly fluctuating locally, but in the long run stable — populations, for which
disregard of stochasticity leads to radically different phenomena. Indeed, the place
of extinction in population dynamics, and evolution even, and concepts like via-
bility cannot be understood within the framework of stationary or deterministic
population theory.

Population randomness through individual variability is called “demographic
stochasticity.” Another source of randomness is environmental stochasticity,
caused by spatial and/or temporal variation in environmental factors, that affects
the population as a whole or their members individually. The environment in its
turn can be influenced by the population (e.g., by its size). Thus, it may be interest-
ing to study feedback loops like environment — individual reproductive behavior
— population size — environment.

Whereas the impact of demographic stochasticity can diminish for large popu-
lation sizes, the effects of environmental stochasticity remain important for larger
populations and should be included in model formulations, if relevant to the real
biological system.

Additional sources of randomness to be incorporated may be the effects of mea-
surement errors or factors not explicitly included in a model, but lumped together
into an unspecified random effect (incomplete description).

Mainly, we are concerned here with modeling demographic stochasticity, some-
times in combination with environmental stochasticity. Branching process mod-
els were developed originally to account for inter-individual variation in offspring
numbers and life spans (i.e., forms of demographic stochasticity). More recently,
environmental stochasticity was added to these models. The latter may drastically
change predictions about population size or structure, and also what is sometimes
called “post-diction,” attempts to reconstruct history from data about the present
(e.g., the time back to the last common ancestor of those presently alive in the
branching process). Other recent developments in branching processes of interest
to biologists are the introduction of processes whereby individuals may interact,
compete or collaborate, and the above-mentioned feedback scheme, whereby pop-
ulation size or other properties of a population, say mirroring the availability of
resources, may influence individual reproduction.
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There are several reasons why demographic stochasticity may remain impor-
tant in populations. Populations may be prevented from growing to relatively
large sizes (e.g., because of resource limitations or repeated environmental dis-
turbances). Furthermore, even for large populations care should be taken with
deterministic approximations. For instance, when the effects of environmental
factors are non-linear, the effects on expected population size are not identical to
the expected effects on population size. Therefore, in general it is advisable to
formulate an individual-based stochastic model first and then, if possible, derive
stochastic or deterministic approximations, rather than to start at higher levels. We
illustrate this point in Section 1.4. Other contexts in which demographic stochas-
ticity is important involve the fate of (initially) small subgroups of populations, as
in models of evolutionary processes.

Finally, a point that may seem less important: in reality, populations are usually
measured by counting their numbers, although there are exceptions when the rel-
evant entity may be something like total body mass. Deterministic theories treat
these discrete numbers as continuous and even differentiable functions. This re-
sults in assertions such as those in the Ricker model of Section 1.4 (see Figure 1.1),
for which the population number might even be irrational. Depending upon ideol-
ogy, you may feel this to be a mere nuisance or a major epistemological problem,
as when certain models claim that an epidemic goes on forever in a cyclic manner,
but actually the minimum of each epidemic cycle, though strictly positive, is much
less than the one carrier needed to prolong the epidemic. Anyhow, it is certainly
an advantage in population modeling that branching processes are integer valued.

1.3 Branching Processes: Some First Words

As pointed out, branching processes are individual-based models for the growth of
populations. This property they share with the more advanced deterministic mod-
els, in particular those of structured population dynamics (cf. Metz and Diekmann
1986; Diekmann et al. 1998, 2001), in which the course of individual lives is de-
scribed by differential equations, at least in the most prominent cases. In branching
processes we content ourselves with probabilistic descriptions of life careers: the
basic purpose is thus to deduce properties of the processes (i.e., of populations)
from the probability laws of individual childbearing and life spans.

Many methods and techniques used in population biology have a branching
process background or interpretation. For example, the Leslie matrices of classic
demography are nothing but descriptions of the expected reproductive behavior
of individuals of various age groups. Populations in discrete time for which age
matters for reproduction are but a special form of multi-type branching processes,
which are discussed in Sections 2.3 and 2.4.

An individual is understood in a broad sense: it might be an animal or a plant,
but also a cell or an elementary particle — the defining property is that it gives birth,
splits into, or somehow generates new individuals. It could even be a whole pop-
ulation that gives rise to new populations through mutation (speciation), or if it
lives in one patch by colonization of other patches. The name “branching process”
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alludes to the family trees thus arising. However, more often the name refers to
the simpler stochastic process that records the population sizes at various times
only, or records the sizes of subsequent generations, rather than to the complete
population tree. Historically, the first question tackled with the help of branching
processes was that of population extinction: what is the probability that a popula-
tion dies out? Other classic topics are the possible stabilization of population sizes,
growth rates, and age distributions or other aspects of population composition.

The theory started with (Bienaymé—)Galton—Watson processes (discrete-time
models) and Markov branching processes (their continuous-time equivalents). For
overviews of its fascinating history, see Kendall (1966), Jagers (1975), and Heyde
and Seneta (1977).

The Galton—Watson processes just count generation sizes. In real life, genera-
tions and physical time can have quite diverse relationships. Whatever these are,
the problem of ultimate extinction is unaffected: if there is a time when the popu-
lation is extinct, there must also be an empty generation, and vice versa — even if
generations can overlap and be shifted drastically in time.

In the simplest case, Galton—Watson processes can also be viewed as real-time
processes, provided all the individuals can be assumed to have the same life span
of length one (year or season). In such cases, we assume that individuals are born
at the beginning of the season.

Somewhat more general discrete-time processes allow individuals to live over
several discrete seasons, during which they may give birth repeatedly. Still more
general processes allow arbitrary life spans, and arbitrary reproduction during life.

In all traditional models, however, independence in reproduction and survival
among different individuals is assumed. The rationale for this is that the models
are meant for small populations, in which resource limitations, for example, can
be assumed not to play an important role. Obviously, the latter is not true for
many biological systems. As pointed out, recent research has concerned these
restrictions and analyzed setups in which, for example, reproduction may depend
on resources, population size, or density. We report some findings in Sections 2.6,
5.8, and 6.5.

1.4 Stochastic and Deterministic Modeling: An Illustration

Many deterministic models are simply expectation versions of branching pro-
cesses. These we shall meet in the discussion of the corresponding branching pro-
cesses. However, where there are non-linear dependences, difficulties may arise.
We illustrate this with a well-known deterministic approach to population-size de-
pendence, the so-called Ricker equation. It has the form

—bz,
In+1 = M2zu€ o, (1.1)

which relates population size at time n + 1, 7,41, to size during the preceding
period, z,. What happens if modeling is refined down to an individual stochastic
level?
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Figure 1.1 The Ricker model: adults predate on juveniles. Those young that survive the
vulnerable period form the next generation.

The Ricker equation purports to model predation on juveniles by adults, as
happens in many fish species. The rationale behind it is (cf. also Figure 1.1): adults
produce m juveniles, on average, so the juvenile population consists of m X z,
individuals. There follows a period during which predation by adults occurs. The
predation rate is assumed proportional to population density z,/A, where A is
the area occupied by the population. By a differential equations argument, the
proportion of juveniles that survive the predation period has the form claimed,
e~b% . Indeed, a conventional argument is as follows: let j(¢) denote the number
of juveniles alive after a portion ¢ of the predation period has passed, 0 < ¢t < 1.
Then, j(0) = mz,, j'(t) = —bz, j(t) for some constant b > 0, and hence

Zup1 = j(1) = mzue ", (1.2)

in this deterministic framework.

A stochastic version of this is to say that each of the Z, individuals in the nth
generation generates a random number of offspring, with expectation m. In total
there are j,; juveniles, and the expected offspring size in the (n + 1)th period,
given the number of adults, Z,,, is

Elji11Z,l =mZ, . (1.3)
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Each of the young fish is then subjected to a predation risk 1 — e~?%" indepen-
dently. As a consequence, the next generation, Z,, is distributed binomially
with parameters j,,| and e %", given Z, and j,,| (see the Appendix).

Conditional distributions and expectations, as above, play a crucial role
throughout this book. Typically, it is easier to see what the conditional expectation
(e.g., given some crucial information) will be, than it is to determine the overall,
unconditional expectation directly. However, the latter equals the expectation of
the former (see the Appendix).

In the present case, properties of the binomial distribution imply that the ex-
pected population size in the next period, given both the number of juveniles, j,41,
and the population size, Z,, in the preceding period, is

ElZns1]jns1s Znl = jurre”"%r. (1.4)
The expectation of this over all possible values of j, 1, given only Z,, is
E[Zy+11Z,] = mZye™"%" (15)

as given by the binomial distribution. Hence, unconditionally,
E[Zy41] = mE[Z,e7"%'] . (1.6)

This illustrates well what happens to non-linear relationships, in which a determin-
istic derivation is replaced by expectations in a stochastic model. In the present ter-
minology, the deterministic model we started from only considers m, = E[Z,]; it
cannot distinguish between the real population size and its expectation. Therefore,
it claims that

My = mm, e (1.7)

A more refined analysis, however, results in the recursion (1.6), and certainly
mE[Z,e %] £ mE[Z,]e PE1%] = mm, et (1.8)

except in degenerate cases. Actually, Jensen’s inequality (see the Appendix) tells
us that the expectation of a convex (concave) function is larger (smaller) than the
function of the expectation. Since the function Ze~"Z is concave for small z and
convex for large, the deterministic model tends to fluctuate less than does the ex-
pectation of the stochastic model. In particular, if the population starts from a high
level, deterministic theory underestimates its expected size and, conversely if it
starts small, size is overestimated.

As is shown in Section 5.2, stochastic Ricker populations inevitably die out.
Their so-called quasi-stationary behavior (i.e., what the population development
looks like, given that the population is not yet extinct) was discussed for small b by
Hognis (1997). He showed that short-term development follows the deterministic
model, at least in a crude sense. We return to this later (Section 6.9).

The Ricker model is just one in a whole family of deterministic discrete-time
models that have the mathematical form

Xng1 = [ (Xn) (1.9)
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where x, either equals the population size Z, or else the population density,
X, = Z,/K; K is the maximal population size in the deterministic model (or a
typically approximate maximal level in stochastic cases) and is often referred to
as the carrying capacity. Thus, in the Ricker approach, f(x) = xe ?%* in terms
of density. Another classic, but somewhat ad hoc population model, Verhulst’s
so-called logistic model from 1845, has f(x) = x(1 — x),0 < x < 1, where x
stands for density again. In the logistic case, f is concave along its whole interval
of definition, so that by Jensen’s inequality the deterministic relationship always
overestimates the expected population density. The reason for this is simply that
the model is not defined for population sizes larger than the carrying capacity.

In biomathematical literature the recursion above is usually formulated in terms
of the individual reproduction function R, so that

Xn+1 = an(xn) . (110)

Mathematically, the two are, of course, equivalent, but the first is slightly more
general and, from the point of interpretation, the second form has great advantages.

1.5 Structure of the Book

Chapters 2 and 3 give an overview of branching processes and their main char-
acteristics, with an emphasis on biological interpretation. Chapter 4 is the most
technical chapter of the book. It deals with relations between branching processes
and other models of population dynamics, in particular diffusion processes and
deterministic models. Chapters 5 and 6 describe how important characteristics of
population dynamics can be studied with branching processes. Finally, Chapter 7
gives examples of recent applications of branching processes in various fields of
biology.



Discrete-Time Branching Processes

Both this chapter and the next survey basic branching processes relevant to bio-
logical applications. We describe process structure, and give some examples. Un-
derlying assumptions are exhibited and it is indicated when and where a specific
model might be applied (which areas, under what conditions). Note that even the
simplest models have proved their usefulness to biology in the past, and continue
to find intriguing new applications (e.g., in molecular biology, cf. Chapter 7).

The purpose is to give an impression of what is available in the literature, so
as to gain an overview of the theory as well as starting points for modeling. Fur-
thermore, we give references in which more details, proofs, and results on these
models, and generalizations of them, can be found. When possible we rely on ver-
bal formulations and illustrations, rather than extensive equations, and we do not
give the main mathematical results yet. However, we do introduce basic concepts
and notation, and also some fundamental facts used in later chapters, in which the
results are stated and their relevance to basic biological issues made clear.

This chapter treats discrete-time models. In these, time is represented by inte-
gers that indicate reproduction periods. Thus, it is assumed that reproduction can
only occur during separate non-overlapping periods. In the simplest forms (de-
scribed in Sections 2.1 to 2.3) generations cannot overlap either (think of annual
plants).

An argument in favor of discrete-time models is that they are mathematically
much easier to handle than those in continuous time (see Chapter 3). Further-
more, many species do reproduce only during fixed periods of the year. In other
situations, like polymerase chain reactions (PCR, see Section 7.5), the experimen-
tal setup creates well-defined discrete reproduction periods: during heating DNA
strands separate, and during the subsequent cooling the single strands form coun-
terparts, and thus the next generation of DNA molecules.

On the other hand, “real time” is certainly perceived as continuous, and in many
cases discrete processes may seem artificial. Which approach to use depends on
the situation or purpose and is also a matter of taste (cf. Chapter 1). Discrete-time
models with small time steps can also be viewed as approximations of continuous-
time processes. Sometimes, the time steps need not even be that small, as is the
case with the yearly counts traditional in demography.

Below we give some general approaches, based on the main characteristics of
the life history of the species under consideration. In these, we distinguish between
three main types of life histories, according to the duration of the maturation period
(from birth to reproductive age) and how births occur.

11
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1. In the simplest case the separate reproduction periods are short compared to
the maturation period. Thus individuals born during one reproduction period
do not reproduce during that period. There are many examples of such life
histories: in temperate zones many bird, fish, and mammal species only repro-
duce during spring and/or summer and their young do not start to reproduce
until the following year. Insects, like butterflies and moths, deposit eggs during
spring or summer. Their larvae grow during summer and overwinter as pupae to
emerge as adults next spring. Even in tropical regions examples can be found.
For instance, large mammals such as lions reproduce during the rainy season
when food is abundant. Discrete-time processes can be used readily in such
cases. Repeated reproduction of individuals during one period does not create
difficulties, since differences in offspring age are negligible as compared to the
length of the maturation period. Thus, we can simply count the numbers of
surviving offspring at the beginning of the next reproduction period.

2. In the second type of life histories, there are also distinct reproduction periods,
but maturation time is much shorter than the length of one period. In such cases
the young can start to reproduce during the period in which they were born.
Examples are many insect species in temperate zones, like flies, aphids, or par-
asitic wasps, which have seasonal reproduction, but produce several generations
each season and overwinter in diapause. Such systems can be described by dis-
tinguishing two time scales. A continuous-time model can be used to model the
process within each reproduction period to yield the relation between the popu-
lation at the start and end of a reproduction period. For population development
on a larger time scale, a discrete-time model can then be used to describe the
relation between population sizes just before each reproduction period in suc-
cessive years.

3. Finally, there are species with life histories for which no fixed reproduction pe-
riods can be distinguished. Examples are humans, many (semi-) domesticated
animals (like house mice, guinea pigs, or goldfish), and many tropical insect
species. For such life histories continuous-time models are usually more appro-
priate. The same applies to cells and prokaryotes, which divide after life cycles
of highly variable length.

Throughout this book we use the convention for discrete-time models that the pop-
ulation starts from time zero and that population numbers are counted just be-
fore each reproduction period. This is sometimes referred to as performing “pre-
breeding censuses” (Caswell 2001, p. 25).

It happens that the population thus obtained just before the (n + 1)th reproduc-
tion period is referred to as the “nth generation.” Strictly speaking, this is correct
only in the simplest case in which all individuals live exactly one time unit. This
is evident in continuous time, in which those alive at any given time belong to
many different generations. In addition, whatever the time structure is, we can
always count the successive generation sizes, and thus obtain what is often called
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Figure 2.1 Schematic representation of the Galton—Watson branching process.

the embedded generation process: the zeroth generation initiates the population,
the first contains the immediate offspring (children) of the former, the second gen-
eration consists of the grandchildren, and so on.

Even though generations in many real populations tend to disperse over large
time spans, some problems (notably extinction) are easier to study in the genera-
tion process: it should be clear that a population dies out if and only if its embedded
generation process turns to zero (see Section 3.1, in which the embedded process
is defined explicitly).

2.1 The Basic Process

The oldest and simplest discrete-time branching processes are the basic Galton—
Watson single-type branching processes or, historically more correct, the
Bienaymé—Galton—Watson processes (see Heyde and Seneta 1977), sometimes
also referred to as simple branching processes. These are discrete-time processes
with non-overlapping generations, and only one type of individual. Alternatively,
these can be viewed as counting successive generations in populations with a more
complicated time structure, such as individuals that do not necessarily have the
same life spans or that give birth at different ages.

The way these proceed is illustrated in Figure 2.1. We denote the population
size in the nth generation by Z,. The process starts with an initial population
of Z, individuals just before the first reproduction period. Each individual pro-
duces a random number of offspring and then dies. The population size in the next
generation, Z;, can be determined by summing the numbers of offspring. These
individuals then reproduce, which gives the next generation, and so on.

Thus, if we number the individuals in the nth generation in an arbitrary way
and denote the number of offspring of the ith individual by &;, the population size
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in the (n + 1)th generation is

Zy
VATREES Z&' 2.1
i=1

with the &; independent and identically distributed. The complete specification of
a model involves a choice of the probability distribution of the offspring numbers.
The scheme has three basic characteristics:

1. All reproductive individuals are of a single type with identical offspring distri-
bution.

2. They do not affect each other’s reproduction in any way.

3. The distribution of offspring numbers is assumed to remain the same during the
whole period considered.

We discuss each of these basic characteristics and their consequences here, and
consider several generalizations of each in the following sections of this chapter.

The first property, that there is no distinction at all between reproductive in-
dividuals with respect to distribution of numbers and types of offspring, implies
that there is no condition or location variable that affects reproduction and neither
is there a distinction between, for example, different genotypes. This is suitable
for homogeneous systems with clonal reproduction, such as cell populations or
bacteria.

Models with this property might, however, also be used for some systems with
sexual reproduction. For instance, in hermaphrodites, such as many plants (so-
called monoecious plants), only one type of individual needs to be considered.
Furthermore, since the assumption only concerns reproductive individuals, even
bisexual (or, in plants, dioecious) species may be modeled thus, as there is only
one reproductive type, namely females (see Figure 2.2). In such cases, however,
additional requirements have to be met to satisfy the assumption of independence
between individuals, at least approximately. Thus, the supply of males must be
sufficient, otherwise the chance that a female reproduces depends on population
size. Moreover, since sexual reproduction also introduces genetic variation in the
absence of mutation and it is reasonable to assume that genotype affects reproduc-
tion, such models are not normally suitable for populations with sexual reproduc-
tion, except in special situations, as with the initial spread of mutants. For such
a spread, the resident population is assumed to be homozygous and, as long as
mutants are rare, the probability that they mate with each other can be neglected.
Therefore, initially the population of mutants only consists of one reproductive
type: heterozygous individuals with the new allele.

The second assumption, independence between reproductions, implies that the
approach is unsuitable when population limitation occurs in any way. It can be
used for the initial growth of small populations, when resources are still abundant.
It can also be used for invading mutants in evolving systems, as long as the resident
population can be assumed to set a fixed background. This implies, for example,
that the resource supply is controlled by the resident population and that mutant
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Figure 2.2 A process with two types of individuals: females (big fish) and males (small
fish). Only the females are counted, since they are the reproductive type. (See text for
further explanation.)

numbers are still so low that they do not affect this. Furthermore, it implies that the
resident population is keeping the amount of available resources at a fixed level.

The third property means that there are no essential differences between re-
production events in different periods. Thus, environmental factors that affect re-
production are assumed to be constant. Furthermore, the number of reproducing
individuals in different periods must be equivalent. This can be implemented in
two different ways. For the moment, we only consider one of these possible im-
plementations, namely to assume that generations do not overlap (i.e., the parent
population dies after reproduction). The other implementation does allow genera-
tion overlap, and we return to this in Section 2.4.

Although this is a simple scheme, it is useful for the study of various aspects of
populations, such as the survival chances of small populations and initial popula-
tion growth. It should also be considered as an approximation that gives a global
insight by focusing on the bare essentials of the dynamics of small populations.

In the next sections we first consider two particularly simple benchmark pro-
cesses, and then models in which one or more of the three assumptions are relaxed
in various ways. Thus, reproductive individuals may have different types (Sec-
tion 2.3) or states (Section 2.5) that may affect the numbers and/or types (and
states) of offspring they produce. Generation overlap and aging are treated in Sec-
tion 2.4. Furthermore, we discuss the effects of interactions between individuals,
which introduce dependences, in Sections 2.6 to 2.8; Section 2.8 is devoted to the
complications induced by sexual reproduction. Section 2.9 deals with models with
temporal variation in factors that affect offspring distributions. In each section
it is assumed that only one of the characteristics of the basic model is general-
ized, whereas the other two remain the same. Therefore, remarks made in this
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section concerning these characteristics continue to hold. At the end of some sec-
tions, however, we do consider models with combinations of previously described
generalizations.

Finally, Section 2.10 is devoted to yet another generalization, namely branching
models with immigration from other populations.

2.2 Basic Properties and Two Benchmark Processes

As benchmark processes we use two particularly simple cases: binary splitting and
geometrical offspring distributions. Whereas the former has a biological back-
ground in cell division or bacterial growth, the latter seems more of a mathe-
matical artifact. However, with a slight modification, it has been used in classic
demography (Lotka 1931c), and it avails itself to a relatively elementary and di-
rect mathematical analysis. Also, the two cases complement each other: one has
bounded reproduction (never more than two children for binary splitting), and in
the other reproduction has no given bound, k children can occur for any number
k=0,1,2,3,4, ... with the probabilities

px = qp*. (2.2)

In this, g = 1 — p and p is some number between 0 and 1. For binary splitting the
probability of no children is g and the probability of two is p. No other numbers
of offspring can occur.

In general, the mechanism that underlies geometric distributions is that of re-
peated trials, each with a success probability p until the first failure, which occurs
with probability ¢ and thereby ends the process. A biological, albeit somewhat
strained, analogy would be that, during one reproduction period, the mother makes
repeated independent tries to reproduce, each with success probability p, like lay-
ing one egg after the other. Once she fails, she produces no more children during
that season.

The slight generalization mentioned is into zero modified geometric distribu-
tions, also called fractional linear, after the form of the generating function (see
Section 5.3 and Appendix): the probability of producing no children does not nec-
essarily equal ¢, but is, say, po = r, 0 < r < 1, and the other probabilities are
duly modified into

pe=0—-rgp* k=123, .... (2.3)

Indeed, Lotka found that probabilities defined through » =0.4825 and p=0.5893
fitted the American 1920 census data on white males well.

The expected number of children of an individual with reproduction distribution
{pr,k=0,1,2,...}1is denoted by

m=Y kp. (2.4)
k=1
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so that
m=2p, 2.5
in the case of binary splitting, and
m=Y kqp* =p/q. 2.6)
k=1

for geometric reproduction.

In biological applications that have no bound on the number of children, the
Poisson reproduction distribution is often used rather than the geometric one.
Then, the probability of having k children is

pr=e"mf/klk=0,1,2,..., (2.7)

where m is some positive number. The reason for choosing the letter m is that
the expectation (in other words, mean) of a Poisson distributed random variable &
equals its parameter:

E[E] =m, if Pt =k) = e "m'/k!, k=0,1,2,... . (2.8)

An often-used shorthand for a random variable that has the Poisson distribution
with parameter m is to say that it is Poisson(m), or even Poi(m). Similarly, one
might say that a variable is Geometric(p), or Geo(p), and Binomial(n, p), or
Bin(n, p), for the geometric or binomial distributions.

The assumption of a Poisson distribution is sometimes not that well founded,
though often there are good reasons for it: if a large number of eggs are produced,
and only a few of them grow to maturity, then the number of mature children will
follow a Poisson distribution (approximately). This is an instance of what classic
probability literature used to call the “Law of Small Numbers”. Its historical debut
was possibly as applied to the yearly number of Prussian soldiers killed by horse
kicks (Von Bortkiewicz 1898). Since then it has been applied successfully to a
panoply of situations in which a large number of independent tries are indepen-
dently scanned and only rarely let through, notably in telecommunications, such
as the number of incoming calls at a switchboard. Arguments for it can be found
in any textbook, from the elementary to advanced monographs on point processes
and random measures. A classic reference is Feller’s Introduction to Probability
Theory (1957).

The mean numbers of offspring in the Poisson and the geometric situations
coincide provided m = p/q, thatis, p = m/(m+ 1). For large m the two distribu-
tions take quite different shapes; whereas geometric probabilities remain decreas-
ing, the Poisson probabilities increase to their maximum at the largest integer that
does not exceed the mean, and then start to decrease.

For small m the difference between the two distributions is minute (see Fig-
ure 2.3), and so mathematical expediency (though never a good argument) might
favor use of the geometric law; we discuss the malleability of geometric distribu-
tions in Section 2.3.
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Figure 2.3 Similarity of the geometric and Poisson distributions.

The probability of many children is larger in the geometric case. Also, the
variance of the number of children is larger, p/q? in case of a Geo(p) distribution
as opposed to p/q in the corresponding Poisson (p/q) case.

Now, how do simple Galton—Watson processes evolve? This is the subject mat-
ter of Chapters 5 and 6, but we preview expected population sizes here, both be-
cause of the neat result and because of the method used to deduce it, whereby the
typical conditioning argument of branching processes is introduced gently.

The expected size of the nth generation satisfies

E[Z,] = E[E[Z,]Z,—1]] - (2.9)

However, given the size of the preceding generation (assume that Z,_; is known
and fixed), the present generation is the sum of the number of offspring of each of
the Z,_; potential mothers. In symbols,

Zy=86++&z,,, (2.10)

where &; denotes the number of children of the ith member of generation n — 1.
These all have expectation m, independent of Z,_, and since the expectation of a
sum equals the sum of the expectations (see the Appendix)

IE[Zn|Zn—l] = IE[gl +--+ SZ,,,I |Zn—l]
=E&Z, ]+ -+E[éz, | Z,1l=mZ,_ . (2.11)

Hence, E[Z,] = mE[Z,_,], and repetition yields
E[Z,]=mE[Z,_i] = ---=m"E[Z] . (2.12)
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Of course, if the initial number Zj is fixed and known, we need not use its expec-
tation.

Populations withm < 1,m = 1, or m > 1 are called subcritical, critical, and
supercritical, respectively. From Equation (2.12), we see that as n — oo the aver-
age size of a subcritical population goes to zero and that of a critical population is
stable, whereas the average size of a supercritical population grows unboundedly.
Indeed, both these developments occur at the famous exponential rate: there is
decay at the rate m" if m < 1, and growth at the rate m" if m > 1.

Exactly critical populations, however, are of less interest for applications, since
it is not reasonable to assume that the average number of direct descendants per
individual is exactly one during many generations. And the slightest deviation
results in either of two radically different types of behavior: exponential growth
or exponential decay. The situation is quite different for sub- and supercritical
populations in which small changes of the mean reproduction affect the rate, but
not the character, of the development.

In “near-critical” population models, in which the deviation of m from one is
“very small” and varies with, say, time or population size, the situation becomes
different. If such a population does not die out, its expected size often grows almost
linearly. This topic is discussed in Sections 2.6 and 6.5.3. A related situation arises
if we wish to describe the survival chances of populations for which m does not
vary with time, but in itself is close to one. It has a bearing on the establishment
probabilities of slightly advantageous genes, and is taken up in Section 5.6.

Subcritical processes may be used to investigate populations that are dying out
more or less rapidly. Young populations that develop under favorable conditions
(enough food and space, and a generally benign environment) tend to be super-
critical. This therefore applies to situations such as in vitro — or generally early —
bacterial or cell growth, invasion by mutants (i.e., the initial growth of the number
of mutants), colonization of new habitats, and many others.

In the deduction of the mean behavior that leads to Equation (2.12) we used
only the first and third basic properties of Galton—Watson processes, namely that
the reproduction distribution is the same for all individuals at all times. The inde-
pendence between population members was not called for, but to deduce further
properties this is, however, important; independence is required in the calculation
of variances. As we shall see in Chapter 35, it plays a crucial role in the determina-
tion of extinction risks. Indeed, let

o® = Varlg] = ) (k —m)*py 2.13)
k=0

denote the reproduction variance, and repeat the sequence of arguments that lead
to Equation (2.12). Then, of course, independence (or at least correlation zero) is
needed for the additivity of the variance,

Var[Z,|Z,-1] = Var[& + -+ -+ &7, | Z,-1]
= Var[&|Z,_1] + - + Varléz, | Z, 1] =0%Z,; . (2.14)
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Once this is obtained, we can use the general (and quite useful) relation that vari-
ance can always be viewed as comprising two parts: expected variation around a
random level (E[X|Y]) and the variance of the level itself,

Var[X] = E[Var[X|Y]] + Var[E[X|Y]] . (2.15)
This is derived in the Appendix, and yields
Var(Z,] = 0°E[Z,—1] + Var[mZ, ]
= o’m"'E[Zy] + m>Var[Z,_]

=a’m" " +m" + -+ mE[Z] + m**Var[ Zo]
_ { o2 D[ Zo] + m* Var[Z], ifm # 1

m(m—1)

2.16
o’nE[Zo] + Var[Zy], ifm=1. ( )

In the subcritical case both mean and variance of population size thus decrease
to zero, and extinction should be unavoidable. Some of the peculiarities of the
critical case can be seen from the joint appearance of a stable mean size and an
ever-growing variance, which at first sight seems to indicate that such populations
either die out or become extremely large. The latter, however, does not happen;
critical populations die out with certainty.

During supercritical growth, the coefficient of variation (i.e., the population
standard deviation divided by its expected size) stabilizes quickly. If we denote it
by CV, indeed

—Z (1 — m™")/E[Zo] + Var[ Zo)/E[Zo]. ifm # 1

¢ . (2.17)
o2n/E[Zo] + Var[Zo1/E[Z,], ifm=1.

cvy = {
For all practical purposes we should thus expect established (i.e., n is large) su-

percritical populations with the same reproduction distribution and one ancestor,
Zo = 1, to have the coefficient of variation

o

CV=—roawo——=cvym/(m—1), 2.18
where cv is the coefficient of variation of individual reproduction. Thus, CV = cv,
provided m is not too small.

Example 2.1 Observations of the type considered above have been used in studies by
Azevedo et al. (2000) and Azevedo and Leroi (2001) to explain what they call a power law
that relates the variation of cell numbers between individual organs to the average of these
numbers. Their investigations started from the widely held belief that there is a so-called
eutely, meaning absence of variation in cell number, in certain nematodes (like Caenorhab-
ditis elegans) claimed to have a deterministic number of cells. Linear regression studies
of the logarithm of variance (V') versus the logarithm of mean size (M) rather pointed at a
relation of the form

InV=a+blnM, (2.19)
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with b = 2 more often than not. Thus, the coefficient of variation of organ size usually
equals a species-specific constant.

They also explained their results in terms of branching processes. If the cell growth of
some species occurs according to a Galton—Watson process with mean m > 1 and vari-
ance o2, then certainly we would expect organs of that species to display roughly the same
coefficient of variation between individuals, according to the argument above,

V/M? = (CV)? ~c?/m(m —1) = (cv)’m/(m — 1) . (2.20)
In the linear regression [Equation (2.19)], @ and b thus ought to equal In[o?/m (m — 1)] and
2, respectively.

We return to this example in Section 3.3.1, where we discuss branching processes in
which individuals have variable life spans.

SO0

2.3 Several Types

One generalization of the previous setup is to allow several types of individuals.
The type of an individual is defined as an attribute (or a set of attributes) that
remains fixed throughout an individual’s lifetime. For instance, it may be the indi-
vidual’s genotype, or its size at birth.

The type may affect the distribution of the numbers of offspring. Individuals
of the same type are assumed to have identically distributed numbers of offspring,
but individuals of different types may differ. The type of a parent can also affect
the probability that its offspring has a specific type. The population in generation
n is characterized by a vector Z, = (Z,1, ..., an)T, where d is the number of
different types and Z,; denotes the number of individuals of type j in the nth
generation. [Here, and in the following, vectors are viewed primarily as columns
and the superscript 7T is used to denote transpose (i.e., the operation of turning a
row into a column or vice versa).] The total population size in generation n, |Z,|,
is thus the sum of the vector components

|Zn| = an +---+ an . (221)

The types are numbered arbitrarily, so that, for instance, types 1 and 2 are not
necessarily closer to each other in any real sense than are types 1 and 3. The
offspring of individual i is also denoted by a vector, & = (&1, ... , &q4)”, where &ij
is the number of its offspring of type j. In this notation the analog of Equation (2.1)
for multi-type processes becomes

1Zn]

Znj1=) &, (2.22)
i=1

with &; independently distributed vectors. This, however, conceals the difficul-
ties, since the vectors are no longer identically distributed; the distribution of &;
depends on the type of the parent individual i. A complete model involves speci-
fication of the different distributions of the offspring vectors for each of the types
distinguished, and if we wish to reach a formulation in terms of independent and
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Figure 2.4 Example of a multi-type branching process.

identically distributed offspring vectors, Ei(j ), where j now indicates the mother’s
type and i a numbering of the individuals of that type, we have to accept the omi-
nous expression

Zisi= > & (2.23)

j=1 i=1

These branching processes are called multi-type Galton—Watson processes. An
illustration of how they evolve is given in Figure 2.4.

An example of type that we have already encountered in Section 2.2 is the
sex of individuals. We can model a situation with non-overlapping generations
by a process with two types: males, who have no offspring, and females, who
have identically distributed numbers of offspring that can be of either type (as in
Figure 2.2). As mentioned in Section 2.2, a single-type process, in which only
females are counted, could also be used, but then we could not keep track of both
males and females. Nevertheless, the model remains asexual, since mating is still
not required. This may play less of a role in large populations with stable sex ratios,
but in small populations the risk that there are no males cannot be disregarded.
Also, mating patterns may play a role that is not mirrored in a model in which
females can do completely without the interference of males. We return to sexual
reproduction in Section 2.8.

Another (and maybe better) example of types is that of genotypes: the geno-
type of a parent may affect the numbers of its offspring and it obviously affects
the genotypes of its offspring. In a model with clonal reproduction and mutation,
parents of each genotype can be assumed to produce a stochastic number of off-
spring according to a certain probability distribution. Each of the offspring can
then be assumed to be of the parent’s type with a probability close to one and of a
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mutant type with a very small probability. Different genotypes may, for instance,
differ in the probability with which they produce different mutants and/or the dis-
tribution of their numbers of offspring. Selection on fertility or survival chances
can be modeled by differences in forms of offspring distributions of the different
genotypes.

In diploid organisms with sexual reproduction, interactions between individ-
uals generally have to be taken into account, since both parents influence their
children’s genotypes. Therefore, such systems should initially be viewed along
the lines described in Section 2.8.

However, there are cases in which mating can be disregarded. One of particular
interest, which we have come across already in Section 2.1, is the situation in
which the initial spread of a mutant allele in a resident population is studied. Since,
initially, the chance of mating between individuals that carry the mutant allele is
negligible, mates of mutants are from a fixed background population. Therefore,
the probabilities of combinations with the different resident genotypes are given
and the chances for each of the different offspring types are determined by the
genotype of the “mutant parent.” This holds even if mate choice depends on type,
so-called assortative mating. It remains true regardless of the numbers of alleles
or loci that are considered, that is, the model can be used for the so-called multi-
allele, multi-locus invasion problem (see any textbook on evolutionary genetics,
e.g., Roughgarden 1979). Below, we give an illustration for the one-locus, two-
allele case.

More generally, in large populations in which the simplifying assumption can
be made that individuals choose mates independently from the population, possi-
bly according to a distribution dependent upon their type, the mating aspect can
be disregarded, and the type distribution of children determined by the type of the
individual considered. The invasion case is then the special situation in which the
partner is chosen from a large surrounding background environment.

Example 2.2 Consider a population of bacteria in which a gene has two possible alleles, A
and B. We assume that bacteria with allele A produce zero offspring with probability 0.2 or
they divide and thus produce two offspring with probability 0.8. The chance that, because
of a mutation, exactly one of a bacterium’s offspring will have allele B instead of A equals
0.0002. Bacteria with allele B have a higher chance of producing viable offspring, namely
0.9. If a bacterium with allele B divides, the chance that one of its offspring will have
allele B and the other one allele A instead of B equals 0.001. We represent the offspring
by a vector in which the first position gives the number of offspring with allele A and the
second the number with allele B. The setup is illustrated in Figure 2.5 and summarized in
Table 2.1.

N

As we saw in Section 2.2, much of population development is determined by
the mean reproduction. In the multi-type case this will be a matrix, with entry my;
giving a type h-individual’s expected number of children of type j. We call this
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Figure 2.5 Reproduction of bacteria with two types of alleles, A or B. The allele affects
mortality risk.

Table 2.1 Probability of offspring vectors for a population of bacteria in which a gene has
two possible alleles, A and B.

When the parent is When the parent is
Offspring vectors an A bacterium a B bacterium
0,07 0.2 0.1
2,07 0.8 x 0.9998 0
0,2)" 0 0.9 x 0.999
(1, nr 0.8 x 0.0002 0.9 x 0.001

the mean matrix and denote it by

d

M= (mhj)h,jzl :

(2.24)

For instance, if we call A bacteria type 1, m; is the expected number of A bacteria
produced by one A bacterium. From the entries in Table 2.1 it can be seen that

mp; =2 % (0.8 x0.9998) + 1 x (0.8 x 0.0002) , (2.25)

since an A bacterium can either produce two offspring of its own type, or one A
and one B offspring, or none.
The expected number of type j individuals in generation n satisfies
d d

E[Zyj] = EIE[Zy|Zy 111 = BLY  Zy_ywmuj) = Y ElZy1nlmy; . (2.26)
h=1 h=1
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If we further introduce the notational convention that the expectation of a random
vector is the vector of component expectations,

E(Z, = EI[Zul,... .E[ZuD" , (2.27)
we can summarize these relations for 2 = 1, 2, ... , d in vector-matrix form,
E(Z,]" =E[Z,-1]"M , (2.28)

according to the established conventions of linear algebra.
Iteration then leads on to

E[Z,]" = E[Zo]"M" . (2.29)

(In such relations, and generally, we allow ourselves sometimes not to write the
superscript 7 for transpose.) We can conclude that we obtain subcriticality and
extinction if M" — 0, and supercriticality if M" — oo. The question that arises
is whether criticality can be described in terms of one scalar parameter p.

Obviously, the mean matrix M is non-negative, in the sense that all its elements
must be non-negative. Such matrices have interesting properties, best exposed in
a book by Seneta (1981). For an extensive, gentle introduction, from a population
dynamic perspective, see Caswell (2001). Here, we just mention some indispens-
able concepts and facts.

If there are non-null vectors u = (uy,...,ug) and v = (vy, ..., vy)!T with
the property that
d d
pup = Zujmjh, thjvj = pvp , (2.30)
j=1 j=1

or, in matrix form,
u' M = pu”, Mv=pv, (2.31)

for some number p, these are called left and right eigenvectors of M, and p is
the corresponding eigenvalue. “Eigen” is German and means “own” or “proper.”
Thus, along the direction of an eigenvector the matrix only changes the scale,
according to the corresponding eigenvalue.

Matrices can have many eigenvectors; in particular, multiplying a vector by a
constant does not destroy its eigenvector property. We consider the situation in
which it is possible to choose left eigenvectors u so that their components are non-
negative and sum to one. Then the corresponding right eigenvectors v also have
non-negative entries and can be chosen so that u” v = 1. In explicit terms,

d d
wo=> uv;=10>0u>0 u=1. (2.32)
j=1 j=1
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We now use this normalization of the eigenvectors. If E[Zy] is proportional to a
left eigenvector u and ¢ a proportionality constant,

E(Z," =E[Zo]"M" = cu” M" = cu” p" (2.33)

by Relation (2.30). Thus, the eigenvalue p is the required indicator of criticality
in the direction of the eigenvector: the process is subcritical if p < 1, critical if
p = 1, and supercritical if p > 1. A correspondingly simple characterization con-
tinues to hold, provided any starting configuration can lead to any other composi-
tion over types, and so it is not astonishing that the largest eigenvalue (in absolute
value) takes over and decides the asymptotics of M", as n — oo. This number
is usually called the Perron root of the matrix, and from here on we reserve the
symbol p for that largest eigenvalue.

In an indecomposable branching process, each type of individual eventually
may have progeny of any other type. More formally, for every combination of
types j and 4 there is an r > 1 such that the probability that type j has progeny of
type h after r generations is positive. (In other words, for every j and /4 there must
be a positive integer r such that the entry at position jz of M" is positive.) Clearly,
Example 2.2 concerns such a process, since both types of bacteria can have both
types of offspring. For a process to be indecomposable it is not necessary that
every type can produce all types of offspring immediately.

Indecomposability is thus the property that any initial configuration can lead to
any other type composition. Hence, it is natural [but not easy to prove, see Mode
(1971)] that in indecomposable populations all types grow at the same rate, p.
Extinction probabilities may, however, differ depending upon the type of the initial
individual: the more fertile the ancestral type, the greater the survival chances.

In decomposable processes, distinct groups of types that do not produce types
of other groups can be distinguished. Decomposable systems can display great
heterogeneity. One type may become extinct whereas another thrives. For cases
in which none dies out, different types may grow at different rates. Nevertheless,
uniform growth can also occur in some decomposable cases, such as when one
type has the largest rate of growth and can produce progeny of all other types.
An example of this is a two-type population in which females produce a large
number of offspring, female or male, each with probability 1/2, whereas males —
as usual — do not reproduce. Other examples occur in cell biology, such as stem
cells that produce cells of various kinds (see also Section 2.5). Since the two types
of processes behave so differently, we consider them separately in the following
subsections.

In this section we restrict ourselves to types as fixed attributes and non-
overlapping generations. However, multi-type processes are also used to model
age and state dependence (Sections 2.4 and 2.5), so at least mathematically the
distinction between this section and those is not strictly necessary. A careful clas-
sification of types appears in Sevastyanov’s book (1971) on branching processes,
unfortunately not available in English [see also the books by Mode (1971), and by
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Athreya and Ney (1972)]. The classic paper on decomposable branching processes
is Kesten and Stigum (1966a).

In some early approaches to bacterial growth, cell mass was assumed to be the
factor crucial for division. Thus, size at birth would enter naturally as a type.
Mass being continuous, this would not be a process with a given finite number of
types. Such models, and even setups with both continuous time and general infinite
type spaces, are mathematically intriguing and can be analyzed. However, the
mathematics needed is largely beyond the scope of this book. For our purposes —
and most practical modeling, we believe — more complicated type spaces can be
approximated by finite ones. Still, such general state spaces occur later in this
book. In particular, size-dependent cell models are sketched in Section 3.3.

2.3.1 Indecomposable processes

When considering indecomposable processes, we have to make a formal distinc-
tion between periodic and non-periodic processes. However, since any periodic
process can be transformed into a non-periodic one by means of a simple trans-
formation of the time scale (see Note below), it suffices to discuss non-periodic
processes.

Note. An indecomposable Galton—Watson process is called periodic with period t (> 2) if
the largest common divisor of all n such that all the diagonal elements of the nth power of
the mean matrix, mf.;’), are positive is equal to . An example of a non-periodic process was

given above. A process with the following mean matrix:

0 1
M:<1 0), (2.34)

has period 2, since

M2=<(1) ?)=M4=...=M2n,n=o,1,..., (235)
whereas

0 1 3 2n+1
M= Lo =M=...=M""'"'n=0,1,..., (2.36)

and, therefore, for all n, m,ﬁf“) > 0, mﬁf“” =0 (G=12).

Any periodic process can be transformed into a non-periodic process. For example, if we
consider the population in the previous example only at generation numbers 2, 4, etc. (i.e.,
we consider the transformed process with mean matrix M’ = M?), we obtain a non-periodic

process. This is why only such processes are considered here.

SO0

The celebrated Perron—Frobenius theorem (see the Appendix) shows that for an
indecomposable process the powers of M have the property that

M" = p"A+o(p"), (2.37)

where A is a d x d matrix with elements a;,; = v,u;, all > 0, and o(p") denotes
an expression such that o(p")/p" — 0 as n — oo. Therefore, for large n, M"
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is approximately equal to p" A, which justifies the definition of criticality in terms
of p.

Various asymptotic properties of the process can be derived from the Perron—
Frobenius theorem; the basic one is that

E[Z,0" ~E[Z]" p"A, (2.38)

as n — oo. (We use the notation ~ somewhat liberally to mean that the ratios of
components of the two sides tend to one.) In the long run, thus, the average num-
bers of individuals of each type are proportional to p”, but the relative frequencies
of the different types depend on A and therefore on the eigenvectors u and v.

In particular, if the population initially consisted of only one individual of type
h, the expected number of type j individuals at time 7 is

E[an] ~ vhuj,o" . (239)
Hence, in the long run the expected number of individuals of type j divided by the
expected total population is

ElZy]

i = : =u;, 2.40
n—0 B[ Z,|1  wui+--+us (240)

since the components of u were chosen to sum to one [see Equation (2.32)].

2.3.2 Decomposable processes

Consider a population initiated at time n = 0 by one individual and described by
a single-type Galton—Watson branching process. To calculate the total number of
individuals that existed in the population up to moment n, we define an artificial
second type of individuals. When an individual of type 1 dies it produces not only
a random number of individuals of type 1 (its offspring in the original process),
but also exactly one individual of type 2 (i.e., a dead individual). Thus, the mean
matrix becomes

m 1
M:(O 1). (2.41)

This is a simple example of a decomposable process, and Z,; is the total number
of individuals born in the population up to generation n — 1. A situation in which
such a trick could prove useful might be to study the spread of an infective disease.
Then Z,; is the number of individuals in the population that are infected during
period n and Z,; is the accumulated number of infections up to time n — 1. (It is
assumed that an individual only remains infective during one period, after which
it dies or becomes non-infective.)

Another interesting possibility is to calculate the total number of individuals
that have at least K direct descendants — the number of “hero mothers” or, in cases
of epidemic spread (like HIV/AIDS), the number of notorious perpetrators. In this
case we define a process in which an individual of the basic type 1 produces a
random number of direct descendants &, and if £ > K it also produces exactly one
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Figure 2.6 A bacterium with two different types of plasmids. Before division the plasmids

are copied. The resultant plasmids are divided between the daughter cells. Each daughter
receives two plasmids, but not necessarily one copy of each original.

individual of type 2. Similarly, the total number of individuals with at most K or
exactly K direct descendants can be studied.
More generally, consider a mean matrix of the form

_f mi1 mp
M = ( 0 M ) . (2.42)
It is not difficult to show that
n (n)
M — < mi, > , (2.43)
0 mj,
where

nmpm’it, i myy = my,
(n)
mi = (2.44)

le?z—Ti:Z%’ if mii 75 mpy .
For instance, if M is as defined in (2.41)
n (n)
m" m
M" = 12 2.45
( O ) , (2.45)

where m({g is the expected accumulated number of individuals produced in the

initial process up to moment 7,

n, if m=1,
m® = ” (2.46)
ol om A

m—1"~
Thus, if an infected individual infects 1.5 others (m = 1.5) on average, and there

was one infective individual to begin with [Zy = (1, 0)7], then the expectation of
the population state after 10 infective periods is

1.5 -1
E[z)]=2zImM"° = (1.510’ T) ~ (57.7,113.3) . (2.47)

After 10 generations, we thus expect around 58 individuals to be infected and more
than 113 people to have been hit since the outbreak of the disease.

Example 2.3 Most bacteria contain plasmids, pieces of extra-chromosomal DNA that can
cause resistance against antibiotics. Before cell division, plasmids are doubled, so that
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there are two copies of the original set. We consider the case in which both daughter cells
contain the same number of plasmids at division, but not necessarily the same plasmids.
(Alternatively, it may happen that the plasmids are not equally shared between daughters,
so that one can have more than the other.) As a result, some offspring lines may have lost
plasmid types their ancestors used to have (see Figure 2.6).

Assume the plasmids to be of two different kinds, A coding for antibiotic resistance and
B for non-resistance. Let each bacterium contain two plasmids that can be of either kind.
Thus, there are, in principle, three types of bacteria: AB, AA, and BB, which we call types
1,2, and 3. A bacterium of type 1 (AB) can have daughters of all three types, but bacteria of
types 2 and 3 produce only bacteria of their own sort. The four plasmids are shared equally,
but at random, by the daughter cells, so that if a bacterium of type AB divides, it produces
two bacteria of type AB with probability 2/3, whereas with probability 1/3 the two bacteria
are of types AA and BB. Here is an argument: first, a daughter cell receives one plasmid,
be it A or B, then for the second one there are two candidates of the other sort, and only one
of the former. We assume that the risk for a bacterium to die without division is 0.1.

The alternative to death is division into two daughter cells, so that the expected number
of type 1 bacteria produced by a type 1 bacterium equals 0.9 x 2 x % = 1.2. In this manner,
we find the mean matrix '

12 03 03
M=| o 18 0o |. (2.48)
0 0 18

The top-left 2 by 2 submatrix

1.2 03
0 1.8
determines the corresponding part of the matrix M" (as can be checked straightforwardly

by multiplying M by itself). It is a matrix of the form in (2.42), and thus the corresponding
submatrix of M”" is given by (2.44), to yield

12" 1(1.8"—1.2")
0 1.8" :

By the same method the remaining elements can be found. (The elements m{,, m5,, mf;,
and mf; are also determined solely by the corresponding submatrix of M.) Hence,

120 las—12y g —127
M=\ o0 1.8" 0 . (2.49)
0 0 1.8"

So, from a start with a single bacterium that contains both plasmid types, the expected
numbers of different types of bacteria after n generations is

E[Z]]=(1,0,00M" =[1.2", (1.8" — 1.2")/2, (1.8" — 1.2")/2] . (2.50)
Thus, the proportion of the population that has antibiotic resistance after n generations is
(1.8"+12m/72 1 1.2\"
—— =1 — , 2.51
1.8 2 * 1.8 @31

and after many generations we can expect about half of the population to remain resistant.

OO0
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Example 2.4 Taneyhill et al. (1999) give several examples of the application of branching
processes in parasitology. One of these concerns the relationship between microsporidian
parasites, Octosporea effeminans, and several species of the genus Nosema, and their host,
Gammarus duebeni, an amphipod that lives in brackish water along the coasts of Europe
and Northern America. The parasites are transmitted vertically, from mother to offspring,
and their effect is to turn genetic males into phenotypic females. To be transmitted to a
following generation of hosts, the parasite must find its way to the host’s so-called germline
tissue (which forms the gametes). Dunn et al. (1998) used a multi-type process to examine
which mode of transmission the parasite most likely uses.

In the model, host cell-type is determined by the number of parasites a cell contains. In
each time unit, the host cells divide into two. Beginning with a host zygote that contains
h parasites, the parasites are sorted into daughter cells during cleavage of the embryo, and
they may replicate within the host cells by binary fission. In each generation of host cells,
parasites then split independently into two daughters with a probability p. Furthermore,
there is a probability ¢ of being transmitted to a given daughter of the host cell. For instance,
if g equals 1/2, both daughter cells are equally likely to receive a given parasite. If g # 0.5,
one cell line has a higher probability of receiving parasites than the others. Thus, a host cell
of type a produces two daughter cells, which may have types O to 2a. The probability that
one of its daughter cells has type j is

2a

pi=y ( X ¢ 4 ) P —pyet ( I; )q-’ 1—gt . (2.52)
k=a

Starting with a zygote that contains / parasites, an embryo of size 2" (i.e., after n divisions

of the host cells) can contain up to 42" parasites. Thus, conditional on a positive number of

parasites, there are £2" different possible cell types.

Dunn et al. (1998) applied this model to study the distribution of parasites in embryos of
Gammarus duebeni that consisted of 64 = 26 cells, so n = 6. They calculated the reproduc-
tion mean matrix, M, for different values of g that corresponded to an unbiased transmission
of the parasite to daughter cells (¢ = 0.5), and to a biased transmission (g # 0.5). It was
estimated that zygotes contain approximately 200 parasites. Assuming this to be the initial
zygote type, they calculated expected distributions of cell types conditional on containing
a positive number of parasites after n generations and compared them with observed dis-
tributions. The observed distributions fitted best to a model of biased transmission. They
concluded that there is a cell line that receives a high proportion of the parasites.

SO0

2.4 Generation Overlap

So far we have either counted successive generations or, in a real-time interpre-
tation, assumed that individuals live through one season only, so that different
generations do not overlap. We now allow overlap. Initially, we stay with single-
type Galton—Watson processes, since they can be used to model special cases of
generation overlap, namely those without aging.

When individuals can live for longer than one generation, but age does not af-
fect offspring numbers or survival chances, adults and newborns are equivalent
with respect to future reproduction. Therefore, we do not have to make a distinc-
tion between parents and their offspring in the next generation. Instead, a surviving
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generation n generation n+1

)‘ parent survives, one child &, =2
parent dies, no children éz =0
parent dies, one child E3=1

parent dies, three children E_,

Figure 2.7 Illustration of how a process with overlapping generations can be represented
by a Galton—Watson process.

index, i 1
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parent is included in the offspring counted by the number &;. Thus, we simply de-
fine the “offspring” of a reproducing individual as its children plus the individual
itself, if it survives (see Figure 2.7). To a biologist, this may seem awkward, but it
is a convenient mathematical device that renders the above approaches applicable
to situations with generation overlap. Note, however, that it involves the assump-
tion that each individual has a constant risk of dying, irrespective of age. As a
consequence, life spans must be distributed geometrically. For most organisms
this is obviously not realistic, but it may be a good approximation if life spans are
determined mainly by external random factors, such as large predation or starva-
tion risks, as may be the case for many small bird or mammal species. By using
such ideas, we can calculate properties such as the expected population size and
extinction probability of a population. However, to capture the population age
structure, more elaborate modeling is needed.

Example 2.5 Small mammals, such as squirrels, have one reproduction period per year
and a large yearly mortality risk, because of starvation or predation. We therefore assume
that each year a female squirrel has a constant probability » of dying, a probability g of
surviving without reproduction, and a probability p of producing one offspring. (We count
only female individuals.) If these probabilities are assumed to be independent of age, the
population can be modeled as a single-type Galton—Watson process, in which one individual
produces one offspring with chance ¢, two offspring with chance p, and no offspring with
chance r. The expected number of offspring per individual thus equals 2p + ¢, and so the
expected population size in the nth seasonis (2p + ¢)". If 2p+¢q exceeds one, the expected
population size increases exponentially. Otherwise, the population dies out in the long run
(see Chapter 5).

The parity of an individual is the total number of offspring she has produced. The
(asymptotic) distribution of the parity in a population can be calculated by means of a multi-
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type branching process; type corresponds to parity in this case. We count to a maximum
parity only if a female has had N or more offspring, she has type N. Thus, we distinguish
N +1 types of females. If a female who has produced k(< N) offspring does not reproduce,
but survives, she “produces” one individual of her own type. This happens with chance q.
If she reproduces, she has one daughter of type 0 and produces one individual of type k + 1.
This happens with chance p. Females of type N produce one female of their own type and
one female of type O when they reproduce.
The mean matrix of the process has size (N + 1) x (N + 1) and looks as follows:

p+g p 0O 0O - .- 0
p g p 0 o .. 0
p 0 g p - 0

M = . (2.53)
0 0 -+ -+ p 0
p 0 0 - -+ 0 p+g

Clearly, the process is indecomposable since every female can have daughters of type 0,
which in turn can reach any parity. The maximal eigenvalue of the matrix, p, is 2p + ¢ and
the corresponding (normalized) transposed right eigenvector has the form

I =@,1,...,1), (2.54)
while the left eigenvector (properly normalized and transposed) equals
r 1 1 1 1
u :(M(),...,Mk,...,MN_l,MN): z,...,w,...,z—N,z—N . (255)

By the Perron—Frobenius theorem (see the Appendix),

my) ~ vy 2p+q)" (2.56)

for large n. If the population is initiated by a single female with no previous offspring,
E[Z7]=(1,0,...,0) M”:(mgg),...,mg",3> . 2.57)

So, after a large number, n, of generations, the expected number of females with parity
h < N — 1 is approximately (2p +¢g)"/2"*'. Furthermore, the expected number of females
with at least N daughters is 2p + ¢)" /2".

The “parity distribution” of the population tends to

(n) 1

li My _ Uk _
m ey o) O ot tuy 2k
Moy + gy + -+ +moy  Uo Un
fork=0,..., N—1, (2.58)
and e 1
lim oN =—. (2.59)

n—0o0 mgf)) + mg? +---+ m(()'}; 2N

Note that this result does not depend on the particular values of p and g. However, it has
a simple interpretation only if 2p + g > 1, since then the process is supercritical and the
expected population size increases. Otherwise, the population dies out and we may have to
consider concepts of quasi-stationarity (see Chapter 6).

A
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Table 2.2 Probabilities of offspring vectors for a strictly biennial plant species.

Transposed For a 1-year-old For a 2-year-old
offspring vectors parent parent

(0,0) 1—p e

(UY) pi 0

(1,0) 0 me™" /1!

2,0 0 m2e~" /2

If reproduction or survival are age-dependent, multi-type processes must be
used throughout. If no other factors are involved, type corresponds to age.

Example 2.6 As a further illustration, consider a biennial plant species. If it were strictly
biennial, 1-year-old individuals produce no seeds and have a positive chance p; of survival,
but 2 year olds would always produce seeds and die. Since such plant species usually have
enormous amounts of seeds, only a few of which germinate, a Poisson offspring distribu-
tion seems natural. Thus, assume that 2 year olds have a Poisson(m) distributed surviving
number of offspring that are 1 year old in the next generation. In this case, if individual i is
1 year old, & is of the form (0, I;)T, where I; is 1 year with probability p; and O otherwise.
If individual i is 2 years old, & is of the form (£, 0)7, where & is a Poisson(m) distributed
random variable. This is represented in Table 2.2.

In most instances, biennial plant species do not follow this strict rule, but instead there
is only a chance that they flower, and then die, when they are 2 years old. If they do not
flower, they can survive for another year (up to a certain maximum age), but as soon as they
have produced flowers they die. We can model this as follows. Suppose that the maximum
age of the plants is 3 years. As before, 1-year-old individuals survive with chance p,;. We
assume that 2-year-old individuals flower with chance ¢, and, if they do not, they survive
with probability p,. If they do produce flowers the number of offspring is Poisson(m,)
distributed. Individuals who are 3 years old always produce flowers with the number of
offspring Poisson(m3) distributed. This is illustrated in Figure 2.8. This results in Table 2.3.

The mean reproduction matrix is

0 D1 0
M=\ ¢gmy 0 (1—q)p> . (2.60)

We consider the specific values p; = 3/4, m, = 36/5, g2 = 5/9, and p, = 3/4, so that
gamy =4 and (1 — q2)p, =4/9 x 3/4 = 1/3, and m3 = 8. With these

0 3/4 0
M=|4 0o 13 |. 2.61)
8 0 0

The maximal absolute value of the eigenvalues is p = 2, the process is supercritical, and
the expected population grows exponentially. The right and left (transposed) eigenvectors
are

23 46 23 16 6 1
(2 ) = (2 2 ) 2.62
v (36 27 9) ! (23 23 23) (262)
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Year 1 7//7:,
P1
Year 2
:02(‘I *Qz)
Year 3

% Poisson(m;) number of surviving offspring Q@%

%ﬁ Poisson(m3) number of surviving offspring

Figure 2.8 Population dynamics of a biennial plant with possible delay in reproduction.

the components normed according to Convention (2.32). Therefore, as n — o0,

ViU VilUp ViUs
E[Z]]1~ p"BIZg]| vour vous wvous | =2"E[Z;]

U3y V3lUp  V3U3

(2.63)

oz Rl ers
W Ol N —
o= 3 gl

So, if 10 1-year-old plants initiate the population, after n seasons the population contains
on average some % x 2" 1 year olds, 1—60 x 2" 2 year olds, and % x 2" 3 year olds. In the long
run the proportions of these different age classes in the population stabilize at, respectively,

16 6 1
237 232 and 23°

SO0

Possibly not only the age, but also the type of an individual may affect its sur-
vival and numbers and types of offspring. This can be modeled by a multi-type
branching process in which the population state Z,, is characterized by a matrix,
rather than a vector. For instance, the rows may represent the different ages and the
columns the types. Whereas the age of newborns is always 1, the distribution of
types of children may depend on the parental type. Furthermore, since an individ-
ual’s type is fixed, survival of an individual of age / years involves that it produces
one offspring of the same type, with age [ + 1.
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Table 2.3 Probabilities of offspring vectors for a biennial plant species with delay in re-
production.

Transposed For a 1-year old For a 2-year old For a 3-year old
offspring vectors parent parent parent

0,0,0) L= p (I =g)(A = p2) +qpe™™ ™

0,1,0) Di 0 0

0,0, 1) 0 (I =q)p> 0

(1,0,0) 0 gamae™? mze™"3

2,0,0) 0 gamie™"2 /2! mie="3 /2!

Example 2.7 As mentioned in Section 2.1, two-sex populations can be modeled by disre-
garding the mating aspect and even the sex of individuals. Either only females are counted
(as in the squirrel example) or the sex can be disregarded. When generations do not overlap,
the chance that an individual of unknown sex has no offspring, po, is the chance that the
individual is male plus the chance that it is female and has no offspring. The chance that it
produces k > 0 offspring, py, is the chance that it is female and has & children. Denote the
probability that a female has & children by ay, and suppose that the probability that a child
is male is 1/2. Then we obtain a Galton—Watson process with the offspring distribution

p0=1/2+a0/2, pkzak/Z,kzl,Z,... . (264)

With overlapping generations, the same reasoning could be applied. If, however, individu-
als can survive more than one reproduction period, it is more natural to resort to a two-type
model. Then, males can have either one or no “children,” the former corresponding to sur-
vival and the latter to death of the individual concerned. Females can have different numbers
of children, depending on whether or not they survive and whether or not they reproduce. If
we denote survival chance by s, and other chances are as before, the risk that a female has
no offspring is 1 — s. The chance that she has one female offspring, of age 1, viz. herself, is
say, and the chance of having one daughter (or one son) aged O plus one female “offspring”
of her own age plus 1 is sa; /2. The chance that she has exactly two female offspring of age
0 plus one female “offspring” of her own age plus 1 is sa,(1/2)? (and equals the chance
that she has two male offspring of age O plus one female “offspring” of her own age plus
1). Generally, the chance of a female surviving and having n children of which k are female
and n — k male is

sa, (Z)z*", k=0,1,....n. (2.65)

The risk that a male has no offspring (meaning that he dies) is 1 — s and the chance that he
has one male “offspring” of his own age plus 1 is s.

SO0

2.5 State Dependence

In Section 2.3 we define the type of an individual as an attribute that remains fixed
throughout its life. Here, more general (sets of) attributes are considered that may
change in the course of time. Such a set of attributes is referred to as the state of
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an individual. More formally, we define an individual’s state as a set of properties
such that if the current values of these are known, no further information about the
individual’s past is needed to determine the probabilities of its future reproductive
events. Such descriptions are called Markovian, and in much literature the use of
the word “state” implies Markovianness. Components of (or partial information
about) a state are called state variables. (The reason for this is that we usually think
of states as vectors of variables.) For instance, an individual’s type may be one of
the state variables. An individual’s state can include part of its history (e.g., past
reproduction). In demography, the parity of mothers (i.e., how many children they
have had) is often used in this way. However, especially with long-lived species,
such models can become quite complicated and difficult to analyze. One should
strive for a state description that is as economic as possible (e.g., the complete life
history of an individual is always a state, but not a very parsimonious one).

The state of an individual may affect the state and number of its offspring, its
survival chance, and its own future states. Age is a special kind of state variable,
since the ages of newborns and of surviving individuals are determined by the laws
of time. Thus, age is an example of a deterministically changing state. At the other
extreme, the future state can be completely independent of the current state. For
instance, individuals of very mobile species may travel large distances between
periods, so their locations in successive periods may be virtually independent. (Of
course, this also depends on the spatial scale that is considered.) There is also a
range of intermediate possibilities, in which the current state affects the probability
distribution of future states, of both the individual and its progeny.

When generations do not overlap, there is only one census point in each indi-
vidual’s lifetime, namely just before reproduction. Thus, even if the state of an
individual at reproduction is different from its state at birth, we need not model
this explicitly. Instead, we can define a relation between the state of a parent just
before reproduction and the distribution of states of its offspring just before they
reproduce. With this formulation, the models of Section 2.3 can be applied directly
to state-dependent processes with non-overlapping generations, and states can be
viewed as types.

If age, or any other state variable, is thought of as continuous, new model-
ing problems appear. This is not so if there are only a finite number of states,
in which case a full specification involves the distributions of offspring numbers
and states, the state-dependent survival chances, and the transition probabilities to
other states, for each possible state. For mathematical simplicity it may then be
useful to think of a surviving individual as her own offspring, as in Section 2.4.

We illustrate this by an example with two state variables, one of which is age
(Example 2.8). It is based on a continuous-time model of brain-cell differentiation,
formulated by Yakovlev et al. (1998). We have made several simplifications for
the sake of the illustration.

Example 2.8 During the ontogeny (i.e., embryonic development) of vertebrates, specific
cell types first appear at precisely regulated moments. The timing of such processes is strik-
ingly similar in different individuals. One of the major challenges in developmental biology
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is to study the principles that underlie such appropriately timed cell generation. During the
development of embryos, cells change from dividing “precursor cells” into differentiated
(and often non-dividing) progeny cells. Yakovlev et al. (1998) formulated a model for this
process, based on in vitro observations of precursor cells of the central nervous system.
These so-called oligodendrocyte type-2 astrocyte (O-2A) progenitor cells divide and gener-
ate oligodendrocytes.

As mentioned, we assume that the state of a cell consists of two variables. One is its
age; cells may belong to one out of four age classes, where classes 1, 2, and 3 mean ages
1, 2, and 3 (time units), respectively, whereas class 4 means age 4 or older. The other state
variable either has the value (0) for a progenitor cell or (1) for a differentiated cell (i.e., an
oligodendrocyte). The latter do not change, but a progenitor can become differentiated.

Each progenitor cell first completes a mitotic cycle of random length. It is assumed that
the probability that a cell of age class 1 to 3 completes its mitotic cycle at the next time step
is g, whereas this chance is r for cells of age class 4. After the end of the mitotic cycle the
cell either divides into two daughter progenitor cells, with probability p, or it differentiates
into an oligodendrocyte, with probability 1 — p. Cell death is not included in the model,
since in this case it is very rare during the considered period of observation.

Since state is two-dimensional, the device of modeling state variable changes by letting
an individual be her own “offspring” yields a reproduction vector with two parts; the first
four elements represent the numbers of produced progenitor cells of age classes 1 to 4, and
the fifth element the number of oligodendrocytic offspring.

For instance, a progenitor cell of age class 1 has the offspring vector (0, 1, 0, 0; 0) with
chance g, which signifies its own survival into the next period without any proper offspring.
It has the vectors (0, 0, 0, 0; 1) with chance (1 — ¢)(1 — p) and (2, 0, 0, 0; 0) with chance
(1 — q) p. Progenitor cells of age class 4 have the reproduction vector (0, 0, 0, 1; 0) with
probability . The chances for the other two reproduction vectors are as above, with r
replacing q.

Note that a differentiated cell can only produce one “offspring” of its own kind, so that
the process is decomposable, but of a type for which the asymptotics are easily describable,
since there is really only one reproducing type.

Using a more complicated version of this model, Yakovlev et al. (1998) examined
whether cell differentiation depended solely on cell age (the intrinsic biological-clock
model) or was also affected by an external hormonal signal. By comparison of model
predictions to data they showed that thyroid hormone reduced the mean duration of the mi-
totic cycle of progenitor cells and increased the probability of cell differentiation, which
provided evidence in favor of the latter hypothesis.

SO0

2.6 Dependence on the Population Itself

Up to this point, we have assumed that individuals reproduce independently from
one another. In real life, however, individuals usually affect each other’s offspring
numbers as well as types or states in various ways. Whereas classic branching
processes with independent individuals have a long history, only recently has it
become possible to treat various types of interaction mathematically.

We start with some generalizations of the simple branching processes of Sec-
tion 2.1 and either assume that generations are non-overlapping or that there is no
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aging. First, consider situations in which offspring numbers depend upon popu-
lation size. Of course, this does not necessarily mean that population size must
influence the reproduction mechanism physically. Rather, the situation might be
that population size mirrors some aspect of the environment that in its turn affects
offspring numbers. Thus, a large population often means that resources are being
exhausted. However, there are also more direct effects of population size, as in the
Ricker model in which adults eat juveniles (see Sections 1.4 and 6.9).

Galton—Watson processes dependent upon population size were, essentially,
explored by Klebaner in the 1980s (see Klebaner 1989c). In connection with
continuous-time Markov branching (see Chapter 3) similar processes had been
studied by Boiko (1982). The framework is Galton—Watson processes as defined
by requirements 1, 2, and 3 (see Section 2.1) being valid only conditionally upon
population size in each generation. Thus, given Z,,, reproduction in the nth genera-
tion remains independent and identically distributed. However, different values of
Z, imply different offspring number distributions. This is a very general scheme,
and results are also general, relating the growth rate to the growth rate of a sort of
limiting classic branching process (i.e., which is independent of population size).

The idea behind the scheme is that unhampered populations, even with depen-
dences, either die out or become large, indeed grow beyond any limits, as explored
in Section 5.2. In the latter circumstances, the effects on individual reproduction
converge to what would have been the case in an extremely large (potentially infi-
nite) surrounding population. Often the result is to establish exponential growth,
but in a near critical case (i.e., a case in which reproduction approaches one child
per individual), as Z,, grows to infinity, new phenomena can appear, such as linear
rather than geometric growth.

Usually, population size dependence is more or less tacitly assumed to be nega-
tive in the sense that the mean reproduction decreases as the population increases.
Even though this is biologically natural, it is not mathematically necessary.

Example 2.9 In the Ricker model of Section 1.4, assume that each adult initially produces a
Poisson(m) distributed number & of offspring. If, furthermore, each of these young indepen-
dently runs a predation risk of 1 — e~?%", given the adult population size Z,,, by the Poisson
thinning property (derived in the Appendix), the numbers of young that survive are again
conditionally Poisson, but with the parameter me~"%". The expected number of surviving
children per individual equals the expected offspring number times the survival chance, and
the offspring numbers of different individuals are independent, given the generation size,
since the original childbearing was independent, as was predation.
The expected size of the population remains bounded,

E[Zn] = ]E[E[anzn—l]]
=E[Z,_ime "%1] < supzme ™ =me~'/b . (2.66)

z>0
As is shown later, it follows from the general arguments in Section 5.2 that such a population
must die out. This is natural, since the mean reproduction m(z) = me™"* would become
very little, should the population size z happen to become large. Ultimate exponential
growth would occur if the reproduction distribution were, say, Poisson with some other
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parameter m(z), where m is a decreasing function of z with lim,, ., m(z) > 1. Linear
growth would appear in the case where z(m(z) — 1) approaches a positive limit, as z — oo.
We return to these matters in Section 6.5.

SO0

Another situation in which population size may affect reproduction is when
there is competition for space. As an illustration, consider a plant population that
occupies an area with s suitable sites. In summer, each plant produces a certain
number of seeds that disperse within the area. The parent population dies in winter
and the next spring seeds germinate. However, since each site can only harbor one
adult plant, seeds that have landed on the same site compete and only one can
survive. Therefore, the chance that seedlings survive depends on the total number
of seeds produced by the previous generation.

For such a process, the notation used until now is no longer practical. Instead,
we denote the number of seeds produced by the ith individual by y;, so that the
total number of seeds produced in the nth generation is

Zy
Xa=) Vi, (2.67)
i=1
where y; are independent and identically distributed random variables. The pop-
ulation size Z,;; of the next generation then equals the number of sites that have
been occupied.

If seeds are uniformly and independently distributed over the sites (think of the
feathered seeds of dandelions), determination of the number of occupied sites is
a classic probabilistic problem called the occupancy problem [see Feller (1957),
Chistyakov et al. (1978), or, for a textbook exposition, Durrett (1995)]. Indeed, as
shown in these references, the exact probability that exactly k of the sites remain
empty if X, = x is

s—k S\ X
(s i sk _k+
pr(x,s) = ( X > E ( 1)’( j )(1 S > : (2.68)

j=0

This follows from the so-called inclusion—exclusion formula of elementary proba-

bility (see the Appendix), in conjunction with that the probability of j given sites

not being occupied must be

(=" _
s* N

(I—j/9)", (2.69)

for which see any of the references above.

If there are fewer seeds than sites, the number of occupied sites is close to the
seed number. If, on the contrary, there are far more seeds, few sites remain empty,
and Z, .1 &~ s. The intermediate case is less obvious.

We examine these three cases in terms of expected population size z in a sea-
son, given that there are x seeds. This can be computed in the following manner.
Number the sites somehow from 1 to s and let n; = 1 if site i is empty and zero
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otherwise. Then, there are
s—z=m+-+n (2.70)
empty sites, but all ; have the same probability of equaling one,

P =1)= (1 - %) and E[n;] =P =1) . (2.71)

(For simplicity we do not spell out the conditioning on the number of seeds.)
Hence

1 X
Els —zl=E[m]+---+E[n]=s (1 - ;) . (2.72)
However, if s is large (and x much smaller than s2),
1\* o
K (1 — —> se s, (2.73)
s
and
Elz] ~ s(1—e" 7). (2.74)

If seeds are much fewer than sites, x /s ~ 0,
sl—e s)~x, (2.75)

and, as we concluded above, the (expected) population given the number of seeds
has a size similar to the latter. If there are many more seeds than sites, x > s,
se™/s ~ 0, which yields E[z] &~ s. However, if s and x are both large, and
se /S ~ ¢, rather straightforward calculations (see the cited textbooks) show that
the number of empty sites have an approximate Poisson(c) distribution. Thus, if
in one season there are x seeds, the population has size z, where s — z is (ap-
proximately) Poisson distributed. In particular, the expected population size is
s(1 —e™/%).

When the number of young that can be produced depends on a limited popu-
lation resource that cannot be mirrored through population size, we may have a
more complicated situation. For example, past population sizes may affect cur-
rent resources. However, sometimes there is dependence upon the accumulated
population size,

Y.=20+Z1+--+Z,, (2.76)

somewhat inadvertently referred to as the total population size in branching pro-
cess literature. This case is actually treated more easily than dependence upon the
present population size, since the latter can increase and decrease, whereas accu-
mulated populations do not decrease. Furthermore, it is natural to assume that the
mean number of children m is a non-increasing function of either the present or
accumulated population. Hence, it follows directly that m (Y,,) must tend to a limit,
as n — 0o, and thus mean reproduction stabilizes with time. But since Z, need
not be non-decreasing, convergence cannot be concluded for m(Z,). Indeed, the
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latter can fluctuate wildly as Z,, — o0, even if the mean is a monotonous function
of actual population size. This matter is pursued further in Section 6.5.2.

Such observations make it tempting to replace (accumulated) population size
as an influencing factor by some general resource variable, ¥,, during the nth
season. This would be a random entity influenced by all preceding resources and
population sizes, xo, ... » Xu—1, Zo, - - - » Zn, but not necessarily fully determined
by them. On one extreme, y, could be a function of Z,, as above, and on the
other there could be independent, identically distributed environments — in which
Xn 1s completely unaffected by the population or its history. Such models are
discussed again in Section 2.9. Unfortunately, frameworks that encompass the
whole range of resource models, including as different situations as environment
and population dependence, seem so general that little substantial can be deduced
about them. However, specific examples are certainly of interest, provided they
are both realistic and amenable to analysis; an example is the near-critical model
discussed by Jagers and Klebaner (2004).

2.7 Interaction Between Individuals

Population size dependence is one form of global dependence: it is the popula-
tion as a whole that has repercussions on individual behavior. Another type of
dependence is local interaction between a limited number of siblings or close rel-
atives, or between neighbors in a geographically structured population. A third
form of interaction is that between different populations or subpopulations, as in
competition or sexual reproduction, where males and females interact.

Interaction between geographic neighbors has been a favorite area of probabil-
ity modeling during past decades. It is an intriguing subject for mathematicians,
because conceptually simple models result in rich mathematics [see the books by
Durrett (1988), Grimmett (1999), and Liggett (1999)]. From a biological view-
point, the models can, however, only be viewed as idealized benchmark processes.

We focus on the mathematically much simpler problem of sibling dependence.
For biological literature on populations situated on lattices, see Dieckmann et al.
(2000), in particular the chapters by Iwasa (2000), and Sato and Iwasa (2000).

Galton—Watson processes with sibling dependence (or even more general inter-
actions within the same generation) can be defined exactly as in Section 2.1, except
that the & variables in the definition of the next generation are no longer indepen-
dent. However, this does not enter into the expectation calculations of Section 2.2
and it follows that expected growth is not affected by dependence between sib-
lings. Much more generally, dependence between the offspring numbers in the
same generation does not change the expected population size. When we return to
the dynamic behavior of branching populations, we shall see that this conclusion
remains valid for growth rates and composition generally. In contrast, extinction
risks can be influenced strongly (see Olofsson 1997).

Actually, there is a very simple way to remove sibling dependence: just consider
the whole sibship as a macro-individual that collectively gives birth to the children
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Figure 2.9 Alternative representations of a process with sibling dependence.

of its members. The process of these macro-individuals has independently repro-
ducing elements, as different sibships are independent of each other. The numbers
of “macro children” need, however, not be distributed identically (e.g., we might
expect a large sibship to give birth to more children than a small one). Thus the
macro-process is a multi-type branching process, and in the Galton—Watson case
simply has sibship size as its type.

Example 2.10 Imagine a cell population in which if one cell divides, her sister cell cannot,
but dies without trace. Then each individual (= cell) can produce zero or two children, but
not independently. The two possibilities are that one sister cell divides, say with probability
p, or that none does. The population of sibling pairs is again a single-type process, which
produces one child (= pair) with probability p, and none with probability 1 — p. If there
are no dependences beyond that between sisters, the process of sister pairs is a classic
independently reproducing branching process. This is illustrated in Figure 2.9.

SO0

2.8 Sexual Reproduction
G. Alsmeyer

Up to now we have ignored that in species with sexual reproduction changes in
population size depend on the formation of couples. Sometimes this may be jus-
tified. For instance, if mating is polygynous (one male may have many females),
and the number of males is sufficiently large, the total number of females in a
generation determines future population size. Another example is the number of
initially rare mutants in an evolutionary process, for which, provided the residence
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population is large enough, pair formation is not a limiting factor. In many in-
stances, however, mating is an important factor that cannot be dismissed. Bisexual
Galton—Watson processes take mating into account explicitly. Unfortunately, this
complicates life considerably, and few mathematical results are available.

So-called bisexual branching processes —a somewhat unfortunate name for
processes with mating — were introduced by Daley (1968). In them it is conve-
nient to represent population size by the number of couples rather than the number
of individuals. Denote the number of couples in the nth generation by Z,,. The pro-
cess starts with an initial number of couples, Z, just before the first reproduction
period. Each couple has random numbers of female and male offspring. Thus, the
offspring of a couple is represented by a pair of numbers, which are independently
distributed for different couples, with an identical distribution that is constant over
generations. In the simplest case it is assumed that, conditional on the total number
of offspring, the offspring sex is determined at random (like flipping a, possibly
biased, coin). Another model of sex determination assumes that the numbers of
male and female offspring are independent with a possibly different distribution.
The two mechanisms are equivalent for Poisson-distributed numbers of male and
female offspring, since the sum of two independent Poisson variables is Poisson
again. As in the Galton—Watson process, generations are non-overlapping.

The most realistic scenario is to form pairs according to a stochastic process. In
existing theory, however, pair formation is assumed to be deterministic. Thus, the
formation of couples is determined by a mating function ¢ (x, y), which specifies
the total number of couples formed if there are x females and y males. If mating
is strictly monogamous and if we assume that the population is well-mixed, so
that all possible pairs are formed, ¢ (x, y) equals the minimum of x and y. In a
polygynous mating system, in which each male may inseminate up to d females,
¢(x, y) is equal to the minimum of x and dy. Another, less common example, is
unilateral promiscuous mating, where ¢ (x, y) equals x times min(1, y). All these
examples belong to the class of so-called common sense mating functions, which
satisfy three natural conditions, i.e., a void generation cannot produce offspring,
the number of couples increases with the numbers of males and females, and if
the numbers of males and females tend to infinity so does the number of couples.
Furthermore, these functions are super-additive (Hull 1982), which means that for
all X1, X2, V1, Y2 = 0, 1, 2, e

C(xy +x2, y1 +y2) = ¢(xr, y1) +8(x2, ¥2) . (2.77)

Super-additivity of the mating function implies that, if the population is divided
into two subgroups that each form couples, the total number of couples is at most
equal to that of the undivided population.

Common sense mating functions do not always make biological sense. As an
example, consider the function ¢{(x, y) = xy, which could be called bilateral
promiscuous mating. This function is unrealistic whenever there are more than
just a few males: it implies that the total expected number of offspring per female
increases linearly with the number of males in the population, since each female
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mates with every male and the numbers of offspring produced per couple (i.e.,
mating) are independent.

We number the couples in the nth generation in an arbitrary way and let X;
and Y; denote the numbers of female and male offspring, respectively, of the kth
couple. Conditionally, on the number of couples in the (n — 1)th generation, Z,_1,
the number of couples in the next generation equals

Zn— Zn—

Zy =0 X, ) Vo). (2.78)
k=1 k=1

A process is extinct when Z,, equals zero. Bruss (1984) pointed out that the growth
of a population is determined by the “average unit reproduction means”

1
m; = ;E[Zn | Zyor=j], j=1. (2.79)

(Note that, in the standard Galton—Watson process, the expectation equals j times
m, so m; equals m.) Daley et al. (1986) showed that for common sense, super-
additive mating functions, as j tends to infinity, m; converges to a limit m, with
mj < My for all j, and that extinction is certain (irrespective of the initial pop-
ulation size) if this number is less than or equal to one. If my > 1, there is a
positive survival probability provided the initial population size is large enough.
If, however, the mating function and reproduction functions are such that, for all i,

P(Z,>i|Zp1=i)>0, (2.80)

then m, > 1 implies a positive survival probability for any initial positive popu-
lation size.
From the above we can conclude

E[Zn | Zn—l] = mZn,IZn—l = mooZn—l P (281)
and then
E[Z)) < mxE[Z,] < < mlE[Z] . (282)

Thus, the expected population size does not necessarily change exponentially, as
in the asexual branching process models already considered. Instead, decline may
be more rapid if m, < 1, and growth may be slower in the case of m, > 1.
The growth rate depends on characteristics of the mating function and offspring
distributions. In Section 6.6 we examine population growth of these processes in
more detail.

Example 2.11 Consider a small population of swans. Since these birds are strictly monoga-
mous, we can use a model with mating function ¢ (x, y) = min (x, y). We assume that each
couple has a chance 1 — ¢g of producing zero offspring and a chance ¢ of producing three
surviving offspring. Given that a couple has offspring, the number of females is distributed
Bin(3, p), with p = 0.5. Denote by P(x, y|j) the conditional probability that, given the
adult population size equals j, the total number of female offspring equals x and the total
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Figure 2.10 Values of m; for the model given in Example 2.11, with different parameter
values.

number of males equals y. Then

3j 3j 3 3j
E[min(X,Y) | j]=) Pmin(X, )=k | )= > > P@.y|j) . (2.83)
k=1 k=1 x=k y=k

since E[X]=),., P(X > k) (see the Appendix). The probabilities P(x, y|j) can best be
derived using probability generating functions (see the Appendix and Section 5.3). We used
Mathematica to do these rather tedious calculations. Figure 2.10 shows m; as a function of
j for two different values of g. When ¢ equals 0.7, m, is about 0.85, so the population
certainly becomes extinct. The expected number of offspring per couple is 2.1 in this case,
so the expected number of offspring per individual equals 1.05 and an asexual branching
process with this value of m would have a positive survival probability. When ¢ equals 0.9,
My equals approximately 1.1 and, accordingly, there is a positive chance that the population
will persist. The survival probability of the population also depends on the proportion of
females that is produced. When the chance of female offspring is not 1/2, the value of
My drops, since the number of pairs that can be formed becomes lower. As shown in
Figure 2.10, when ¢ = 0.9 the process becomes nearly critical when the chance of having
daughters, p, is 0.4 rather than 0.5. This illustrates that in sexually reproducing species, not
only are the expected numbers of individuals important, but also their sex ratio is a critical
factor in determining extinction probability. Obviously, this also depends on the mating
system. When there is (slight) polygyny, for instance, we can expect that female-biased
sex ratios are less risky than male-biased ones. The magnitude of such effects may be
studied with bisexual branching process models. Extinction risks of processes with sexual
reproduction are further discussed in Section 5.9.

OO0

2.9 Varying Environments

The simple Galton—Watson processes, discussed in Section 2.1, give a general im-
pression of what kind of phenomena branching models can elucidate. However,
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as we have emphasized, they lack many important properties of real-world popu-
lations. One such property is that the distribution of offspring numbers may vary
over seasons, because of factors such as food supply or weather conditions. Such
phenomena can be described by branching processes in varying environments. En-
vironment is interpreted in a broad sense, but it should be basically exogenous,
even though population size can rightly be viewed as part of the environment for
individual reproduction, as discussed in Section 2.6. Like the processes there,
those considered here do not satisfy the third basic characteristic in Section 2.1.
The other assumptions, that there is merely one type of individual and that these
reproduce independently, remain in force.

We consider both deterministic variation in offspring distributions, for an envi-
ronment that varies in a predictable way, and random variation.

2.9.1 Deterministically varying environments

The arguments of this section differ only slightly from those of non-varying dis-
tributions of offspring numbers (Section 2.2, in particular). As there, the expected
size of the nth generation satisfies

and given the size of the preceding generation, Z,_, the present population size
is the sum of the numbers of offspring of each of the potential mothers. The
expectation of these numbers now varies from generation to generation and is de-
noted by m(n — 1). Since the expectation of a sum is the sum of expectations,
ElZ,|Z,-1] = m(n — 1)Z,_,. Hence, E[Z,] = m(n — 1)E[Z,_,], and repetition
yields

n—1

E[Z,] = m(n — DE[Z,1] = = [ [m(OELZo] . (2.85)
k=0

As before, if the initial population size is fixed and known, E[Z;] can be replaced
by Zy. And, like for simple Galton—Watson processes, independence between the
numbers of offspring of different individuals is not needed to calculate expected
growth. For more delicate matters it is, however, essential.

The different ways in which m (k) might vary are endless, so it is impossible to
give an exhaustive description of branching processes with varying environments.
For illustrations here, we consider only two types of variation.

The first is constantly improving or deteriorating environments (these may be
caused, for instance, by human interference, such as environmental measures or
pollution, or by long-range temperature changes). Assume that the influence of the
environment is such that the sequence of values of m(n) increases monotonically
and lim,, o m(n) = m > 1. It is intuitively clear that the number of individuals
in the population then grows exponentially, so the process may be viewed as su-
percritical (which is, indeed, the case almost without additional assumptions; see
Section 5.10.1). If, on the contrary, m(n) decreases and lim, oo m(n) = m < 1,
the process dies out sooner or later and may be treated as subcritical. Note that
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M = product of these values

expected number of offspring
per individual, m(k)

012 3 456 7 8 9101112131415
generation, k
Figure 2.11 A periodic environment: expected numbers of offspring per individual in
successive generations. M is the product of these values over one period.

for any specific case the expected population size after n generations is calculated
easily. For instance, suppose that the environment deteriorates in such a way that
m(k) = 1/ (k + 1). Then, using Equation (2.85), we find that the expected popu-
lation size in generation two is half the original size.

The second type of variation concerns periodic environments. Assume that the
distributions of offspring numbers vary periodically, that is, there is an integer T >
2 such that forany k£ = 0, 1, .. ., the offspring distribution of the individuals of the
kth generation coincides with that of the individuals of the (k 4+ T)th generation
(see Figure 2.11). If we let

M=m@Om)---m(T -1), (2.86)
then, clearly,

mk—Dmk—-2)---mtk—T)=M, k=T, T+1,.... (2.87)
Therefore, for any positive integer r

ElZ,7l1=m(T — DE[Z,7 4] = -~

=m@uT —1)m@T =2)---m((r — DT)HE[Z,_-1)r]
= ME[Z;_1yr)] =---= ME[Z] . (2.88)

Hence, we see that if M < 1 the expected size of a population in a periodic
environment goes to zero, if M > 1 the expected size grows unboundedly, and
if M = 1 the average size is stable. Equation (2.88) indicates that an auxiliary
process Z,r can be derived from the periodic process Z,,. The former is a standard
(non-periodic) Galton—Watson process, and can be studied by standard theory. The
expected offspring numbers in that process are equal to M. This corresponds to
the expected numbers of offspring that an individual in the original process has left
T generations later.
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Figure 2.12 General appearance of Bicyclus butterflies. Left, wet-season form; right, dry-
season form.

Example 2.12 The genus Bicyclus of butterflies contains around 80 species in sub-Saharan
Africa. Many of its members produce different morphs in the wet and dry seasons (see
Figure 2.12). Brakefield and Larsen (1984) argued that the differences between the forms
are adaptations to the different types of environments. The wet-season forms generally
have large eyespots, which are thought to deflect predators, who are likely to aim at the
eyespots rather than at the body. Whereas wet-season forms are rather active, dry-season
forms remain mostly inactive and do not reproduce until the start of the wet season. They
are more uniformly brown and probably rely on crypsis (hiding between dry brown leaves)
to avoid predation.

‘We model this process as a time-varying branching process with period 7" = 2. Consider
a population at the start of a wet season. Each of the (female) individuals in this population
has a random number of descendants by the end of that season (i.e., the beginning of the
following dry season). We denote the probability of having j live descendants at the end
of the wet season by p;(w) and the expected number of descendants per individual by m,,.
During the subsequent dry season, each of these descendants produces a random number of
progeny. The probability that one of these butterflies has j descendants at the end of that
season is denoted by p;(d) and her expected number of offspring by n,.

If we count population sizes only at the beginning of wet seasons, we obtain a non-
periodic, classic Galton—Watson process. The probability that a butterfly at the beginning
of a wet season has k living descendants at the beginning of the subsequent wet season is

o0
PE=k=Y pw Y py@...pg. (2.89)
j=1 ky 4tk =k

The expected number of offspring that she has at the beginning of the next wet season is
M = mymy. Thus, if, for instance, m,, = 1.1 and my = 0.9, then M = 1.1 x 0.9 =
0.99 < 1 and the population dies out sooner or later, while if m,, = 1.2 and m, = 0.9, then
M =12 x0.9 = 1.08 > 1 and the population is supercritical. (Observing the population
only at the beginning of dry seasons yields exactly the same result.)

SO0

2.9.2 Random environments

Approaches along the lines of Subsection 2.9.1 can be used if the sequences of
offspring distributions in different reproduction periods are fixed. In many cases,
however, environmental factors that affect reproduction and mortality, such as
weather, may have strong stochastic components.
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For example, suppose that there are favorable (F') and unfavorable (U) years,
which appear independently with probabilities pr and py = 1 — pp, respec-
tively. In a favorable year the offspring mean is my and in an unfavorable one,
my . Clearly, this situation is more complex than that described before: we do not
have a deterministic alternation of offspring distributions, but rather a variety of
possible scenarios.

Models with randomly varying offspring distributions are called branching pro-
cesses in random environments. In a sense, branching processes in deterministi-
cally varying environments are particular cases of branching processes in random
environments, for which a specific sequence of offspring distributions occurs with
probability one.

In the example given above, let m(k), k = 1, 2, ... , n denote the average num-
ber of offspring per individual in the kth year. Then, clearly, m(k) is a random
variable, equal to m with probability pr and to my with probability py. Thus,
the average number of offspring equals

Elm(k)] = prmp + pymy, k=1,2,... ,n, (2.90)

and is independent of k. In the following we denote E[m (k)] by u.
There are four possible scenarios for two consecutive years

FF, FU, UF, UU. (2.91)

The average numbers of offspring per individual in each of the scenarios are, re-
spectively,

mrpmeg, mrmpy, muympg, mymyg . (292)

The expected number of individuals (from one mother) at the end of the second
year is the expectation over all possible scenarios

Elm(1)m(2)] =prprmrmpr + prpymrmy + py prpmymr
+ pypumymy = Elm(D]E[m(2)] = u* . (2.93)

We can calculate this directly, since m (1) and m(2) are assumed to be independent
random variables. The same arguments show that

Elm(D)mQ2)...mn)] = Em(DIE[mQ)]...Elm®)] = n" . (2.94)

It is tempting to believe that the value of u determines population growth in ran-
dom environments, as for simple Galton—Watson processes. However, in random
environments the value of E[Inm (k)] is different from In w, and it is the former
that decides the asymptotic growth rate of a population.

To understand this, consider any specific realization of m (1) and m(2). Observe
that a population that grows by first m (1) children per individual and then m(2)
has the same expected growth as a population for which, during two consecutive
periods, the average number of offspring per individual equals v/m (1)m(2). Simi-
larly, growth by a sequence of m (1), m(2), ..., m(n) is equivalent to growing by
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the geometric mean [m(1)m(2) .. .m(n)]ﬁ during each of n years. Furthermore,

[m(l)m (2) . m(n)]% — e%(lnm(l)+lnm(2)+»~+lnm(n)) . (2.95)
Since m(1), ... ,m(n) are independent random variables, it follows that so are
Inm(1),...,Inm(n). According to the Law of Large Numbers,

1
lim — (Inm(1) +Inm@2)+---+1Inm(n)) = E[lnm(k)] (2.96)
n—-oo n

with probability one (a qualification that we sometimes drop). Hence, the asymp-
totic population growth rate is

lim [m(DHm(2)...mn)]s = Em®l (2.97)

For this reason a process in random environments is called supercritical if
E[lnm (k)] > 0, critical if E[lnm (k)] = 0, and subcritical if E[Inm (k)] < 0. This
terminology is analogous to that for classic Galton—Watson processes, so subcriti-
cal and critical processes in random environments die out sooner or later, whereas
supercritical populations can survive forever.

Note that according to Jensen’s inequality (see the Appendix)

E[m(k)] = E[e""®)] > Hinm®l (2.98)

Hence, there are subcritical processes in random environments such that
E[m(k)] > 1. For example, assume that favorable and unfavorable years each
occur with probability 1/2. Suppose, further, that if the environment is favorable
the expected number of offspring of an individual, mr, is 3, while in unfavorable
environments the expected number of offspring, m, is 1/4. Under these condi-
tions

1 1 1 5
E[m(k)]=§x3+§><z=1§>1, (2.99)
whereas
E[lnm(k)]:lxln3+lx1nl:lln§<O. (2.100)
2 2 4 2 4

Thus, even though the expected number of offspring per individual exceeds one,
the process is subcritical, and therefore the population becomes extinct.

That E[In m (k)] rather than E[m (k)] is crucial in random environments has been
noted by many authors in the biological literature (e.g., Cohen 1966; Lewontin
and Cohen 1969). Random, independent, and identically distributed environments
were introduced into branching processes by Smith and Wilkinson (1969). Athreya
and Karlin (1971a, 1971b) generalized this to ergodic, stationary environments
(see Athreya and Ney 1972).

A second-order Taylor approximation of E[ln m (k)] around m (k) = u gives

Eflnm (k)] ~ In s — % <W> . (2.101)
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Equation (2.101) demonstrates that in random environments both the expectation
and the variance of the expected offspring numbers m (k) have a large effect on
the growth rate. In the context of behavioral ecology, this led to the discovery
that mixed strategies, so-called “bet-hedging strategies,” are often optimal in time-
varying environments, because they reduce such variance (e.g., Schaffer 1974;
Seger and Brockmann 1988; Philippi and Seger 1989).

Our examples assumed the quality of seasons to vary independently. A natural
generalization is to consider stationary sequences of not necessarily independent
variables. A first step is then Markovian dependence, the environment this year
being influenced by the preceding year’s, but not further back. If the character
of the dependence remains the same (so that the Markov chain of environments
is time-homogeneous), the above classification remains valid with E[Iln m (k)] still
in the crucial role. A further generalization leads to the above-mentioned ergodic
environmental sequences. These allow more general dependences (e.g., weather
conditions one year may continue to have effects for some time). It is assumed,
however, that dependences fade away, so that the processes are ergodic, which
implies that a form of the Law of Large Numbers remains in force.

A very general scheme, suggested by Jagers and Lu (2002), is that of branching
processes in random, deteriorating environments. Here, the very point is in the
dependence between successive environments, which become worse and worse in
the sense that m(k + 1) < m(k). By monotonicity, the (random) limiting mean
reproduction m(0co0) = limy_, o m(k) exists, from which it is clear that whether
this is above or below one is important for the development of the process. The
case m(oo) = 1 turns out to be quite subtle. Such more complicated situations are
discussed in Chapters 5 and 6.

2.10 Migration

In the preceding section we have considered isolated or closed populations that
evolve from a given number of ancestors. In this section, migration is incorpo-
rated into the setup. First, processes with immigration are introduced, and later
emigration is discussed.

In a branching process with immigration, a random number of immigrants may
arrive during each reproduction period. Assume that at time » = 0 the population
consists of Z, individuals. Let n,, n = 1,2, ..., be the number of immigrants
during period n. If the local population before immigration is of size Z,_;, the
population size at time n, Z,, is determined by the relation [which corresponds to
the basic Equation (2.1) for populations without immigration]

Zy=8&+ 48z, +m (2.102)

where, as in Section 2.1, &; denotes the number of offspring of the ith population
member in reproduction period n — 1. Thus, the nth generation comprises the
offspring of the individuals of the (n — 1)th generation plus 7, invaders. (Although
this is formally not correct, we use the term generations here.) We assume that all
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individuals are of the same type (i.e., offspring distributions are the same for all
individuals, including immigrants).

Suppose that the average number of immigrants per generation is constant, A =
E[n,]. As before, the average number of offspring of each of the Z,_; potential
mothers of the (n — 1)th generation is denoted by m. Then, for fixed Z,

E[Z,] = E[E[Z,|Z,1]]1 = E[E[&§) + -+ + &z,, + mu]lZn-1]
=E[E[§|Zy111 + - - - + ElE[§z, | Zyn—11] + E[E[n,] Z,-1]]
=EmZ,_11+A=mE[Z,_ ]+ X =mmE[Z, 2]+ 1)+ X1---
=m"E[Zo]l + am" " +am" 24 am+ A
=Zom" +am"  +am" P+ Am+ A (2.103)

Thus, if m # 1, then

"—1
E[Z,] = Zom" + 32 , (2.104)
m—1
and if m = 1, then
ElZ,]=Zo+ An. (2.105)
Hence, if the branching process involved is subcritical, m < 1, then
. . 1 —m" A
lim E[Z,] = lim (Zom” A ) - , (2.106)
n— 00 n—00 1—-m 1—m

and the expected number of individuals remains bounded, while in the critical and
supercritical cases the average size of the population is proportional to n and to
m", respectively. See Box 2.1 for an alternative derivation.

Since, in the subcritical case, the average size of the population becomes con-
stant, it could be that the distribution of the population size stabilizes also, pro-
vided the whole immigration process is stationary. In Section 6.7 this is shown
to be the case: if the numbers of immigrants are independent and identically dis-
tributed, the population size approaches its stationary distribution rather quickly.
And since immigration does not cease, the population cannot ultimately die out,
even in subcritical cases, m < 1.

Indeed, after a temporary extinction, the population site is re-colonized. Thus,
periods when the site is occupied, life periods, alternate with periods during which
it is empty. The distribution of periods of emptiness is determined exclusively by
the arrival chance of immigrants per period. For instance, if the chance of arrival
of at least one immigrant is constant over time, as we now assume, such periods
have a geometric distribution. It is not an easy mathematical task to investigate
properties of life periods. In Section 6.7, however, we show that the expected
length of such periods can be determined.

We now turn to processes with emigration, and distinguish three different
modes. The first is independent emigration, in which, just after birth, each indi-
vidual may choose to leave according to a given probability and independently of
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Box 2.1 Some technical remarks

From a mathematical point of view it is sometimes convenient to treat branching
processes with immigration as decomposable two-type processes, as described in
Section 2.3.2. Type 1 individuals are introduced as an artificial device to handle
immigration. The local population is constituted by type 2 individuals. Assume that
at time n = 0 the population consists of one individual of type 1 (Zy; = 1) and Z,
individuals of type 2. At the end of each reproduction period, the individual of type
1 dies after having produced exactly one individual of type 1 and a random number
of individuals of type 2 (these are the immigrants) and each type 2 individual gives
birth to a random number of children, with expected value m (these are the local
offspring). Thus, the mean matrix M of the process has the form

1 A
M:<0m>. (@)

Therefore (recall Section 2.3.2),

(n)
=g ). (b)
m

with
an, if m=1,
(n)
ml’; = n . (C)

]_
A mA
1—m

Hence, we have

" 1 mi’é)
E(Zu, Z)]l =1, Zep)M" = (1, Zpn) 0 m"

=1, Zpm" +m%) , (d)
and we arrive at Equations (2.104) and (2.105) again.

other individuals. Mathematically, this does not introduce any novelties. Indeed,
we may consider emigration as an immediate death and not count emigrating indi-
viduals as offspring. If g is the probability of emigration and p; the probability of
having k children, the probability of having k non-emigrating children is

) ( / ) (- g ™p;. (2.107)

izk
If m denotes the mean reproduction, as usual, then the mean number of non-
emigrating children is m* = m (1 —g). Thus, this type of emigration can transform
a supercritical process into a subcritical one, if m* < 1 < m. However, it remains
a classic branching process, and can be analyzed as such.

A second possibility is that emigration chance depends on the total number
of newborn individuals or the size of the adult population. If all individuals are
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assumed to make the choice whether or not to emigrate independently of each
other, the population dynamics can be studied with branching processes that are
population-size dependent (see Sections 2.6 and 6.3).

More difficult, but probably also more interesting, are cases in which emigra-
tion decisions of different individuals within one generation are not independent.
Unfortunately, as yet there are no results on the dynamics of such processes.



Branching in Continuous Time

Chapter 2 introduces discrete-time branching processes. Mathematically, these
are much simpler objects than branching processes in continuous time. We have
also seen that they occur naturally in many situations, such as generation counting
and populations with seasonal regularity in reproduction, and in models for de-
mographic changes recorded annually. Furthermore, it can be argued that data are
never recorded continuously, but rather at regular or irregular (albeit sometimes
short) intervals. Thus, models in continuous time are not necessarily needed.

The need is more on the conceptual or possibly perceptional side. We certainly
conceive of time as a continuous flow, and if mathematical models are to mimic
such firsthand conceptions of reality, they should be formulated in continuous time.
Similarly, 19th century scientists thought of matter, such as fluids or metals, as
self-evidently continuous in the same way as we perceive time. This view has
been changed drastically by modern particle- and quantum-based discrete physics.

However, to what extent our perception of time is a cultural, psycho-biological,
or physical phenomenon lies outside the scope of this book. We content ourselves
with the observation that a continuous-time development of discrete populations
is closest to our spontaneous perception of population growth in the flow of time,
and that there are good classic mathematical tools for analyzing such situations.

The price to be paid for continuous-time modeling is that the foundation (the
rigorous construction of probability spaces and processes) requires more advanced
mathematics. We try to conceal this by avoiding explicit construction of the
stochastic processes involved. For that, we refer to the mathematical literature.

What we gain for this price is a modeling system that is much closer to many
real populations, such as animals or humans in stable conditions: individuals can
have arbitrary life spans and give birth repeatedly, according to arbitrary distri-
butions, and life span and reproduction need not be independent of each other.
However, the basic (and not always realistic) independence and stability condi-
tions of Section 2.1 remain in force even in general branching processes, though
we return to models that allow further dependence in Section 3.5.

3.1 Generations in Real Time

In discrete-time branching processes with non-overlapping generations, a popu-
lation only contains individuals of one generation at a time. In continuous time
this is usually not so. As in human life, aunts can be younger than their sisters’
daughters.

56
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0 time t

Figure 3.1 Family tree of a continuous-time branching process in which individuals die
immediately after a single reproduction event. The life span of each individual is denoted
by a branch. Originally, there is one individual who belongs to generation 0. The branches

are labeled with their generation number.

Even in the simplest form of continuous-time processes, in which mothers re-
produce only once and then die, individuals of different generations can be alive at
the same time, because of differences in survival times. An illustration is given in
Figure 3.1, in which the population consists of one individual of generation 2 and
three of generation 3 at time #;. Figure 3.2 illustrates the case in which mothers
can give birth repeatedly.

The embedded generation process counts the numbers of individuals of the var-
ious generations. These numbers are random variables (except, usually, for gener-
ation 0), and are denoted by ¢, (the number of ancestors), ¢; the number of chil-
dren of ancestors, ¢, (the number of ancestors’ grandchildren), etc. In Figure 3.1,
¢ = 1,¢ = 2,and § = 3. The embedded process is a discrete-time branching
process, like those discussed in Chapter 2. Indeed, if £;, &, and so on, are the total
offspring numbers of the various individuals in the nth generation during all their
lives, we retrieve the basic updating relation

Cn
i1 = ) & 3.1)
i=1

Therefore, if individuals reproduce independently of each other and the reproduc-
tion distribution does not change, the embedded process is precisely a Galton—
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Figure 3.2 Family tree of a general process in which individuals can give birth repeatedly.
Originally, there is one individual who belongs to generation 0. The branches are labeled

with their generation number.

Watson process. However, it contains only parts of the information about how the
population develops. We cannot see its pace, family structure, size, or composition
over ages at a given time.

Nevertheless, some fundamental results for discrete-time processes carry over
to the continuous-time case via embedded processes. A little afterthought should
convince the reader that extinction of the original process occurs if and only if
the embedded process dies out. Therefore, the extinction probability of a general
branching process is determined by the much simpler embedded process, though
the time of extinction, of course, remains undecided, as does the rate of increase
in the case of non-extinction — see later sections.

Single-type processes are characterized by the life-span distribution and the so-
called reproduction process, which gives the birth-event ages and numbers of off-
spring. In the simplest cases there is only one reproduction event (at the end of an
individual’s life), and reproduction is independent of the life span. Such processes
are considered in Sections 3.2.1 and 3.2.2. In Section 3.2.3 we generalize and
allow the reproduction distribution to depend upon the life span. In Section 3.3,
we meet the really general processes, in which individuals may reproduce sev-
eral times during their lives. Finally, we allow multiple types, in which case the
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embedded process, of course, also becomes multi-type, counting the numbers of
individuals of the various types in generation after generation.

3.2 Reproducing Only Once

Processes in which each individual lives for a random time and then produces a
random number of offspring are called splitting processes, since individuals are
replaced by their offspring. A schematic representation of how such processes
proceed is given in Figure 3.1.

In Sections 3.2.1 and 3.2.2, we consider processes in which the numbers of
offspring are independent of the mother’s life span and individuals reproduce in-
dependently of one another. It is easy to see that for such processes the expected
total life-time reproduction, m, is equal to the expectation of the offspring distribu-
tion. For the simplest process, discussed in Section 3.2.1, it is even possible to find
an explicit expression of the expected population size. Unfortunately, this is not
achieved so easily for other continuous-time processes, unlike the discrete-time
case. In Section 3.2.3, we consider a more general type of process in which the
reproduction may depend on life span. In this case, the expected life-time repro-
duction is also affected by the life-span distribution, but is still relatively easy to
calculate.

Note that formally it is not necessary to make the assumption that individu-
als die immediately after reproduction in the splitting case, as long as they only
reproduce at most once during their life. All the models in this section can be re-
formulated easily to account for life after childbearing. What is referred to below
as “life span” thus represents the age at reproduction, and it is the size of the repro-
ductive population only that is measured, rather than the total population size. In
most cases, however, it is more realistic to use the more general processes of Sec-
tion 3.3 for “non-splitting” situations, since these also allow repeated reproductive
events (see Figure 3.2).

3.2.1 Markov branching and birth-and-death processes

In the Galton—Watson branching processes of Section 2.1 the future development
of the process, given the number Z, of individuals alive at time period 7, is inde-
pendent of the past. This means that we cannot obtain better information about the
destiny of the population with a more detailed description of the present or from
the history of the process. This is the defining property of Markov processes; the
reader may recall the discussion of states in Section 2.5.

The Galton—Watson processes of Section 2.1 thus have the Markov property.
They can also be viewed as splitting, since individuals live for one season only,
whereupon they are replaced by their offspring. Markov branching processes are
the counterparts of Galton—Watson processes in continuous time; that is, they are
splitting Markov processes with the three characteristic properties: just one single
type of reproductive individual, independence between individuals, and a repro-
duction distribution that is the same all the time.
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probability density, f(t)

t

Figure 3.3 Example of an exponential probability density function.

Their structure is as follows: a newborn individual lives for an exponentially
distributed life span, and then it splits into a number £ of new individuals. Life
lengths and offspring numbers of different individuals are independent and identi-
cally distributed. Furthermore, offspring distributions are independent of the age
of the parent. The stochastic process Z;, which gives the population size at any
time ¢+ > 0, is determined completely by this structure and a starting condition,
that Z, should equal some number of initial individuals or ancestors.

The exponential distribution has a probability density function of the form
xe ™ t > 0 for some A > O (see Figure 3.3). Its characteristic property is that
the probability distribution of the remaining lifetime, given that a certain age has
been attained, is independent of the latter. In mathematical symbols, a real-valued
non-negative random variable 7 follows an exponential distribution if and only if

P(T >t+u|lT >u)=PT >1) (3.2)

for all #£,u > 0. In other words, individuals with an exponentially distributed
life span do not age. It is precisely the non-aging property that is singled out
by the Markov property. Indeed, if it were not present, we could obtain further
information about the future from knowing the ages of the individuals alive, and
the process would not be Markov.

It can be derived easily by integration that here P(T > t) = e~*" and Equa-
tion (3.2) follows straightforwardly from that. The reverse, that this relation im-
plies an exponential distribution, is shown in the Appendix.

Markov branching processes are characterized by two properties: the parame-
ter A of the exponential lifetime distribution and the distribution of the offspring
numbers &. The parameter A is given many names, such as death rate, hazard,
or intensity, and measures the chance per time unit of splitting. For exponential
life-time distributions, the hazard rate is constant and, as can be shown easily, the
expected life span equals 1/A. In Subsection 3.2.2 we consider processes with
non-constant hazard rates. Hazard rates play an important role in many other bio-
logical applications, such as survival analysis (see Kalbfleisch and Prentice 1980)
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and behavioral analysis (e.g., Haccou and Meelis 1992). These books give a more
detailed exposure of hazard rate functions.

The non-aging assumption implied by the exponential life-span distribution ap-
pears to be rather unbiological. Nevertheless, Markov models remain popular,
probably because they are the simplest continuous-time branching processes, and
Markov modeling has an appeal of its own. It can also be claimed that, in the hard-
ship of wildlife, individuals of many species, such as small mammals or insects, do
not become old enough to experience physical aging. They may, however, repro-
duce several times during their life rather than once. The model may be adjusted
to accommodate for this by the same trick as used in Section 2.4 to model overlap-
ping generations by Galton—Watson processes. We return to this in Section 3.3.

As we did with Galton—Watson processes, at this juncture we have a preliminary
look at expected population sizes and their evolution. From the Markov property,
the expected size at time ¢ + u satisfies

ElZi1u] = E[E[Zi14|Z1] . (3-3)

Given the population size at time ¢, Z,, the population size at ¢ 4+ u is the sum of
the numbers of living descendants of each of the Z, individuals produced during
the time interval [z, # + u]. However, these progenies constitute Markov branching
processes themselves, each evolving as the original one. Hence,

El(Z1u|Z:] = Z,ElZ,], (3.4)
and taking expectations on both sides gives
E[Z,1.] = E[Z]E[Z,] . (3.5)

If u is small, we can disregard the risk that more than one death occurs in each line.
With this approximation, Z, is either £ or 1, dependent upon whether the ancestor
of the process has died by u (and then obtained & children) or not. If, as before,
m = E[£], it follows that

EZJ~P(T > u) +mP(T <u) =e¢ ™ +m(l —e ™). (3.6)
Insert this into Equation (3.5) to obtain
ElZi4u] —E[Z] ~ (m — DE[Z](1 — ™) . (3.7)

Then divide by u and let u# tend to 0, which gives that [E[ Z,] must satisfy a differ-
ential equation. Indeed, if we simply write that M (¢) = E[Z,], then

M (1) = A(m — M) | (3.8)
since the derivative of e ™** at 0 is A,

im L (3.9)

im—— = . )

ul0 u

This differential equation has the unique solution

M(t) = M(0)ern=br (3.10)
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if M(0) was the expected population size at time + = 0. As for Galton—Watson
processes, we see that we have an exponential increase or decrease if m > 1 or
< 1, respectively.

Example 3.1 Microorganisms can reproduce very quickly when the circumstances, such
as temperature, acidity, and humidity, are favorable. For example, the bacterium Listeria
monocytogenes, which occurs in contaminated food and causes fever, muscle aches, nausea,
and diarrhea, has a doubling time of 41 minutes at a temperature of 35°C. If we assume that
m = 2 and further that each bacterium has a constant chance per time unit A of splitting — a
common though not biologically well-founded assumption — then

In2 .
A=——=0.017min"", (3.11)
41
at this temperature. At 0°C, the doubling time is 7.5 days, so by keeping infected food at
a low temperature, A is reduced to 0.092 per day. The bacteria can be killed by heating.
At a temperature of 60°C reproduction stops, m = 0, and populations are reduced by 90
percent after 2.85 min. This implies that A equals the mortality risk and is about 0.037min "

(Source: www-seafood.ucdavis.edu; page now deleted from website.)

SO0

Markov branching processes are related to a special class of frequently used
continuous-time models for population dynamics, the so-called birth-and-death
processes. These are commonly defined as integer-valued Markov processes X,
with the property that the intensity of jumping one step upward from the popula-
tion size X; = j is jb, whereas the intensity of decrease by one step is jd. The
(positive) numbers b, d are usually referred to as the birth and death rates, respec-
tively. The argument is that if X; = j, there are j individuals present, each with
a birth rate b. Thus, the whole population should have an intensity of increase jb,
and similarly the downward rate is jd, from the j individuals at risk. On the in-
dividual level this birth-and-death process is a binary Markov branching process.
Life spans are distributed exponentially with the parameter b + d, so that the mean
life span is 1/(b + d), and the offspring distribution is

P(E=0)=d/(b+d) andPE =2) =b/(b+d) . (3.12)

Thus, the model implies the assumption that an individual has a chance per time
unit of dying without offspring equal to d/(b + d) and a chance per time unit of
splitting into two of b/(b + d). For most biological systems this is not a realistic
model, which illustrates the risk of modeling at a population level. It is, therefore,
often a good idea to test a proposed model presented at the population level by
clarifying the requirements implied at the individual level.

This comment also applies to deterministic models, which (like Markov
stochastic models) are usually formulated at the population level. As an illus-
tration, consider the most famous differential growth equation of all:

Yy =ay. (3.13)
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In itself, this does not seem to imply many assumptions. However, it has probably
been derived by an argument that says that change is proportional to population
size, since individuals multiply independently and are also subject to independent
death hazards. It is also probably assumed (tacitly) that the equation is valid for
any initial age distribution of the population. Otherwise the number y(0) would
not suffice as the initial condition. Combining these interpretative comments turns
y(t) into the expected size of a Markov branching process, M (¢), with

a=am—1). (G.14)

The birth-and-death processes introduced above are sometimes referred to as lin-
ear, as opposed to Markov, processes with a growth rate not of ju if X, = j, but
more generally of 1. This corresponds to branching dependent on population size
in continuous time, to be introduced in Section 3.5.

3.2.2 Bellman-Harris processes

If the exponential distribution of life spans is unbiological, why not remove that
assumption? Bellman—Harris processes are branching processes in which individ-
uals have an arbitrary life-span distribution and produce a random number, &, of
offspring at death, so the three basic characteristics of Section 2.1 remain in force.
As in Markov branching processes, the distribution of £ is independent of the life
span. Curiously enough, in the mathematical literature such processes are called
age-dependent branching processes.

The reason is probably that, in terms of the hazard rate, the assumptions mean
that the chance per time unit of splitting may depend on age. We thus have a
hazard rate X(a), where a denotes the age of the individual. It is related directly to
the life-span distribution function. Indeed, if the latter (the probability that a life
span does not exceed a) is denoted by L(a), and it is assumed that it has a density,
g = L, then the hazard rate at an age a such that L(a) < 1is

AMa) = _8@ (3.15)
1 —L(a)
Conversely, a hazard A(a) implies that the life-span distribution is
—f)\(u) du
La=1—-e¢e 0 . (3.16)

Specification of a model involves choosing a form of either L(a) or A(a), and an
offspring distribution.

Example 3.2 One of the most interesting special cases is provided by binary splitting, in
which £ can take only the values O or 2. This yields natural models for cell kinetics and
bacterial growth. To elaborate somewhat, proliferating cells are supposed to pass through
four stages (see Figure 3.4). The first, usually denoted by Gy, the letter G for “gap,” is
viewed as a preparation for the synthesis stage S, when the DNA content is doubled. After
another gap period, Gy, the cell proceeds to mitosis M, and ends with a completed cell
division. That a certain mission has to be completed before cell division indicates that the
Markov branching processes of the previous subsection would yield unsuitable models. A
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. DNA replication

’\ / ‘ nuclear division

cytoplasmic division

Figure 3.4 The cell cycle. Letters indicate the different stages (see text).

first try might be to model the gap lengths by independent exponentially distributed random
variables, whereas the durations of the S and M phases are probably more-or-less normally
distributed. However, in reality the picture is much more complex. We return to these
matters in Section 3.2.3 and, later, in Sections 6.1 and 7.3.

OO0

Remark. The hazard rate does not affect the expected lifetime reproduction m, so for
the criticality of the process it does not matter whether a Markov branching process or
a Bellman—Harris process is used, as long as the same distribution of offspring numbers
is used. The expected population size at any given time is, however, not the same. For
Bellman—Harris processes it does not have the simple explicit expression of Equation (3.10).
Also, population age structure as a function of time differs in the two types of processes.
More is given about this in Chapter 6.

SO0

3.2.3 Sevastyanov processes

The idea that not only the hazard rate, but also the distribution of offspring numbers
& could depend upon age was introduced by B.A. Sevastyanov (1971). It is a fairly
natural generalization, and also occurs in simple biological contexts. For example,
in Example 3.2 of Subsection 3.2.2, an early cell death might well indicate that
something has gone wrong in the cell cycle, so that we would obtain no, rather
than two, new cells. Thus, it would be a mistake to model life span and number of
daughter cells as mutually independent.

Sevastyanov processes are characterized by a hazard rate X (a) [or, equivalently,
a life-span distribution L (a)] and offspring distributions that are conditional on the
life span T'. For these processes, the calculation of expected lifetime reproduction
is slightly more complicated than in the previous two cases, since now the life
span, which in these models equals the age at reproduction, has to be taken into
account. If the life-span distribution has probability density g, and the expected
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number of offspring, given that the life span is u, equals m (u), the expected life-
time reproduction is given by

o]

m= /g(u)m(u) du . (3.17)
0

As an illustration, consider a model in which the hazard rate is constant (admit-
tedly not very realistic, but nevertheless illustrative), so the life-span distribution
is exponential and, conditionally on 7 = u, the numbers of offspring are Poisson
distributed with expectation m(u) = be™“*, where b and c are positive constants.
This implies that at very low ages the expected number of offspring is close to b,
whereas at high ages it is close to 0. The rate at which it approaches 0 depends on
c. The expected lifetime reproduction for individuals in this process is given by

o0
AD
m = / re Mbe™ M duy = . (3.18)
A+c
0
Thus, the process is supercritical if
Ab c
—— >lorb>1+—. 3.19
At >loro>1+ , ( )

Now the hazard rate does matter.

Example 3.3 More about age-dependent cell growth: we now generalize Example 3.2 and
allow the possibility of quiescence (i.e., newborn cells possibly do not enter the cell cycle,
but just remain there without dividing), and also the risk of cell death, which interrupts the
cell cycle or quiescence.

The cell cycle has a distribution function F, with the probability density function f.
A suitable model would be, for example, a normal distribution, with a small variance as
compared to the mean. Newborn cells become quiescent with a probability 1 — p. Any cell
can die (disintegrate), and then not divide. If the death rate can be taken as age independent,
say 8, a quiescent cell survives age ¢ with probability e~*", whereas a cycling cell does so
with probability (1 — F(¢))e®. The overall survival probability is thus

P(T >1)=(1—pe®+pd—F@)e, (3.20)
and the life-span distribution of cells turns into

L(t)=P(T <t)=pF@t)e™® +1—e . (3.21)
The probability density function of the life span is found by differentiation:

g () = pf(e™™ +8¢ (1= pF(0)) . (3.22)
The number of offspring is either zero or two, and the probability of the latter being the
case, if the event occurs at age a, is

—da
pf @e _ pf@ .

pf(@)e=* + (1 — pF(a)se~*  pf(a)+8(1 — pF(a))
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m(a) equals twice this probability and thus, in this case, the expected lifetime reproduction
equals

o0

/g(u)m(u) du =2p / fwe™ du . (3.24)
0

0

SO0

In biology, it is only the simplest populations that grow by splitting. Therefore,
it is worth pointing out that the trick used (in Section 2.4) to model overlapping
generations by Galton—Watson processes also works here. View individuals as
having exponentially distributed life spans and as giving birth at events that occur
as a Poisson process during their lives. Each birth event results in a random, in-
dependently, and identically distributed number of children. This is a very special
form of the general processes that we are going to consider, but as inter-event times
in a Poisson process are distributed exponentially, the result is a Markov branching
process.

The number of birth times of an individual in this process follows the geometric
distribution. Thus, if there is one child per birth event, the offspring number is
distributed geometrically, and the embedded Galton—Watson process that counts
generation sizes reduces to our geometric benchmark process. The argument that
leads to this is a straightforward calculation: up to age ¢, k births have occurred
with probability
(e

k!
if the birth process has intensity c. However, an exponentially distributed life span

has a density function of the form Ae', ¢t > 0. Integration yields the probability
of k offspring as

—ct

k=0,1,2,..., (3.25)

* 1)k A
/ et ey = % : (3.26)
0 k! (I +A/c)k*
which is the familiar geometric distribution with parameter
A/c A
(3.27)

1+a/fc atec’

3.3 General Branching Processes

The natural, general way to describe reproduction is to say that children can be
born at several ages during a potential mother’s life. Each birth event can produce
single or multiple offspring. The mathematical device that describes such random
series of events is a point process.

Point processes play an important role in many parts of probability theory. The
most well-known are the already mentioned Poisson processes, which can be de-
scribed as streams of events separated by exponentially distributed waiting times.
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These can arise in many ways, the two most important being “thinning” or “super-
position.” Thinning means random removal of events in a general point process,
so that only a few of the original events remain or turn out successful. The more a
point process is thinned, the more Poison-like it becomes. Thinning has also given
rise to the name The Law of Small Numbers (or Rare Events) for the Poisson
distribution. Superposition means addition of many independent point processes,
which again results in a Poisson tendency. We refer to the appropriate probabilistic
literature for more detail (e.g., Kallenberg 1983; Karr 1986; Daley and Vere-Jones
1988).

Poisson processes can also be viewed as special cases of so-called renewal pro-
cesses. These are characterized by independent and identically distributed inter-
event times. As is evident from their name, they have a background in the study of
technical systems: the event could be the replacement of a failed lamp or compo-
nent of a machine. In population dynamics, the argument could be that the mother
needs time to recover after each birth event. In this case, however, the time from
a mother’s birth to her first birth event cannot be assumed in general to follow the
same distribution as the time between successive birth events. As an example, it
may take around 2 years to attain fertility, and then litters may follow yearly. Such
renewal(-like) processes are called delayed.

It is important to stress that the point process chosen for a population model
is a matter decided on biological grounds. For cell populations the special case
of binary splitting (a point process with just one event!) is evident; animals and
plants may have regularly spaced reproduction periods (e.g., each year in spring,
like squirrels). Point processes that describe such reproductive patterns could, for
instance, have inter-birth times that are deterministic and equal to 1 year, but for a
minor normally distributed variation. A more appropriate model might link birth
times not to the previous birth, but to calendar time, again with a normal variation
some days or weeks up or down.

It can, for example, be assumed that a squirrel has either zero, one, or two off-
spring with particular probabilities. Furthermore, its life-span distribution might
be exponential if we assume a heavy and constant predation risk. Humans display
birth patterns that are more irregular, a very non-exponential distribution of life
length, and the reproductive period is surrounded by long periods of infertility.

We refer to the point process that gives the childbearing ages and numbers of
children at each birth event as the reproduction process. It is a point process on the
age interval that starts from O and ends at the death of the individual. A general
single-type branching process is determined by its life-span distribution and repro-
duction process. Its structure is given by the population or family tree built from
the reproduction processes of all individuals born, the tree that also gave branching
processes their name.

In the squirrel illustration we met with reproduction determined (but for random
variation) by calendar time, rather than mother’s age. The translation to a point
process that gives the successive childbearing ages presupposes that we know the
mother’s birthday (i.e., we have to discern individuals of different types). Thus,
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multi-type general branching processes already arise in very simple settings, if we
wish to go beyond modeling in discrete time.

Another simple multi-type process in continuous time is the Bell-Anderson cell
model. In this, it is assumed that cell division is not dependent on age, but rather
on cell size (or mass): cells divide when they reach a critical mass. Hence, the size
of a newborn cell matters for the length of its life cycle.

Again, the need for multi-type models is obvious, as is even the need for (or at
least naturalness of) continuous types, such as birth time and birth mass. Thus, we
assume that at birth individuals inherit a fype from their mother. Often we interpret
this as a genotype, but (as we have seen here and in Chapter 2) type could also be
some simple property of newborn cells that affects their future lives.

3.3.1 Expected growth

Turning back to the single-type case, let us follow the pattern of Galton—Watson
and continuous-time Markov processes, and say some words about the develop-
ment of expected population size, E[Z,]. For this some notation is needed.

In simple processes individual reproduction is given by one random variable,
the number & of children, and there is no doubt as to when these were born. In the
general case, we not only need the sizes of the various litters, vy, v, ..., but also
the mother’s ages, 1, 72, etc., at those successive birth events. Alternatively, as
described in the preceding section, we can use the reproduction point process

E@) =Y v, (3.28)

T, <a

which gives the number & (a) of children obtained up to each age a (see Figure 3.5).
In branching processes, expected reproduction is described by the reproduction
function

u(a) =E[§(a)] . (3.29)

In demography and related biological population dynamics there is a slightly dif-
ferent tradition in which life span and reproduction are separated. First, a maternity
function is introduced to give the reproduction rate, provided the potential mother
is alive at the age in question, and the reproduction function is obtained through
multiplication by the survival probability. This has advantages in some modeling
(as in the example beneath), but in general it only makes notation more cumber-
some.

Differential equations have a (too) strong position in such traditional mathe-
matical population dynamics, and it is virtually always assumed that the repro-
duction function, or corresponding entities, have derivatives. This is not at all
necessary for the theory, and, indeed, renders it impossible to formulate a com-
prehensive theory for both discrete and continuous time. Its advantage, how-
ever, is that Riemann integration known from elementary calculus suffices, and
no more advanced concepts are needed (not that the so-called abstract Lebesgue
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Figure 3.5 Family tree of a general branching process (top) with the reproduction point
process of the encircled individual (bottom).

or Lebesgue—Stieltjes integrals are logically more difficult than the Riemann ap-
proach, but what is learned at school always seems easiest ... . In Section 3.3.2,
we however provide some short words about general integrals.)

Thus, whenever convenient for the exposition, we make the unnecessarily
strong assumption that the reproduction function has a derivative (i.e., a child-
bearing intensity),

ula) = /(; w () du . (3.30)

It is clear that the mean reproduction of the embedded generation process will
satisfy

m = p(o0) (= /O W (u) du) (3.3
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since the latter yields the expected total number of children during the mother’s
entire life. And if T denotes life span, we could alternatively write

m = E[§(T)] (3-32)

in terms of £(T) = )_ v;, which is the number of children obtained during an
individual’s whole life. (This is unless birth events after death can occur, which is
actually an option not to be disregarded, as in epidemic applications where birth
event is infection and life span could have various interpretations.)

General processes are supercritical, critical, or subcritical according to whether
m > 1,= 1, or < 1, and it is evident that the embedded Galton—Watson process
has offspring numbers with the distribution of £ = £(T'), and thus the same criti-
cality properties as the underlying general process.

Example 3.4 Suppose that children are born singly in a Poisson process with parameter
c until the mother dies, and that her life span is distributed exponentially, with parameter
A. The expected number of children of a living mother of age a is then ca, whereas the
expected number of children, given that the mother died at age u < a, is cu. Hence,

u(a) =e*ca —l—/ cure ™ du . (3.33)
0

If the life-span distribution is L with a probability density function L’ = g, the more general
relation

u(a) =[1— L(a)]ca + / cug(u) du (3.34)
0
follows. Let a — o0 to derive the natural relation
m = u(oo) = cE[T], (3.35)
or m = ¢/ if life spans are exponential with hazard rate A.

SO0

For Bellman—Harris and Sevastyanov processes, &£(a) is the total number of
children if T < a and O otherwise. Hence, in the distribution function notation
introduced in Example 3.4 (which we adhere to), L(a) = P(T < a),

u(a) =mL(a) (3.36)

for Bellman—Harris processes and there is a birth intensity if and only if the life
span is a continuous random variable, so that u'(a) = mg(a).
Now consider the random variable

E U,‘ e*S'L’,‘ ,
i

where the sum is over all birth events, and s > 0. If s = 0, then ¢™°% = 1 and the
sum reduces to the number of children obtained, £(7T"). Hence, its expectation is
m. When s is large, e~*% is small, and the same should be true for its expectation.
Since the decrease occurs in a continuous fashion, it should not come as a surprise
that, in the supercritical case, there must exist an intermediate choice of s such
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that the expectation of the sum equals 1. This number, denoted by «, is called the
Malthusian parameter. It is defined implicitly by

IE‘,[Z vie @i =1. (3.37)

For critical processes, of course @ = 0, whereas in the subcritical case & must be
negative, if it exists, as it does in all biologically relevant situations. (Of course,
there is a reason for the name of «. It appears shortly!)

Example 3.5 In the case of splitting processes, there is only one birth event age, 7', and the
defining Equation (3.37) reduces to
Else "1 =1, (3.38)
where & = > v; = &(T) denotes the number of children. For Bellman—Harris processes,
offspring number and life span are independent and Equation (3.37) simplifies further to
ElE]E[e™T] = mE[e "] =1. (3.39)

This also indicates how to calculate the Malthusian parameter for this model. If the life-span
distribution has the density g, then

1/m=E[e™T] = /e_”“g(a) da . (3.40)
0

After integration by parts, this takes the form

1/m =E[e*T] = / ae “L(a)da , (3.41)
0
an equality that actually holds even if the density does not exist.
SO0
In the general case,
o0 o0
E[Z vie ¢ = f e u'(a) da = / ae *u(a)da=1, (3.42)
; 0 0

in which the first integral presupposes that the derivative u’ exists. Even if such
an equation cannot be solved analytically and explicitly, numerical procedures are
readily available in programs like Mathematica.

The proper time scale of the development of any population, its generation time,
is the mean age at childbearing. In the single-type case, this entity, which we
denote by B, turns out to be

B=E[Y vtie "] (3.43)
(see Jagers 1975). Again, if the reproduction function can be differentiated

B = /Doae_“”,u’(a) da . (3.44)
0
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Finally, life spans are important, not only because they (usually) delimit re-
production, but also because they tell how long an individual will be present in
the population, and thus counted. As shown below, the life span enters into the
asymptotic growth of populations through the equation

t=E[e ] . (3.45)
Clearly, £ < 1 in the supercritical case and otherwise equal to one or larger. If the
life-span distribution has the density g,

[o.¢]
{= /e_““g(a) da . (3.46)
0

Through integration by parts the following equation can be derived from this

L= /ae_“”L(a) da , (3.47)
0

which is also valid if the life-span distribution has no density.

Example 3.5 (continued) For Bellman—Harris processes, it is always true that m¢ = 1,
by Equations (3.39) and (3.45). If life spans are exponentially distributed we find, using
Equation (3.46)

o0

1

A
/‘e—aa)\ef)»a da = = —, (348)
a+A m

0

and thus &« = (m — 1)A. In this case the birth intensity equals

w (a) = mg (a) = mre™ (3.49)
and so, from Equation (3.44)
i A
B = m)\‘/.ae_(”“)“ da = ﬁ . (3.50)
o

0

Substitution of the expression found for « gives g = 1/(Am).

SO0

Remark. Before formulating the exponential growth property of general continuous-time
branching processes, we must exclude those that evolve in discrete rather than continuous
time. This may seem finical to our biological readers, who might feel that there is noth-
ing like reproductions that can only occur exactly at lattice ages, say A,2A, 3A, etc., as
opposed to having births that occur, say, yearly, but with a normally distributed variation
around the exact year. However, logically this is a possibility that has to be observed and
relegated to the discrete case. (For precise formulations and theorems we refer again to the
mathematical monographs cited above.) In dealing with continuous time we consider only
non-lattice processes from this point.

SO0
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To make the exposition more elementary, we deduce the formula for expected
growth under the assumption that there is a childbearing intensity. As pointed out,
this is not at all necessary, but renders it possible to argue in terms of elementary
Riemann integrals.

At any time ¢, the population can be divided into the subpopulations that stem
from the various children of the ancestor (plus, possibly, the ancestor herself, if
she is still alive — for simplicity, we consider a single ancestor, newborn at time 0).
If the ancestor gave birth at age a, at time ¢ the process thus started has persisted
for t — a time units. Its expected size is E[Z,_,], and the rate at which the ancestor
starts such subpopulations is given by the childbearing intensity, u'(a), for 0 <
a < t. We conclude that

E[Z,]= / E[Zi—al' (@) da+1— L(1) . (3.51)
0

Here, 1 — L(¢) is the probability that the ancestor survives up to time 7.
In the critical case, where

m = u(oo) = /00 w)da=1, (3.52)
0

this is a classic relationship of the form
t
f@) = f ft —u)¢u) du+ h(r) , (3.53)
0

with A(z) > 0 and fooo ¢(u) du = 1, known as a renewal equation. By well-
established theory (see Feller 1966 or later editions), the expected population size
must then satisfy

lim E[Z,] = /00(1 — L(a)) da/ /ooa,/(a) da . (3.54)
=00 0

0
The general situation differs from the critical case only in the regard that the

integral of ' no longer has mass 1. However, note that
1= E[Z vie %% = / ae " u(@) dt = / e *u'(a) da . (3.55)
- 0 0
Therefore, if we multiply Equation (3.51) by e~%, the result is a renewal equation,

e YE[Z,] = / e “TDE[Z,_Je (@) da + e ¥ (1 — L(1)) , (3.56)
0

since the only lacking property was that we must integrate E[ Z,_,] with respect to
a probability density. Indeed, this is a renewal equation of the form above, with

f) = e “E[Z/]

p(a) = e 1 (a)
h(t) =e (1 - L)) . (3.57)
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We conclude that
lim e “E[Z,] =/ e *(1—-L(a))da/ / ae ™' (a)da =——, (3.58)
t—00 0 0 aﬁ

and thus understand that the Malthusian parameter has inherited its name from the
exponential growth postulated by Malthus. This relation is valid for sub- as well as
supercritical processes. In the subcritical case, « < 0 and £ > 1, so the right-hand
side is still positive. It follows that, in this case, the expectation of Z; declines
exponentially.

Example 3.6 For the special case of a Markov branching process, considered in Exam-
ple 3.5, filling in the values calculated for £, , and B gives

. at 1—1/m
lime “E[Z]=————=1. (3.59)
=00 (m—1)A/Am
This result has also been derived in a different way, see Equation (3.10), with M (0) = 1.

SO0

The variance of Z, can be analyzed by similar arguments as for the expectation,
by conditioning upon the reproductive behavior of the ancestor (assuming zo = 1).
In the Bellman—Harris case this becomes rather cumbersome, and the argument
does not add many new ideas. We refer to the mathematical literature [Harris
(1963) for Bellman—Harris processes, and Jagers (1975) for general processes].
The outcomes are formulas such as

m—1 >2 (o> +m?) [T e g(t)dt — 1
1—m [)° e 2g(t) dt

Var[Z,] ~ ¢ ( (3.60)

ampf

as t — oo, for Bellman—Harris processes with life-span density g, m > 1, and o'
denoting the reproduction mean and variance, as before.

Example 3.7 We return to the example of variation of organ sizes in Section 2.2. Clearly,
the assumption there of a Galton—Watson structure is not realistic, even though, following
Azevedo and coauthors (2000, 2001) we allowed reproduction other than merely binary
splitting (in the optimistic hope that several binary splittings in close succession could be
modeled as a birth of more children than one in a generation). Here we model the organ
formation process as a binary splitting Bellman—Harris process. (A binary Sevastyanov
model could also be formulated easily.) If p denotes the chance of splittingandg =1 — p
the risk of cell death, m = 2p and 0> = 4pgq, and the right-hand side of Equation (3.60)
reduces to

2p— 1\ 4py — 1
~ e (2P Py - (3.61)
a2pp 1-2py
with
y = / e 2 g(r) dt . (3.62)
0

[The mathematical reader might feel uneasy about such expressions, and wish to check that
it is positive, as a variance should be. It is, and Harris (1963) gives an argument for that
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on p. 146.] We conclude that, as time passes, the coefficient of variation — i.e., the standard
deviation divided by the mean — should stabilize around

2 -1
g (2P L\ APy 11 ¢ (3.63)
a2pp 1 -2py af

and, because £ = 1/m = 1/2p, this equals

[4py —1
24 ) (3.64)
1 -2py

As an illustration, let life spans be distributed exponentially with a parameter A. From
Example 3.6, we found that in this case « = A(m—1) = L(2p—1). Furthermore, calculation
of y from Equation (3.62) yields

o0
y :/ e 2 pe™M dt =
0

so ¥y = 1/(4p — 1) and thus the limiting coefficient of variation equals /2p — 1. Note that
the cell cycle length 1/A is not involved (though it determines the time scale and thus the
rate of convergence).

3.65
o (3.65)

SO0
3.3.2 Multi-type general processes

Eventually, we arrive at the most general branching processes that encompass all
imaginable forms of reproduction and heredity patterns. An individual of a general
branching population gives births (single or multiple) at random ages, the children
can have arbitrary types, and the mother’s own type may affect all aspects of her
childbearing: ages at birth events, litter sizes, and types of offspring. The type
space can be very rich, practically speaking even arbitrary, though certain, very
generous mathematical requirements should be fulfilled.

Any finite space will do as a type space, but actually also any space with a
countable number of elements. The latter may seem exaggerated and unneeded
to a biologist, but in modeling it can be suitable to think of an unlimited num-
ber of possible types. The real line, or two- or three-dimensional spaces, or, in-
deed, spaces of any dimension are included. For a modern biologist it is natural
to identify type with genotype, but certainly other types of life conditions can be
included, such as birth weight, geographic conditions, or social circumstances, in
demographic modeling.

Besides the simple multi-type processes, already discussed in discrete time,
types are often real numbers, such as body mass or energy content in cases of
physical particles splitting. The rise of molecular biology should open possibilities
for more subtle multi-type branching modeling, with huge type spaces equipped
with special topologies to reflect distance, in various senses, between genes and
gene function.

The probabilities that govern these structures can also be quite general. The ba-
sic structure remains that of independent individuals, given their types. However,
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since type can be very rich, indeed it could even summarize all relevant informa-
tion about the environment and population history, this is no severe restriction.
Restrictions arise because we wish to be able to conclude sensible things about the
population, to determine extinction probabilities, growth rates, and the like. Some
property such as the indecomposability discussed in Section 2.3.1 is required.

Under the appropriate conditions, the known array of results can be established
very generally. The reproduction function is replaced by a reproduction kernel,
n(s, A x B), which gives the expected number of children with types in the set A
born during the age interval B by a mother herself of type s. Unless they are very
weird, such kernels define a Malthusian parameter «, and the expected growth (or
decrease) of population size can be established through so-called Markov Renewal
Theory. This is mathematically fairly advanced, and the reader is referred to Jagers
(1989) for more information.

It is enough here to point out that if S denotes the whole type space, the process
is subcritical, critical, or supercritical according to the sign of «, so that, as in
Equation (3.58)

Es[Z:] ~ v(s)e* (1 —£)/aB . (3.66)
Here, s indicates that there was one ancestor of type s, and v is the eigenfunction

v(s) = ‘/m/v(r)ef‘mu(s, dr x da) , (3.67)
0o Js

about which see Box 3.1, and £, § are expectations,

L=FE.[e ), B = /w/ae*““v(s)u(n, ds x da) (3.68)
0 S

for an individual whose type is random according to the stable type distribution .
The latter is defined by the requirement that

7(A) = /S/OOO e us, A x da)m(ds), (3.69)
with normalization chosen such that

7(S) =1and /Sv(s) ds=1, (3.70)
and

u(m, A x B) = /;,u,(s, A x B)ym(ds) . (3.71)

The reason for calling 7 the stable-type distribution is that, as time passes, the
proportion of all individuals born with types in any set A converges to 7 (A). Simi-
larly, if we compare two supercritical processes, one with an ancestor of type s, the
other initiated by a type-r individual at the same time, then their ratio converges to
v(s)/v(r). Therefore, v is called the reproductive value of the type. It provides a
sort of relative type-fitness measure.
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Box 3.1 Strange integrals

The multi-type general processes equations contain general integrals that could
have been introduced naturally much earlier in this book, but that we have avoided
and tried to conceal the need for. At this juncture, this is no longer possible. The
reader who is unacquainted with these notions should think of them as joint notation
for both elementary integrals and sums:

d . )
/Sv(s)rr( ) means JZv(s_,)n(sj) ()
if § = {s1, 5, ...}, and it means

/‘00 v(s)T'(s) ds (b)

if S is the real line and 5’ is the density (derivative) of 7. Now, it is easy to un-
derstand that situations can arise in which sums and elementary integrals are com-
bined. For example, it could be the case that 7 is discrete on some interval A and
continuous on another, B. Then

/v(s)n(s)ds = Z v(s;)m(s;) —1—/ v(&)T'(s)ds . (c)

sj€A B

Further, the abstract integrals can be still more broadly defined for situations in
which 7 is what is called a measure, that is, a generalized probability that need not
have mass 1, such as the concept of length on the line, or area in the plane, and S
could be virtually any type of space. Notation like u(s, dr x da) means that for a
fixed s we integrate both over type and over age space, with respect to the measure
u(s, A x B). This has the interpretation given above.

Our biological readers are advised to try and live with these enigmatic hints.
Otherwise, there is much literature on abstract measure and integration, both of
a probabilistic and a general mathematical nature. We recommend the books by
Billingsley (1979) and Rudin (1987), respectively.

The exponential growth (decline) of expected population sizes was made pre-
cise in Equation (3.58) above for the total population. As for discrete-time pro-
cesses with finitely many types, we can also consider the number of individuals at
time ¢ that have types in some set D C § and conclude that 1 — € has to be replaced
by

E.[1—e¢": D], 3.72)

where the notation means that the expectation is only to be taken over types in D.
Equivalently, this could be expressed through the indicator function 1p(s) = 1 if
s € D and 0O otherwise:

E.[1—e " : DI =E,.[(1 —e*)1p(X)], (3.73)
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where X is the ancestral type, distributed according to the stable-type distribution
7 and T, the ancestor’s life span.

Example 3.8 Size-dependent cell division We take a look at cells with size-dependent
(as opposed to age-dependent) individual behavior, the classic Bell-Anderson model (see
Diekmann er al. 1984; Diekmann 1986; Arino and Kimmel 1993). The basic assumption
is that there is a splitting intensity b(x) > 0, where x is the individual cell size. Similarly,
there is a death intensity of §(x) > 0, death meaning that the cell disappears without giving
birth to daughter cells. When a cell splits, its mass is assumed to be divided equally between
the daughters. Individual cell growth is deterministic (i.e., the same for all cells with given
birth size), described by the differential equation x" = g(x), with g(x) > 0, and x(0) is
the size at birth. Assume there are minimal and maximal cell sizes a and 4a, respectively,
so that 0 < a < x(0) < 2a, and no cell smaller than 2a can divide. Such models are, of
course, both simplistic and outdated now that we have entered the era of molecular biology.
A modern description of cell growth and division could start from a much greater insight
into the cell, its metabolism, and cycle control (see Novak and Tyson 1995; Tyson et al.
1997). First, denote the chance per time unit of splitting by E(t) and, similarly, the chance
per time unit of death by 5(1), so the probability that a cell splits during an infinitesimally
small interval (¢, t + dt) equals

b(t)e Jo (bw+5w) dv gy (3.74)

The Bell-Anderson growth equation yields dt = dx/g(x), and therefore it follows that the
probability of splitting at a size that lies in the interval (s, s + ds) is

b(s)e~ Lotz 45 (3.75)
g (s)
To produce two y-sized daughter cells, the mother must herself attain size 2y and the ex-
pected number of y-sized daughters becomes

2b(2y)e—1f"<b<»->+s<r>>ﬁ 2dy ,
g (2y)

where we use the notation x (0) = x. Once y has been fixed, the age at division is given by

(3.76)

o dr
/ ——=h(ylx) . (3.77)
x &)
Using the notation
* dr
f@) = [ b)) +80r)—, (3.78)
a g(r)
we can write the reproduction kernel
b(2
wix, dyxdu) = 422 - an-re Liniyioy (@u)dy, a<x,y<2a, (3.79)

g(2y)

where 1,(,x) (du) denotes the probability measure that puts all its mass on the point & (y|x).

SO0
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3.4 Age-distribution and Other Composition Matters

Within the framework of general processes many questions can be answered that
could not even be formulated, or would have trivial answers, in the simple Galton—
Watson case. Thus, the composition of a population of identical individuals is not
a very interesting matter, as opposed to the composition of a population in which
individuals have different ages, belong to different generations, have different birth
orders, or are of different type (see also Section 6.2).

In applications, composition matters may be important, since the fraction of
a population with special properties can often be measured. As an example, the
mitotic index, which is the proportion of cells in mitosis, is a natural indicator of
cell population growth. Alternatively, in a wildlife context, the fraction of females
pregnant might yield a corresponding index.

The classic composition matter in population studies is, however, that of age
distribution. Consider the number of individuals aged a or less in a single-type
general branching process at time ¢ and denote it by Z{. What can we say about
its expectation? It satisfies a relation such as Equation (3.51), the only difference
being that the ancestor is counted only if not older than a. Thus, in terms of the
indicator function 1y ,(f) = 1 or 0, according to whether 0 < ¢ < a or not, the
renewal style equation

E(Z/] = f E[Z,_,11'(@) da + Lo () (1 = L() (3.80)
0

follows. It is analyzed exactly as Equation (3.51), with the outcome that

tlim e “E[Z]] = / e (1 — L(u)) du// ue ™ u' (u) du , (3.81)

and therefore

im BLZ0 _ o e (= L) du (3.82)
i»o0 B[Z,]  [7¥em*(1 — L(u)) du

This is the famous stable age-distribution of the process. Note that it depends on
the reproduction function w(a) only through the Malthusian parameter .

Here, note that the ratio between expectations is not the same as the expectation
of theratio E[Z{ /Z,]. The latter yields the real expected age distribution. We show
later that, as time passes, this also converges to the stable age-distribution of the
process (provided it does not die out).

Example 3.9 Many wild moose populations are controlled through predation by wolves
and bears, and hunting by humans. For such cases, an exponential life-span distribution is
presumably a good assumption. The maximum life span mentioned on the website of the
Alaskan Department of Fish and Game (http://www.state.ak.us/adfg/adfghome.htm) is 16
years, so an average life span of, say, 1 /A = 5 years appears to be reasonable,
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The stable age-distribution then equals:

f()a eiau(] - L(M)) du — f()a eiauei)tu du =1- e—(a+A)ll . (383)
fooo e~ (1 — L(u)) du fooo e~ e~ dy

To estimate the rate of change in population size « it thus suffices to have a sample in which
two age groups can be discerned, say calves and adult animals. The usual breeding age is
about 2 years, so the proportion of calves equals

c=1—¢¥ath (3.84)
and thus
In(1 — In(1 —
az_w—xz_y—o.z. (3.85)

Thus, a population is supercritical (o > 0) if —In(1 —¢) > 0.4, or the proportion ¢ of calves
is larger than about one-third; if ¢ is smaller, the population is bound to become extinct. Of
course, the value of ¢ is usually not known, but estimated. Equation (3.85) together with
the sample size (and sampling method) can be used to derive confidence intervals for the
rate of growth and tests of whether or not a population is subcritical (and thus in imminent
danger of extinction).

SO0

Age is an example of a property that is analyzed relatively easily, because an
individual’s age is determined by events of her own life solely. Such properties are
referred to as individual, as opposed to those that involve several individuals (e.g.,
the individual’s whole sibship). Thus, another individual property is one’s genera-
tion, and a non-individual characteristic (of less interest for biological than social
science, maybe) would yield the fraction of firstborns. Actually, the generation
of individuals alive at time ¢ tends to be distributed normally, with the maximum
at t/B, or rather the integer closest to this number (Martin-L6f 1966). Also, the
probability of being firstborn converges to

Efe™"], (3.86)

where t; is the mother’s age at her first birth event. Indeed, the underlying renewal
equation for the expected number f(¢) of firstborns, not counting the ancestor,
becomes

GRS /0 [t —a)'(a) da +/0 (I =Lt —a)¢(a) da, (3.87)

if ¢ is the probability density function of 7;. We do not develop this further, but
refer to Jagers (1981, 1991) and Section 6.2.

In the multi-type case, we point out that the composition over types converges
in Section 3.3.2. The stable age-distribution appears as before, though L has to
be interpreted as the life-span distribution of an individual, whose type is random
according to the stable-type distribution. Since we have not given the complicated
Markov renewal equations that describe expected population size, or expected
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subpopulation sizes, when there are several types, we confine ourselves to referring
to the other literature cited.

3.5 Interaction, Dependence upon Resources, Varying
Environment, and Population

Interaction local in the pedigree, such as dependence between siblings, can be in-
troduced into general processes as in the discrete-time setup. We must specify only
the group in which there is interaction, like a sibship, and then give the probability
distribution of the reproduction of the whole group.

Population-size dependence turns out to be much harder to define. Previously,
we could simply say that in the nth generation reproduction occurs in the classic
Galton—Watson fashion, but that the number Z, must be considered as given. In
continuous time, population size changes during an individual’s life. We may
want to consider cases in which not only are the numbers of children at given birth
events affected by population size, but also the birth event ages and life spans.

One case that can be dealt with is that of a Markovian age structure. This is the
natural, albeit not always realistic, setup whereby an individual’s future life and
reproduction is determined by the individual’s age (and possible external factors,
such as population size), but nothing in the individual’s past history, besides age,
has repercussions on its life to come. In some animal and plant modeling such
an assumption might be defended more easily than in demography — humans tend
to remember whether they just had children or not! On the other hand, breeding
seasons must then be modeled through ages (e.g., from knowing the birth times).

Anyway, the reproduction process of a branching process that is Markovian in
its age structure can be described by an age-dependent childbearing intensity, 8(a),
a similarly age-dependent probability distribution for the numbers (and types) of
offspring at a birth event at a certain age, and finally a death rate, A(a). These can
be made dependent on population size easily; if at time ¢ a certain individual has
age a, then the childbearing intensity turns into a number 8(a, Z;), Z, denoting, as
before, the number of individuals at time 7. The other entities are modified in the
same manner. Of course, Z; can be replaced so that dependence is upon entities
other than population size, such as resources or (as a simple measure of resources
used) the accumulated population of all, living or dead, up to ¢, Y;, or, maybe more
suitably, the integral fot Z, du.

From this point of view, the general birth-and-death processes, mentioned in
Section 3.1, appear not so general, but rather as the special case of birth-and-death
intensities independent of age. Nevertheless, much older literature on stochastic
population dynamics actually deals with birth-and-death processes, and even with
special cases, such as the Ricker (or logistic) or even simpler forms of the birth
intensity, and a constant death intensity [see MacArthur and Wilson (1967) and
Richter-Dyn and Goel (1972) for classic examples].
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4.1 Approximations of Branching Processes
T.G. Kurtz

4.1.1 Galton-Watson processes and diffusion

Approximations of stochastic models can be useful for several reasons:

The approximating model may be simpler than the original model;

The qualitative behavior of the approximating model may be easier to under-
stand;

The number of unknown parameters (i.e., parameters that need to be estimated
from data) may be smaller for the approximating model; and

The approximating model may be computationally more tractable.

The types of approximations we have in mind for branching processes are typically
justified when the population under consideration is large and the time scale is fast
(i.e., we consider the population over many generations). An examination of the
Galton—Watson process given by the iteration

Zy
Zpi1 = Zgi 4.1
i=1

motivates these approximations.

Recall that &; are independent and identically distributed, so Z,; is a (random)
sum of such variables. The basic limit theorems of probability (the Law of Large
Numbers and the Central Limit Theorem, see the Appendix) suggest ways to ap-
proximate Equation (4.1). As before, write E[£;] = m and Var[£;] = 2. Then, if
the population is large, we must have

V4 1 &
n+1

so that, in a sense, we can approximate Z, by Zym", and we see that, in large
populations, Malthusian geometric growth captures the general behavior of the
branching process.

The implications of the Central Limit Theorem are somewhat more subtle. Sup-
pose that m = 1, that is, on average, each individual has one offspring. Then the

82
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Central Limit Theorem suggests that as the population grows the distribution of

1 &
Tre ; & -1 4.3)

should converge to the standardized normal law. Therefore:

Zyp = Za =Z, +Z(a — D)~ Zy+ 0V Zului1 - 4.4)

where £, is distributed normally with mean zero and variance one. Suppose that
the population is of the same order of magnitude as a large number N, and let Z,,
denote the normalized population size

Zil

Z, = N 4.5)

In one generation the change in the normalized population size is then approxi-
mately

1
Zupr = Zn ~ a\/> L - (4.6)

The right side of Equation (4.6) is, of course, small, so over a few generations,
there is very little change in the normalized population size. How many gener-
ations must pass before a significant change occurs? The ¢, in the approximate
model are independent, and properties of the normal distribution imply that

Z fcn+1 4.7

n=1
is distributed normally with mean zero and variance one. Consequently, the natural
time scale for this model is to have N generations per unit time. Define

[N1]

1
W) = )  —=Cnt1, (4.8)
2T

where [Nt] denotes the largest integer less than or equal to Nf. Then Wy (¢) is
distributed approximately normally with mean zero and variance N _'~[N t], and
Cov[Wy (1), Wy(s)] = N~'[N - min(z, s)]. If we define Xy(¢) = Ziny, then
since

[Nt]-1 [N1]-1
Z[Nt] - ZO + Z (Zn+1 - n) ZO + Z \/ §11+l (4’9)
n=0

we can write

Xy () me(0)+/ o/ Xn(s—) dWy(s) . (4.10)
0
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Box 4.1 Stochastic integrals

As with ordinary integrals (the type studied in calculus), stochastic integrals are
very useful for describing the dynamics of physical or biological systems. For
example, suppose we want to model a quantity V that evolves randomly in time in
such a way that for small At > 0,

Vie+A)=VE)+ U)X+ At —Y(@)), (a)

where U and Y are stochastic processes. Then simply write
t m—1
V(1) =V(0) +/ U(s=) dY ()~ V(0) +Y U (Y (t+AL) =Y (1) . (b)
0 i=0
where0 =1 < --- <t, =t, At; =t;4) — t;, and, again, U (s—) denotes the value
of U immediately before time s. The use of U (s—) as the integrand reflects that in
Equation (a), we take the value of U at the beginning of the time interval (¢, r + At]
and multiply it by the increment of Y. To make this description rigorous requires a
substantial amount of mathematical machinery. It suffices here simply to warn that
the integral is not defined for every pair of processes U and Y and that, in general,
replacing U (t) by U (¢t 4+ At) in Equation (a) gives a very different definition of the
integral.

The “integral” in Equation (4.10) is just the sum in Equation (4.9) and Xy (s—)
denotes the value of X immediately before time s [which, of course, is the same
as Xy (s) unless X jumps at time s]. Details about such integrals are provided in
Box 4.1.

Intuitively, very little should change if we replace Wy by a stochastic pro-
cess W with normally distributed values that have mean zero and covariance
Cov[W(t), W(s)] = min (z,s). Such a process is called a standard Brownian
motion, and the resultant equation (eliminating N throughout)

X (1) =X(O)+/ o/ X(s) dW(s) @.11)
0

is called a stochastic differential equation. The solution to this equation is the
Feller diffusion approximation (Feller 1951) for the critical Galton—Watson pro-
cess, and it is a valid approximation in the sense that the probability distribution of
X (t) is close to the probability distribution of X (¢), but much more is valid. For
example, the distribution of sup,_, X (s) is close to the distribution of sup,_, X (s)
and the distribution of ty = inf{; : Xn(t) = 0} (the extinction time) is close to the
distribution of t = inf{r : X () = 0}. Lindvall (1974) discusses the convergence
of these and other functionals of the process.
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The diffusion X can also be written as the time change of a Brownian motion,
that is,

X)) =X©0)+W (/ o2 X (s) ds> , 4.12)
0

where W is a standard Brownian motion. It follows that Z = sup, ., X(1) =
sup, <, (X (0) + W (u)), where y = inf{u : X(0) + W(u) = 0}, and P{Z > b} is
the probability that X (0) + W hits b before it hits zero. For b > X (0), a simple
calculation gives

(P{Z > b)) = ? ) (4.13)

For example, see Bhattacharya and Waymire (1990), Proposition V.2.5, for a more
general result that applies to the more general diffusion discussed next.

We can generalize this approximation by assuming that E[£;] = 1+ 8N ~!, that
is, since N is large, the average number of offspring is very close to 1, but not
exactly equal to 1. Then Equation (4.6) becomes

- [~ 1 1
Lyi1 — 2, & Z,——Cw1 +B—2,, 4.14
+1 o \/N; +1 'BN ( )

and Equation (4.11) becomes

X(t):X(O)—i—/ o/ X(s) dW(s)—i—/ BX(s)ds . 4.15)
0 0

Note that this diffusion approximation depends only on the mean and variance of
the original offspring distribution; that is, we have replaced a model that depends
on the full offspring distribution by one that depends only on two parameters.
This shows how one diffusion process can approximate many branching processes.
In interpreting the diffusion approximation, one needs to keep in mind that N
is both the number of generations per unit time and the order of the population
size. Another way to say the same thing, which applies to models in which the
generations are not separate, is that the time unit needs to be selected so that the
number of births per unit time has the same order as the square of the population
size.

The theory of stochastic differential equations is extensive, and many properties
of Equation (4.15) can be derived. For example, if 8 < 0, X (not surprisingly) hits
zero in finite time, just as in a critical or subcritical branching process. Similarly,
if B > 0, there is a positive probability of X tending to infinity.

Essentially, we have derived a “Law of Large Numbers” and a “Central Limit
Theorem” for a Galton—Watson branching process. The diffusion approximation
was introduced by Feller (1951) and made rigorous by Jifina (1969). Lindvall
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Figure 4.1 Example of a process with two ancestors of different initial ages. Formal
definitions of the variables shown are given in the main text. In this illustration, & ?(z) =

£ =1land & (a) = &(a) = 1, &) = --- = &(a) = 0.

(1972, 1974) gave a “functional” version of the limit theorem, that is, a version
that immediately implies the corresponding convergence for functionals of the
processes, such as the maximum. Our next goal is to discover what the analo-
gous results are for general branching processes.

4.1.2 Deterministic approximations of general processes

In this section, we turn to general branching processes in which reproduction can
occur at various ages (see Sections 3.1 and 3.3). Consider a population with Z,
ancestors at time 0. Fori = 1,..., Z, let Sl.o(t) be the number of births to indi-
vidual i by time ¢ and let T, denote the time that the individual dies. [Of course,
g)(t) = EX(T?) fort > T.] Tt is assumed that {[(1), T"1,i = 1,..., Zo} are
independent and identically distributed. Similarly, for j = 1,2, ..., let §;(a) de-
note the number of births by age a for the jth individual born after time zero and
let 7; be the age at death for that individual. [Again, &;(a) = &§;(T;) fora > T;.]
These definitions are illustrated in Figure 4.1. As in Section 3.3, we assume that
{l§j(a), T;], j = 1,2, ...} are independent and identically distributed. In that sec-
tion we considered a special case of this model, in which ancestors had age zero
at time zero. Then the distributions of ?;‘io (a) and &;(a) coincide, as do those of
Tio and 7;. In the more general setup discussed here, distributions for offspring
usually differ from those of the initial population.
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Let B(t) denote the total number of births in the population up to time ¢. Then,
if n; denotes the time of the jth birth,

B(@)

Zy
B(t)y=) &0+ &t —mn), (4.16)
i=1 j=1
which can be written as
Zy t
B(t) = Zsl.o(t) +/0 Epuw(t —u) dB(u) . 4.17)
i=1

(For simplicity, we disregard the possibility of simultaneous births here.) The
population size at time ¢ equals

B(1)

Z
Zi= Y @O+ Y Lo —n)
i=1 j=1

Z(] t
= Z Lio,70) (1) + / L0, 750 (t — 1) dB(u) . (4.18)
i=1 0
We define
w’ @) =K' 0] w@) =E&®)] (4.19)
and
SOty = P(T° > 1} S(t) =P{T; > 1}, (4.20)

in which we assume that x°(r) and pu(¢) are finite for all t. The reproduction
function p(¢) is introduced in Section 3.3, and the survival function S(¢) is 1 minus
the life-span distribution function, L (t). Setting b(t) = E[B(¢)] and m(t) =
E[Z,], we have

b(t) = Zou'(t) +/ u(t —u) db(u), (4.21)
0
and
m(t) = ZoS°(t) + / St —u)db(u) . (4.22)
0

The solution of Equation (4.21) can be obtained by setting by(t) = Zopl (1) and
iterating

b1 () = Zop(1) + f Wt — u) dby(u) . 4.23)
0

The sequence {b;(¢)} increases monotonically, and b(r) = limy_ o by (f), where
b(t) may be infinite. If, however, there exists an age a > 0 such that the expected
number of offspring up to that age, u(a) < 1, then b(t) < oo for all t. This is
certainly a reasonable assumption in any biological application.
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As in Section 4.1.1, the Law of Large Numbers suggests the approximations

BO) — b)) Z . m@)
Z b(t) = Z Z ~m(t) = Zo (4.24)
where b satisfies Equation (4.21), with Z, replaced by 1, and 7 is given by Equa-
tion (4.22), with Z, replaced by 1 and b replaced by b. This approximation is,
indeed, valid in the sense that B(t)/Z, converges to b(t) and Z:/Zy converges to
m(t) as Zy goes to infinity.
Limit theorems of this type can be found in Kurtz (1983) and Solomon (1987).
The limiting model is essentially the standard continuous-time demographic model
(e.g., Keyfitz 1977).

4.2 Discrete-Time Dynamical Systems as Population Models
F.C. Klebaner

Deterministic discrete-time processes are characterized by a recurrence equation
Xn+1 = f(x,) that specifies the relation between the value of a state at time n,
x,, and its value one time step later, x,.;. Such processes are used as models
for changes in population size or density. An example is the Ricker model intro-
duced in Section 1.4. The (asymptotic) dynamics of these models is described in
many textbooks on biological systems (e.g., Case 2000). We thus include only a
short survey here, to connect the field with branching processes and to acquaint
those unfamiliar with the area with some basic concepts. Others may well skip
Section 4.2.1 and proceed to Section 4.2.2, in which we relate these models to
branching processes.

4.2.1 Dynamics of deterministic models
Recall the formulation in Section 4.1 of the Ricker model

Zng1 = mzue " (4.25)

where z, denotes population size. It can be reformulated in terms of population
density by the transformation x,, = z,/K, where K is the area occupied by the
population, and rescaling the parameter b. This yields a model of the form

Xn+1 = an(xn) ) (426)

which is the general form of density-dependent models that we consider here. Note
that in this section we use “density” in a very loose way. If K is an area, x, is,
indeed, a density in the strict sense, but in the following we also consider cases in
which K represents a different constant, such as carrying capacity in the logistic
model (see below). In either case, we refer to x,, as a density.

The function R(x) is the individual reproduction function. This function typ-
ically depends on the availability of resources and, therefore, it is reasonable to
assume that, as population density increases, R(x) tends to zero (the reader may
verify that in the Ricker model this is indeed so). This is called negative density
dependence.
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In the Ricker model, and the other examples given in this section, R(x) tends
to a positive constant as x approaches zero, which signifies that at low population
densities there is no resource limitation and the population grows at a constant rate
independent of its density. The branching process equivalent of this situation is the
Galton—Watson process. There are also models, however, in which a negative den-
sity dependence occurs at low densities too. This so-called “Allee effect” (Allee
1931) can, for instance, result from the difficulty of finding suitable mates when
population size is small.

In ecological models a limitation on population size is often assumed, usually
called a carrying capacity (of the environment for the population in question).
When the population is far from its carrying capacity it reproduces at a constant
rate, and the reproduction rate declines when the population approaches its carry-
ing capacity and resources become exhausted. In this case, we can let K represent
the carrying capacity. The simplest such dependence is linear, with x denoting the
density 0 < x <1,

Rx)=r(1—x). 4.27)
This is how the logistic model for population dynamics is obtained,
Xnt1 = rx,(1 —xp) . (4.28)

It is the most studied scheme from a mathematical perspective (see Thompson and
Stuart 1986), and represents a prototype of simple models that exhibit complex
behavior (May 1976).

Another famous density-dependent population approach uses the relation

Xpp1 = 1, /(1 4+ ax,)’ (4.29)

which was applied by Hassell ez al. (1976) to compare population dynamics of 28
species of insects (see also Smith 1974).
Iterating the recurrence equation

Xn1 = f () = f(f (n-1) (4.30)

and so on, we obtain that the density in the nth generation is given by the nth
iterate of the function f evaluated at the initial population density x,

X0 = " (x0) , (4.31)

where £ means f taken n times.

Behavior of the iterates of functions such as the logistic or Ricker is studied
within non-linear discrete-time dynamics and chaos theory. Typically, the func-
tions have a shape parameter (r in the logistic model) and, depending on the value
of this parameter, the iterates of f converge to a fixed point (a stable fixed point),
or they oscillate between a finite number of points (convergence to a stable cy-
cle), or they exhibit chaotic behavior (which means that their positions for large n
are described by a distribution function, rather than a limited set of predetermined
points).
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A point x is called a fixed point for f if f(x) = x. Clearly, for functions of
the form f(x) = x R(x) the point x = 0 is a fixed point, but there may be others.
What happens if the population density is very low, near to zero, but positive?
Development in this case depends on the stability of the point zero. A fixed point
x* is called stable or attracting if for all the initial points xy near x*, the iterates
f™ (xo) converge to x* asn = 1,2, ... increases.

Alternatively, if there is an interval that includes x* such that for some n
the iterate x, is outside this neighborhood, the fixed point x* is called unstable
or repelling. A sufficient condition for the stability of a fixed point x* is that
| f'(x*)| < 1, and for it to be unstable the condition is | f'(x*)| > 1. In the case
| f'(x*)] = 1, x* may be attracting or repelling. For a necessary and sufficient
condition for a fixed point to be attracting, see, for example, Theorem 2.2.1 in
Sharkovskii et al. (1993).

If 0 is a repelling fixed point, f has another fixed point x* that may also be
either attracting or repelling. If it happens to be attracting, the long-term iterates
converge to it, and if it is repelling, a cycling behavior occurs. For example, a
cycle of period 2 means that there are two points, x| and x3, such that f(x]) = x5
and f(x3) = x{. This cycle is attracting if for large even values of n the iterates
x, are in the vicinity of a point x| and if for large odd values of n the iterates x,
are in the vicinity of a point x;. We can also describe a cycle of period 2 by means
of fixed points of the twice-iterated function, f @ 1t f has a two-cycle {x], x3},
then f@ has two fixed points x; and x3. The cycle is stable or attracting if these
fixed points are stable. For a cycle to be attracting it is enough that

IfPahl <. (4.32)

Using the chain rule of differentiation we find that f@’(x}) = f'(f(x) f'(x}) =
£ (x3) f'(x7). Thus, a sufficient condition for a cycle to be attracting is given by

GO <1. (4.33)

Of course, a cycle of period d and its stability are defined similarly.

A large class of dynamical systems has asymptotically periodic trajectories: a
dynamical system is called simple if each of its trajectories is periodic or asymp-
totically periodic. Moreover, there is a class of simple dynamical systems in which
the stable cycle is unique and trajectories (x,) are attracted to it for almost all initial
points xq (ibid).

Example 4.1 We examine the behavior of the iterates in the logistic model x,,; = rx, (1 —
xn). The function f(x) = rx(1 — x) has a single fixed point 0 if » < 1, which is attracting,
and x, — 0 asn — oo for any xy. For 1 < r < 3, the fixed point zero becomes repelling
and another fixed point appears, x* = 1 — 1/r. This point is attracting if » < 3, as
[/ < L, (f'(x*) =2—r). If r =3, x* is still attracting, although | f'(2/3)| = 1. If
r <3,thenx, - x*asn — ooforany xo # 0,1. Whenr > 3, thenx* =1—1/ris
repelling as | f/(x*)| > 1. For values of r in the range 3 < r < 1 + +/6 ~ 3.449, f has
a stable cycle of period 2. These points are determined as roots of f® (x) = x. For all xo
outside an (actually finite) exceptional set, x, converges to this cycle.
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When r increases further, 1 + /6 < r, the stable two-cycle becomes unstable and a
stable cycle of period 4 is created. For all points x, outside an exceptional set (which
contains the fixed points, cycles, and their pre-images), f® (x,) converges to this four-
cycle. This phenomenon (appearance of stable cycles of higher powers of two instead of
unstable ones) is known as period doubling bifurcation, and continues until » reaches some
value r. &~ 3.569. .., at which point no stable trajectories of longer periodicity exist, and
the system displays no simple dynamics.

For any r < 7. there is a stable cycle of period 2% (k depends on r), and 1™ (x)
converges to this cycle for all x, except those that go to repelling cycles of periods 2/,
i =0,1,...,k — 1. The value r, is known as the value for the onset of chaos. For r > r,
there are infinitely many cycles, all of which may be repelling. For certain values (periodic
windows) of the parameter the system admits attracting cycles of periods not restricted to
the powers of 2.

When r = 4, the long-term behavior of ™ (x) is described by the probability distribu-
tion

1

m , (4.34)
that is, for large n the probability of finding £ (x,) in an interval [a, b] is given by
b dx
/a m . (4.35)

SO0

Remark. For the Ricker model, f(x) = xe’~*, a bifurcation to a cycle of period 2 occurs
at r = 2, then further from a 2-cycle to a 4-cycle at 2, 2.526, etc., and the value of onset of
chaos is r. &~ 2.692.

SO0

4.2.2 Density dependent branching processes and dynamical systems

Deterministic models of the form x,+; = f(x,) are macroscopic, they give a rule
according to which the whole population evolves. Branching processes, however,
are microscopic, built upon the individual behavior of population members and
determined by their offspring distribution.

As we have seen, though, the macroscopic models allow feedback in the form
of the effects of population density on growth, and may exhibit periodic be-
havior, which does not appear in branching processes. The bridge between the
two approaches is provided by branching processes with a similar feedback (i.e.,
population-size- and density-dependent branching processes).

In branching processes dependent on population size, the distribution of off-
spring numbers depends on the size of the population z, and in density-dependent
branching processes the distribution of offspring depends on the population den-
sity, or concentration z/K, where K is a parameter such as (but not necessarily)
the carrying capacity. If this parameter is fixed, there is no difference between the
two types of models, but when it becomes large, density-dependent models may
simplify and allow approximations. Indeed, for large values of K they reduce to
deterministic dynamical systems plus a small noise. The dynamical system part
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represents the deterministic approximation and the noise admits a Gaussian ap-
proximation.

This Gaussian approximation is different from the diffusion approximation of
branching processes, treated in the preceding sections. In diffusion approxima-
tions the time is scaled to arrive at a continuous-time process, but in this case
time remains discrete and the limiting process is not continuous, but jumps as the
corresponding dynamical system.

As indicated in Section 2.6, density-dependent branching processes are defined
in the same way as the classic Galton—Watson process, except that offspring dis-
tributions are allowed to depend on population density. This can be written as

Zy
Zupr =) Ea(Z,/K) (4.36)

j=1

to indicate that the distribution of §; ,(Z,,/ K) is dependent on Z,, /K. The offspring
numbers themselves are independent, with the common distribution being that of
Ex)iftZ,/K = x.

Example 4.2 Consider branching processes that occur in polymerase chain reactions
(PCRs). PCR is a stepwise procedure in molecular biology whereby in each step DNA
molecules either remain or are replaced by two copies. It is further described in Section 7.5.

The reaction can be modeled as a (single-type) Galton—Watson branching process, in
which each individual has one or two offspring in the next generation. The probability of
the latter event is usually termed the efficiency in the present connection. It is natural from
the experimental setup that the efficiency of the reaction should decrease.

Under classic, so-called Michaelis—Menten kinetics, largely valid for enzymatic reac-
tions, it follows that the probability of successful copying (two offspring) is given by

p(z) = 4.37)

K+z’
where z is the number of molecules and K is the Michaelis—Menten constant of the reaction.
Initially, the efficiency is close to 1, since K is large compared to z.

The result is a density-dependent binary splitting Galton—Watson process, whereby the
alternative to splitting is remaining into the next generation (experiment cycle), or equiva-
lently giving birth to one offspring. The offspring number £(z) takes values 1 and 2 with
probabilities 1 — p(z) and p(z), respectively.

SO0
As shown in Section 4.2.1, it is more convenient to consider the density process
x,{( = Z,/K, which evolves according to
1 KxX
XK= e D &) (4.38)

Jj=1

We show that this model is a stochastic analog of the deterministic model x, | =
f(x,) with a suitable function f. Indeed, denote by R(x) = E[£(x)] the mean
offspring number when the population density is x. By subtracting and adding it
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within the sum, we have

KxK KxK
1 1
<K= < > RS+ e > g () = RO, (4.39)
j=1 j=1
or
X =X RO + 0k = F&H +af (4.40)
where f(x) = xR(x) and
1 Kx,f(
M= D lEa) = RG] (4.41)
j=1

is random. This random term is small for large values of K, essentially by the
Law of Large Numbers. Let x, be the nth iterate of f(x) = xR(x), starting
from xo = Zy/K. The results below state that, for large values of the carrying
capacity, the process xX is approximated by the deterministic sequence x,, with
the difference xX — x,, being approximately normal with mean zero and variance
of order 1/K.

In the next two theorems we assume that the function f(x) = xR(x) has a
continuous derivative and that the variances o (x) of offsprings £ (x) are bounded
by some constant, say o%(x) < C.

K

Theorem 4.1 (Consistency theorem) For any fixed n, as K — oo, x,; — x, in
probability.
The proof uses induction on n and Chebyshev’s inequality,
1
El(n;)*] = E[E[(n;))*}x; 1] = —Elo? ()] < C/K = 0. (4.42)

Theorem 4.2 (Fluctuation theorem) Assume, in addition, that the third absolute
moments E[(€(x) — R(x))] are bounded. Then, for any fixed n, as K — oo,
(x,f — xn)\/f converges in distribution to a normal random variable N (0, Dﬁ),
where Dy = 0 and D, is defined by the recurrence relation

Di = x,0%(x,) + [f'(x,) D, 1* . (4.43)

The proof of this result follows by induction on » and an analysis of characteristic
functions, and can be found in Klebaner (1993) under less stringent assumptions.
In Klebaner and Nerman (1994) these results are established not only for a sin-
gle fixed n, but also for any collection of times n, ny, ... , ny (which corresponds
to the convergence of processes, or the functional version of the limit theorem).
Watkins (2000) generalized these results to multi-type processes (structured pop-
ulations) and referred to them as consistency and fluctuation theorems in biology.
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Example 4.2 (continued) We can express the probability of successful division in PCR
as a function of the so-called dimensionless reduced concentration x = z/K (Schnell and
Mendoza 1997a),

1

plx) = T (4.44)
Since the expected number of offspring per individual is

mx)=1—-px)+2px)=1+1/1+x), (4.45)
we obtain that the population density process has the representation

X = F) + (4.46)

with f(x) = xm(x) = x/(1 + x). The reproduction variance can be checked easily to
satisfy

o*(x) = p(x)(1 — p(x)) =x/(1 + x)*, (4.47)

obviously bounded. Thus, for large values of K, the sequence xX = Z,/K can be approxi-
mated by the deterministic sequence x,, obtained as the nth iterate of f starting at xy. This
is further developed in Jagers and Klebaner (2003).

SO0

4.3 Branching Processes and Structured Population Dynamics
M. Gyllenberg and P. Jagers

4.3.1 Introduction

Most of the classic deterministic population models developed by Lotka, Volterra,
and others during the “golden age” of theoretical ecology in the 1930s are con-
cerned with a single homogeneous population or with the interaction between
several homogeneous populations. In particular, these models are based on the
assumption that, at least on average, all individuals in a population behave identi-
cally with respect to reproduction, survival, exploitation of resources, competition,
and other processes of importance for the dynamics of the population. They are de-
terministic versions of single-type Markov branching processes, or modifications
of such processes.

In reality, matters are more complex. The reproductive behavior is age specific
and depends on nutrition, and the same applies to survival. A predator is hardly
likely to catch a prey that is larger, stronger, and quicker than itself. The list could
be continued almost forever. In many cases, differences between individuals make
a difference for the resultant dynamics. Moreover, it may be important to pre-
dict the composition and not only the size of a population (think, for instance, of
human demography in which estimates of the future age distribution of the pop-
ulation influence socio-economic decision making). In branching processes, such
considerations lead to multi-type processes with type spaces of varying complex-
ity. In deterministic approaches, they take us to the realm of structured populations
(Metz and Diekmann 1986). In this section a short introduction to the modeling of
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structured populations as developed by Diekmann et al. (1993, 1998, 2001, 2003)
and Gyllenberg et al. (1997) is given, and a comparison made between determin-
istic modeling and the approach based on branching processes.

As a historical footnote, as we have pointed out, branching processes evolved
from the simple Galton—Watson processes into processes that mirror more aspects
of the real world. Structured population dynamics developed from straightfor-
ward differential equation models of growth into the general theory presented here.
Thus, the backgrounds are different both in topic (extinction versus growth) and
methods (probability versus differential equations). However, from the different
starting points the two, in essence, have converged gradually, even though the no-
tation and methods may differ. So as to acquaint the reader with the formalism of
structured populations, this section is mainly formulated in the vein of the latter.

The level of mathematical abstraction is higher than in the rest of this book
— the corresponding general theory for branching processes in continuous time
with types of a completely general form has only been sketched in Chapter 3 — but
some readers might find it interesting to see a modern and general formulation of
structured population dynamics and compare it to that of branching processes.

4.3.2 Modeling structured populations

Individual state and processes at the individual level. 'When modeling structured
populations the starting point is to single out those characteristics that are essential
for the development, survival, and reproductive behavior of an individual. Typi-
cally, these may include continuous quantities such as age, size, and spatial loca-
tion, but often also discrete quantities such as sex and life-history stage (e.g., egg,
larva, pupa, and adult in insects) are important. All these quantities are collected
into a vector, which is called the state of the individual. The set of all conceiv-
able individual states is called the individual state space and is denoted by X. As
an example, if the population is structured by age and size of individuals, X is a
subset of the positive quadrant of R? (see Figure 4.2).

The next task is to model processes at the individual level. Processes to be
modeled are development of the individual state (i.e., growth, aging, etc.), survival,
and reproduction (how many offspring and with what individual state at birth). We
assume that the future development of an individual is determined completely, at
least in a stochastic sense, by its present individual state. Thus, modeling at the
individual level amounts to the following: given the present state of an individual,
describe the probability of that individual still being alive and having an individual
state in a given subset of the individual state space at any future time, and also give
a similar description of its offspring. It is this Markovian property that allows us
to call the elements of X states.

It is important to realize that the dynamical processes mentioned above depend
on the environmental conditions. Here, we do not think of the environment as
solely determined by exogenously given factors like temperature, but of some-
thing that not only affects, but also is affected by, the population. To qualify as
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X = Xmax(@)

X = Xmin(a)

size, x

age, a

Figure 4.2 The individual state space X for a population structured by age and size of
individuals. The boundary of X consists of the curves x = x,(a) and x = x,, (@), which
give for each ¢ > 0 the minimum and maximum possible size of individuals of age a, and
the line segment [(0, x) : xpin(0) < x < X1 (0)], which represents the states at birth.

an environmental condition, the variable must be such that all the interactions be-
tween individuals (e.g., competition for food) are described by it. Describing this
feedback mechanism is also part of the modeling.

If the feedback loop is cut and the environmental condition assumed to be given
as a function of time, a linear model is obtained, in which there are no interactions
between individuals. In stochastic terminology, individuals live and reproduce in-
dependently of each other, and a classic branching process obtains. The linearity at
the level of expectations is an analytic expression of the underlying independence.

For branching processes, the concept of states and state variables is introduced
in Section 2.5. Types can then be viewed either as “states at birth” or as describing
the whole path through various states during a life. There is a substantial mathe-
matical literature on branching random walks, branching diffusion, and so-called
superprocesses, in which the objects of study are random measures and their devel-
opment under “branching” [see Dynkin (1991) and Dawson (1993) for overviews].
However, these are Markov processes in real time; that is, they presume exponen-
tially distributed life spans, and have not been developed with a focus on biological
issues (which is not to say that they could not become useful in biology). In gen-
eral branching processes, with arbitrary life spans and birth that occurs as a point
process, little attention has been paid to modeling the individual’s path through a
state space.

Population state. Once the mechanisms at the individual level are specified, the
next task is to lift the model to the population level: what we want to study are
phenomena at that level. This is simply a matter of bookkeeping (i.e., keeping
track of all the individuals in the population). The state of the population is, by
definition, the distribution of individual states within the population. Mathemat-
ically speaking, the population state is a measure m of the individual state space
X, with the interpretation that m(A) is the expected number of individuals with an
individual state in the subset A of X. Observe that the population state m contains
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density, y

ay az
age, a

Figure 4.3 The age—density ¢ and the population state m for an age-structured population.

information about both the size of the population [indeed, m (X) is the (expected)
total number of individuals in the population] and its composition (relative fre-
quencies of different individual states).

From here on, we do not spell out “expected” when talking about population
numbers, even though in the present theory these need not be integer valued, and
are, indeed, often expressed through continuous densities. However, this is a deter-
ministic theory, and the distinction between expectation of entities and the entities
themselves is not maintained.

Even though a measure is conceptually simpler than a density, many people
with a background in physics or physics-inspired applied mathematics find densi-
ties more familiar. We therefore briefly give the connection between measures and
densities. For simplicity, we restrict this to the one-dimensional case X = [0, c0)
(think of age-structured problems). The relation between the age density ¢ and the
population state is now

m(A) = / p@da, ACX. (4.48)
A

In particular, if A = [ay, a,], we obtain that faalz ¢(a) da is the number of individ-
uals with age between a; and a; (see Figure 4.3).

In a branching process formulation, the “bookkeeping” amounts to adding all
the individuals present with states in A to obtain, say, Z*, which is random if the
number of individuals or their states are. Then,

m(A) = E[Z]. (4.49)

The question is then “only” to determine the probabilities that tell us how to com-
pute the expectation. This, of course, depends on the random mechanisms at the
individual level, and one point of structured population dynamics is to use general
formulations that do not require independence between individuals and also allow
the environment to vary from the very beginning. We proceed to this now.

Environmental interaction variable as input. It is natural to start the model for-
mulation by focusing upon the linear problem in which, as described above, the
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y=0(t)
j y=0L) /
y=LOoLnL
() D) (LO1) = (1) + (L)

time, t

Figure 4.4 The concatenation I, © I, of I; and .

environment condition or interaction variable [ is a given function of time. We
also call the interaction variable the input of the system. As is well-known from
the theory of dynamical systems, one cannot be sure beforehand that, say, a dif-
ferential equation has a solution for all time — solutions may “blow up” in finite
time. One of the first tasks in the study of differential equations is to prove well-
posedness, that is, the existence and uniqueness of local solutions, and to find
conditions that guarantee a solution that is global (i.e., existing at all times). We
therefore consider inputs / defined on half-open intervals [0, £(])), where £(]) —
in this section — is the length or duration of the input /. However, if a population
has evolved under the input /; and then continues to evolve under another input
I, we must be able to describe the combined effect. We are therefore led to the
following definition of concatenation of inputs: the concatenation I, © I} of I; and
I, is defined on the interval [0, £(1;) 4+ £(1,)) by

Ii(t) forO <t < (1))

(12911)(’):{ Lt —e(I))  for &(I) <t < £(Iy) + £(Iy) . (4.50)

Figure 4.4 illustrates the definition of concatenation.

Notice the order of the inputs /; and I, in the concatenation I, ® I;, which to
some readers may seem illogical, but which conforms to common mathematical
practice (compare the composition f o g of two functions, where you also read
from right to left: the function g acts first and only then does f).

4.3.3 Linear structured population models with input

The basic modeling ingredients. 'We model individual development and survival
as a Markov process with death as an absorbing state. We therefore have to pre-
scribe the transition probabilities of this process. In fact, as our first basic model
ingredient we take u;, which is defined as follows:

u;(x, A) is the probability that, given the input /, an individual in state x € X at a
certain time is still alive £(/) time units later, and then has its state in A.
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As our second ingredient we take the object A; which is similar to «; but de-
scribes reproduction. Aj is called the reproduction kernel and is defined in the
following way:

Aj(x, A) is the expected number of offspring, with state-at-birth in A, produced by
an individual, in state x € X at a certain time, within the time interval of length £(7)
following that time, given the input /.

Whereas individual states for branching processes and transitions between them
are discussed only perfunctorily in Section 2.5, the A; for constant / is, of course,
nothing but the u introduced in Section 3.3.2, u(s, A x B) being the expected
number of children with types in the set A, born to an s-type mother while she is
of age in B.

The interpretation of the ingredients u; and A, requires that certain consistency
relations must hold. The first one is the familiar Chapman—Kolmogorov equation,
which in the present notation takes the form

Unon =Un XUy 4.51)

for all inputs /; and I,. Here, we have used the x product, which is defined by

(k' x k) (x, A) =f k'(y, AR (x, dy) . (4.52)
X

The Chapman—Kolmogorov equation, Equation (4.51), is a convenient and
compact way to express mathematically what only amounts to common sense,
but takes many words to explain. Consider an individual with individual state x
at time zero and assume that it develops under the influence of the input /;. The
probability that it is still alive and has individual state in the infinitesimal set dy at
time £(/;) is uy, (x, dy). Now reset the clock to zero and assume that the individual
continues to develop under the influence of the input /. Assuming that the inter-
mediate state was y, the probability of the individual state being in A at the end of
the input interval is u, (y, A). Summing over all possible intermediate states y we
obtain

/ un(y, Auy (x,dy) = (u12 X MI,) (x, A). (4.53)
X

However, this should, of course, be equal to the probability of having an individ-
ual state in A if the individual develops from the starting point to the end point
under the influence of the concatenation of /; and ;. The Chapman—Kolmogorov
equation expresses precisely this fact.

The transition probability u; and the reproduction kernel A; are related by the
following consistency relation:

Alz®11 = A11 =+ A12 XUy - (454)

The interpretation is similar to that of the Chapman—Kolmogorov equation. The
first term on the right-hand side of Equation (4.54) represents the offspring born
to an individual during the interval [0, £(/;)] when it was under the influence of
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the input /;, and the second term represents the offspring born during the inter-
val [€(h), £(I,) + £(I»)). The x product of A, with u; reflects that at time
£(I;) the individual no longer has its initial state, but has developed according to
the transition probability u;. The sum of these two terms must, of course, be
equal to the total (cumulative) offspring A,o;, produced during the whole interval
[0, £(11) + €(12)).

As indicated, the transition probabilities u#; and the reproduction kernel A;
lend themselves directly to an interpretation in terms of the life and reproduction
of a branching individual. Its state evolves in a Markov process with the given
transition probabilities and it gives birth according to a reproduction point process,
with expectation given by A;. However, the latter does not suffice to describe
reproduction: we not only need expectation, but also the whole distribution. Once
this has been made precise, we can proceed to defining the process Z, which
gives the number of individuals at any time r > 0 with states in a set A from an
initial condition and the behavior of individuals.

This is completely parallel to the definition of general branching processes.
Only questions of existence, that is, whether the assumptions made are consistent,
become more involved. These matters are too complex for this book in the case
of independent and (given the type) identically distributed reproduction processes,
as pointed out in the introduction to Chapter 3. In the present case the problems
of existence of the underlying processes become horrendous, and structured pop-
ulation dynamics contents itself by showing that the arising expectations are well
defined.

The generation expansion. As explained in the preceding subsection, the repro-
duction kernel A; represents all the offspring born to an individual given the input
I. Using solely this ingredient we can actually compute the corresponding object,
not for direct offspring, but for grandchildren. In the general case, the formula is
notationally, but not conceptually, rather complicated, so we refrain from display-
ing it. Instead, we represent it symbolically as

AT =(AxA), . (4.55)

Again, we refer to the article of Diekmann ez al. (2001) for a precise definition of
the * operation in a structured population dynamics context. The same operation,
of course, appears in branching processes (e.g., Jagers 1989). The choice of the
symbol “x,” which is the usual symbol for convolution (see below) is no accident.
We illustrate this with the simplest possible example: age-structured population
dynamics with constant input. By the definition of age a, all individuals are born
with the same state, a = 0. We therefore have

A0, A) = L(£(1))do(A) , (4.56)

where & is the point mass concentrated at the origin and L(a) is the expected
number of offspring born to an individual until it reaches age a. The reproduction
kernel, thus, is characterized essentially by the scalar function L. The cumulative
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number of grandchildren of an individual until it reaches age a is given by the
convolution

(L * L)) = /a L(a —u)L(du) 4.57)
0
and
A*,‘Z(O, A) = (L % LY(L(I))8y(A) . (4.58)

The general case is simply a straightforward extension of this simple case.

One can, of course, continue in the same manner to obtain higher generations.
The threefold convolution of the reproduction kernel with itself gives the great-
grandchildren, etc. The clan (i.e., the totality of all descendants of a given ances-
tor) is obtained by summing over all generations,

INED I VA (4.59)
n=1

In Equation (4.59), A}* = A; and A’* = (A(”’l)* * A)l forn > 2.

The positivity of the family A; guarantees that Equation (4.59) has a meaning
in any case, but additional conditions on A; (e.g., a reproduction delay that does
not allow newborns to give birth) guarantee that the sum converges to something
finite (Diekmann et al. 1998).

A¢ has the same interpretation as A;, but now refers to the whole clan. Since
every member of the clan is either a child of the ancestor or a child of a member
of the clan, or, alternatively, either a child of the ancestor or a member of the clan
of a child of the ancestor, we obtain the consistency relation

Af =AM+ (AxA°), =N+ (A% A), . (4.60)

Alternatively, one can view Equation (4.60) as an equation in which the A, are
the data and A¢ the unknown. The discussion above tells us that the generation
expansion (4.59) defines a solution of this equation. One can show that under mild
conditions this solution is unique (Diekmann et al. 1998).

Now let u$(x, A) be u;(x, A) plus the expected number of descendants (i.e.,
children, grandchildren, great-grandchildren, etc.) of an individual, initially of
individual state x, that are still alive and have individual state in A, £(/) time units
later. This verbal description of u{ can be formalized as

ui =u;+ (uxA), . (4.61)

Note that to obtain the clan kernels we only have to solve one equation, namely
Equation (4.60). Once A¢ has been solved from this equation, u¢ is obtained from
the explicit Equation (4.61).

The branching process that underlies the generation expansion is the embedded
Galton-Watson process of Section 3.1, in its multi-type version, so that (1) is
the number of individuals of the nth generation with types in A, born up to time
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£(I). Thus,
AT =ElgN D], (4.62)

and the (expected) clan is the expectation of

Do (4.63)
n=0

The dynamical system at the level of the population. ~As defined, the population
state is the distribution of individual states and can therefore be represented by a
measure m on the individual state space X. The dynamical system 7; that de-
scribes the dynamics at the population level should, therefore, be such that, given
the initial population state mq and the input I, T; my is the population state at time
£(I). The population at time £(I) consists of those individuals present in the initial
population that are still alive plus all living descendants of the initial population.
For each individual, this clan is given by u{. Summing over all individuals present,
initially we obtain the composition of the population at time £(/),

(Ty mg) (A) = / u$(x, A)mo(dx) . (4.64)
X

The mathematical task is now to prove that Equation (4.64) indeed defines a
dynamical system at the level of the population. By this we mean that if 77, is
first applied to the initial state m( and then 7}, to the resultant state, the same state
should be obtained as that obtained by the direct application of 7},¢,, to the initial
state. In symbols:

T, Ty, = Thor - (4.65)

Equation (4.65) is the analog of the Chapman—Kolmogorov equation at the level
of the population. Indeed, to prove that Equation (4.65) holds true, it has to be
shown that u{ satisfies the Chapman—Kolmogorov equation

c __.c c
Uper = Ug, Xuj, (4.66)

Diekmann et al. (1998) proved Equation (4.66). It turned out that the shortest
way to prove Equation (4.66) is first to prove the clan analog of the consistency
Equation (4.54):

Af}g@[] = A?] + A{;z X u?] . (4'67)

The need to prove that the dynamical system is well defined arises precisely
because we have not proved that our assumptions yield a well-defined probabilistic
structure for the underlying branching process. However, as pointed out in Section
3.3, this should be intuitively clear (anyway, it is a mathematical problem outside
the realm of this book). In the same spirit, we have not discussed the existence and
uniqueness matters mentioned above.
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Conclusions. Before we continue, let us recapitulate the situation for the linear-
structured population problem with input. The data or ingredients of the problem
are two kernels u;, which describes individual development and survival, and A,
which describes individual reproduction. Using solely these ingredients we con-
struct, through the generation expansion (4.59), the corresponding objects at the
level of the clan. Simple bookkeeping allows us to lift the system to the level of the
population. The system (4.64) is, indeed, a dynamical system and it is the unique
solution of the population problem in the sense that the clan kernel A{ is the only
kernel that satisfies the consistency relation (4.60).

4.3.4 State at birth

In Section 4.3.3 we made no assumptions concerning the sets A in which A;(x, A)
takes on non-zero values, that is, we allowed newborns to have any state in X. In
most models the set X, of possible states at birth is considerably smaller than X.
For instance, if age a is a component of the individual state, every individual state
in X has a = 0 (recall Figure 4.2). Often X, is actually a finite set, an example
being an age- and sex-structured model in which X;;, = {(0, female), (0, male)}.

Since every individual present in the population is either part of the initial pop-
ulation or is born after the initial time, we can base our bookkeeping solely on the
newborns. This usually facilitates the analysis considerably. In the case of a finite
number of states at birth, the problem essentially reduces to a finite dimensional
problem. What is meant precisely by this is made clear in Section 4.3.5. This is
also true when the number of possible states at birth is finite in a stochastic sense.
For instance, if the states at birth are distributed according to a fixed probability
distribution independent of the parent, we arrive at a one-dimensional problem.

In certain models, most notably size-structured models of populations of cells
that reproduce by fission (see Section 3.3; Diekmann et al. 1984; Gyllenberg
1986), there are infinitely many sizes at birth, which depend on the size of the
mother cell, but before a cell can reproduce it has to pass a threshold size. This
threshold size serves as a renewal state very similar to the state at birth, and the
bookkeeping can be based on the flux of individuals through this renewal state
(Diekmann et al. 1998; Jagers 2001).

Basing the bookkeeping on newborns makes the connection with multi-type
branching processes obvious. An individual’s state at birth is determined (at least
in a stochastic sense) by its mother and the state at birth determines the future
behavior of the individual, given the input. The state at birth therefore corresponds
precisely to the type of an individual, as defined in Chapter 2.3.

4.3.5 Constant environment

Now we consider the case of constant inputs. This situation can arise in two differ-
ent ways. Firstly, the model may be linear and time independent. This is usually a
good approximation in the initial phase of an invasion when any density-dependent
effect has not begun to operate and the individuals are still independent. Secondly,
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the original model may be non-linear, but the population has reached a steady state.
At a steady state the environmental condition is, of course, constant in time.

We denote constant inputs by 7. With a slight abuse of the notation, we use the
same symbol 7 to denote the constant value the input takes on. Being constant, I
is defined for all times: £(1) = co.

When the input is constant, the time of birth does not matter, so to determine
whether the population grows, declines, or remains constant we can work either in
real time or consider the population from a generation perspective. It follows that
we need not bother about individual state development as described by u7; we only
need to consider the reproduction kernel A7. Hence, in this constant environment
case, the structured population theory is really another formulation of the expected
values of general branching processes.

Consider, now, a population state m concentrated on X,. The state m thus rep-
resents a collection of newborns. They need not have been born at the same time,
but we think of them as belonging to the same generation. We now define the next
generation operator Wt by

W7m = AT xXm, (4.68)
or, in more detail, by

(W7m) (A) = / A7(x, A)ym(dx), A CX,. (4.69)
Xp

The measure Wym gives the distribution of states at birth of all the children to
those individuals characterized by the state-at-birth distribution m. Notice that,
since E(T) = 00, we are, indeed, considering life-long production of offspring.
Hence Wym describes the next generation, and

(W7m) (A) = / (s, A x Rom(ds) = u@m, A xR,), 4.70)
s

in the notation of Section 3.3.2.

The parallel between the two approaches means that the Perron—Frobenius the-
ory discussed earlier is also relevant here. Though notation and arguments differ,
the essentials remain the same: the Malthusian parameter, the stable state, the
type distribution, etc. A notable difference is that structured population dynamics,
through its deterministic philosophy, regards the critical case as evolving toward a
stationary limit, whereas the underlying stochastic process dies out. In the former
interpretation, limits of expectations of critical populations are much more inter-
esting, and should often mirror pseudo-stationarities in the stochastic world (see
the discussion in Sections 6.8 and 6.9). This is the background for the search for
fixed points in Section 4.3.6.

4.3.6 Non-linear structured population models

In Section 4.3.3 we point out that, under natural assumptions, the ingredients u;
and A; uniquely determine a linear dynamical system 7; at the level of the pop-
ulation. This result was obtained under the condition that the input / is given.



Large Populations 105

In this section we consider the situation in which the input / is not given before-
hand, but fed back into the system from an output. In this way we account for
how the population affects its own environment and model interactions between
individuals.

We need one more ingredient, namely a function denoted by y that describes
how individuals contribute to the value of the environmental condition. This con-
tribution is assumed to be state specific (i.e., y is assumed to be a function of the
individual state). A population with state m therefore produces an output

Hm)=y xm = / y(x)m(dx) . 4.71)
x

More complicated output maps are, of course, conceivable. H could, for instance,
be non-linear or depend on the input /. From a stochastic viewpoint a problem
arises here, as all relations are between expected entities. Thus, as an example,
the reproduction intensity at a certain time could be a function of the expected
population size, but not of the actual one. Also, if b(n) is an individual birth
intensity in a population of size n, as we have seen repeatedly, E[b(Z;)] could be
quite different from b(E[Z,]).

Consider now a population initially with state mo and assume that the input is
given by I. We let p(¢)I denote the restriction of I to the interval [0, ). At time
t the population state is T,,(;m and the value of the output is H(7),);m). The x
product allows a neat representation of the input—output map P,,,,

P (I) =y % u;(” X my . 4.72)

Note that both sides of Equation (4.72) are functions of time. The dot on the right-
hand side denotes the position of the suppressed time variable.

We now obtain a non-linear model by closing the feedback loop with the re-
quirement that input equals output,

I =P, . 4.73)
We have thus arrived at a fixed point problem:

Given the ingredients u;, A, and y and the initial population state m(, show that the
input-output map P,,, defined by Equation (4.72) has a unique fixed point I,,,. The
dynamical system that describes the time evolution of the population state is then
given by

S(l, mo) = Tp(r)l,,,o mo (474)
and we say that the problem has been solved.

Diekmann et al. (2001) gave several sets of sufficient conditions for the ex-
istence of a unique solution to the non-linear population problem, but these are
too technical to be reproduced here. The proof of existence and uniqueness of
solutions is constructive based on successive approximations. One starts with an
initial guess of what the input I could be. Call this input Iy. Then, the corre-
sponding output P, (Ip) is computed and fed back in as input /;. This procedure
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is repeated indefinitely to obtain a sequence of successive approximations (inputs)
Iy, 11, I, ... . The sufficient conditions alluded to above are such that they guar-
antee the convergence of this sequence to some [ that then necessarily satisfies
Equation (4.73) (i.e., is a fixed point of the input—output map).



Extinction

5.1 The Role of Extinction in Evolution

Extinction plays an important role in evolution. From the fossil record we know
that many species have become extinct. Raup (1991) estimates that only one in
a thousand species that have ever lived on earth still exist today. He concludes
that all species have a relatively low risk of extinction most of the time, but that
rare intervals of a vastly higher risk of extinction occur throughout evolutionary
history. These so-called mass extinctions, in which a large percentage of the then-
existing species disappears, seem to be separated by periods with lengths of the
order of 10% years. Raup argues that extinctions of widespread species proba-
bly involve extreme global environmental conditions not normally experienced by
species (i.e., to which they are not adapted). Mass extinctions involve huge envi-
ronmental stresses that cut across ecological lines.

During the past 100 years many species have become extinct. Although extinc-
tion apparently is an inescapable factor of life on earth, many recent extinctions
probably involve human-related causes. Some people have even voiced the opinion
that we may be heading for a new mass extinction because of human interference
(see Lawton and May 1995). To avoid extinction, it is important to be able to esti-
mate the vulnerability of species and to have some impression as to which factors
contribute to extinction risk and what can be done about them.

On a less dramatic but nevertheless important scale, there are local extinctions
of species or loss of genetic diversity from local populations. During the past
decades a whole new body of theory has been developed, meta-population the-
ory, which focuses on the relation between the dynamics of local populations and
of larger groups of subpopulations. Elements in this are vulnerability of small
populations, extinction times, and rescue effects through migrations between sub-
populations.

Extinction is not necessarily negative. Darwinian evolution involves a contin-
uous adaptation of species (i.e., the replacement of resident populations by more
successful mutants). Sometimes humanity may even strive for extinction, as in the
eradication of smallpox.

Furthermore, 1 minus the extinction risk equals the chance of establishment
success, for instance invasion success into new habitats. So the study of extinction
risk also gives us information about, for example, the best strategies to introduce
biological control agents, or to re-introduce a species into an area where it had
become extinct.

107
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5.2 Extinction or Explosion: The Merciless Dichotomy

Many populations that surround us seem in balance with their environments. Their
sizes are fairly stable, or if they vary they do so in a predictable cyclic manner (fa-
mous examples of this are certain predator—prey systems), so there is stability over
longer time periods. If a population has settled down to such stability, it is said
to be in its stationary phase; the population itself is also called stationary. Mathe-
matically, such cases appear as limits: as an illustration, consider a population that
started from a number of newborn individuals. Initially, its size remains essentially
constant, after which there is a period of rapid growth as these individuals mature
to reproductive age. A new period of relative constancy follows, and so on, un-
til the age distribution levels off — actually approaches the stable age distribution,
which we return to later.

It is thus not a futile hope that in the critical cases, in which, on average, each
individual is replaced by one child, the population tends to stationarity. In de-
terministic models this actually occurs. Much deterministic theory is concerned
with the stationary situation, which often has a simpler structure than the tran-
sitory phases that precede it. Also, it is thought to depict the long-run behavior
of actual populations. A closer look at the model, however, discloses that only
completely deterministic population models possess stationary states. (As do infi-
nite populations — to a biologist such concepts may seem strange, but one way to
approximate very large populations spread out in space might be through infinite
populations, finite in any habitat, with individuals moving between the infinitely
many habitats.) As soon as we accept the most minute variation in offspring num-
bers between individuals in the same circumstances, it turns out that there can be
no finite, eternal populations at all, and hence no truly stationary states. What can
occur is a sort of quasi-stationarity: even if we are all bound to extinction on a
cosmological time scale, there may be plateaus of what is, for all human purposes,
a stationary phase. (If you feel that all this is self-evident, you are welcome to skip
the following, possibly somewhat over-fussy, argument.)

Thus, consider a population with, for a more precise setting and for simplicity,
just one single type of individual that evolves in discrete time, say by seasons.
It need not be a branching process in any strict sense of the word; the following
argument applies to very general structures, even though phrased in population
dynamics terminology.

Clearly, in the absence of any resource or space limitations, a population can die
out or it can grow beyond all bounds. The latter is, indeed, the precise meaning of
saying that size “tends to infinity.” Conversely, if the population size does not sur-
pass all given bounds (and also does not become extinct), there must exist a level
to which it keeps returning, over and over again. This is illustrated in Figure 5.1.

This little exercise in the meaning of words reveals three logically possible
cases:

1. The population dies out;
2. The population grows beyond all limits;
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population size

time

Figure 5.1 Example of a population that repeatedly reaches the same size.

3. There are numbers 0 < A < B such that the population size lies between A
and B infinitely often.

Now focus upon the third case. A little thought shows that this apparent option is,
indeed, infeasible or, at least, incompatible with just a tiny leeway for individual
variation in reproduction. Indeed, if there is such individual-to-individual variation
the population size cannot be constant. Hence, in case (3) population size can
increase as well as decrease. However, if population size can decrease, individuals
can remain childless. And if that is the case, there should be a non-zero (albeit
tiny) risk of none of the at most B possible parents in the population producing
any children, at least if there is some independence between individuals.

This is made more precise through the very weak independence property given
in Assumption 5.1.

Assumption 5.1 Consider any individual alive. Whatever be the history and
present situation of the population, and whatever be the future destinies of the
progeny of all other individuals, there is a number w > 0 such that the probability
that the daughter population of the individual ultimately dies out is greater than 7.

Given Assumption 5.1, there is a number p(B) > 78 > 0 such that whenever
the population has a size between A and B, the probability of future extinction
exceeds p(B). Since we return to this situation infinitely often, sooner or later
luck fails, and the population becomes extinct. Hence, at a closer scrutiny case (3)
is impossible. Clearly, it is the existence of p(B) rather than  that is the crucial
assumption. Just a tiny possibility for individual variation in reproduction leads
to p(B), and including it in the definition of the concept of a “proper population”
(since any decent physical population certainly satisfies it), we conclude:

Metatheorem 5.1 Any proper population under any environmental regime, and
any sensible form of collaboration and/or competition or independence between
individuals, resource dependence, etc., ultimately either becomes extinct or in-
creases to infinity.
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Metatheorem 5.1 contradicts one established idea, that of stationary populations.
Howeyver, as indicated in Section 5.1, there is also awareness about the elusiveness
of life in population biology. Usually, this is expressed in terms of extinction
as ultimately unavoidable: unbounded growth is no viable option in a bounded
world. Thus, whereas in mathematics there are two possibilities, growth to infinity
or extinction, in the real world only the latter occurs.

Of course, the loose argument given constitutes no proof —indeed, by a
“metatheorem” we mean a broad assertion, neither strictly stated nor rigorously
proved, that summarizes an insight we hope to convey. For a stricter argument,
and other aspects on the instability of populations, see Jagers (1992). (The theorem
there that replaces Metatheorem 5.1 considers potentially unbounded populations
that satisfy a very weak Markovian property. Assume that for any population size
x there is a number §(x) > 0 such that the conditional extinction probability in the
future is at least § (x), whatever the prehistory of a population, if only its present
size does not exceed the level x. Then, the population must either die out or its
size tends to infinity, as generations pass.)

To quote Halley and Iwasa (1998), “In the end all populations die out. How-
ever, to understand how this comes about and how quickly is a serious problem.”
The next two sections are devoted to these matters. They need not, of course, be
studied in the extreme generality of Metatheorem 5.1. However, for branching
style processes much is known, in particular for the single-type Galton—Watson
case and related structures.

5.3 Extinction and Generating Functions

The idealized unbounded populations found in pure thought thus either grow be-
yond all limits or die out. When does one or the other occur? In the complete
generality of the preceding section, where interaction and variation in time are
involved, there is certainly no all-embracing answer. However, for simple Galton—
Watson processes there is. And as we remarked in the introduction to Chapter 2,
the successive generation sizes in a quite general continuous- or discrete-time
branching process constitute a Galton—Watson process, the embedded Galton—
Watson or generation process. Furthermore, any population — even one in which
mothers can give birth repeatedly and at any time or (fertile) age, as in human
populations — dies out if and only if there is an empty generation. Indeed, if a
population dies out, then only a finite number of individuals are ever born into the
population. Hence, generations must eventually also be empty (i.e., the generation
counting process finally becomes 0). From the reverse aspect, if the generation
process dies out, only finitely many individuals can come into existence. Since
each has a finite life span, the population itself must die out, sooner or later. This
basic fact deserves to be stated as a theorem (which, indeed, holds not only for
branching processes in the strict sense of the word, but also very generally):

Theorem 5.1 A general branching process with finite individual life spans dies
out if and only if the embedded Galton—Watson process of generations does so.
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Thus, to establish the extinction probability for Galton—Watson processes is the
same as doing it for any branching process, even though times to extinction are, of
course, not the same, since generations tend to spread out in chronological time,
unless reproduction and survival are seasonal.

A handy tool in determining the extinction probability of single-type Galton—
Watson processes is the generating function of the reproduction distribution, al-
ready used by Galton and Watson (1875) for that purpose. It is usually denoted by
f and viewed as a function of a real variable s € [0, 1]:

) =Elsf1=) PE=ks" =) ps', 0<s<1, 5.1)

k=0 k=0

in terms of a random variable &, which gives the offspring of an individual, or in
terms of its distribution py, p1, p2, ... . We refer to it as the reproduction gener-
ating function.

For the benchmark processes

f() =Els*1=) PE =ks* =g+ ps*, (5.2)
k=0

in the binary splitting case, and

q
1—ps’

f&) =) qpts* = (5.3)
k=0

for geometric offspring size distribution.
The generating function of the number of individuals in the nth generation of a
Galton—Watson process is

fu(9) =Els™] =) P(Z, = k)s* . (5.4)
k=0

If there is only one ancestor, then clearly fo(s) = 5,0 < s < 1, and the
generating function of the first generation is simply the reproduction generating
function, f; = f. Furthermore, the conditional expectation argument used in
Section 2.2 yields

() = Els™] = E[E[s”"|Z,1]]
= E[E[s" 545501\ Z, 1] = B[E[s*s% - - 551 Z, 111, (5.5)
where &; means the number of children of the ith individual in the n — 1th genera-
tion. All these numbers have the same distribution and generating function f, and

are independent of themselves and of Z,_;. Hence, we can proceed and replace the
conditional expectation of the product by the product of conditional expectations,
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and obtain
fu(s) = E[E[s*'Z,— 1 1E[s%|Z,—1] - - - E[s5-1|Z, 1 1] = E[ £ (s)%']
= fuit(f) == fFC(FE) ) = fF(fuur(5)) . (5.6)

(However, here independence is crucial, as opposed to the same argument being
used to derive E[Z,,] = m" in Chapter 2!)

The classic relations between generating function derivatives and expectations
(see the Appendix) can be used to recover the formulas derived for population
means and variances, derived in Section 2.2 under less stringent independence
conditions.

In any probability textbook you can further learn that not only does the proba-
bility distribution determine its generating function, but the converse is also true: if
you know the generating function of a random variable, you know its distribution.
In principle, thus Equation (5.6) above describes all distributional properties of the
nth generation size.

The step from knowledge in principle to explicit formulas is often prohibitively
long. As mentioned, one useful consequence of Equation (5.6) is the form of
population means and variances. Another is that

() =P(Z, =0), (5.7)

as you can see by inserting s = 0 into
[0}
fuls) =) P(Zy = kst (5.8)
k=0

which removes all terms but the first. Now, if one generation is empty, the same
must be true for the next. Therefore
[a(0) =P(Z, =0) = P(Zy1 =0) = fo11(0) . (5.9)

It follows that the sequence

0, =P(extinction by generation n) =P(Z,=0)= f,(0), n=1,2,..., (5.10)
must increase to the extinction probability, which we denote by Q,

nli)n;o 0,=0. (5.11)
Since

On = fu(0) = f(fu1(0) = f(Qu-1) (5.12)

and the function f is continuous, it follows that 0 = f(Q). In these definitions
and arguments we have assumed throughout that the population starts from one
single ancestor. If Zy = N, then the extinction probability of the whole population
is QV, since all N independent families must die out.

The fundamental equation for Q was deduced long ago by Galton and Watson
(1875). Quite intriguingly, they erroneously concluded that, since the equation is
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Figure 5.2 Example of a generating function of an offspring distribution with m > 1.

solved by 1, f(1) = 1, Q must be 1, and extinction thus certain. The truth is that
if the process is supercritical (i.e., m > 1), there is also another smaller positive
root of the equation, which is the correct extinction probability (Figure 5.2).

Thus, the process has a positive chance of escaping extinction, and then grow-
ing to infinity. In Chapter 6 we show that this occurs at the famous exponential
rate, claimed already by Malthus (1798), and before him by Euler — for expected
population sizes this is also obtained in Section 2.2. We now summarize the above
analysis of extinction:

Theorem 5.2 The probability of extinction in a single-type Galton—Watson process
with one ancestor is the smallest non-negative root Q of the equation f(x) = x.
It is less than 1 if and only if m > 1 [but for the degenerate case of any individual
obtaining exactly one child, P(§ = 1) = 1, where Q = 0, of course].

Example 5.1 For binary splitting, we must solve g + px> = x with the result that Q = g/p
provided p > 1/2 and 1 otherwise. For geometrically distributed offspring, the equation is
solved equally easily,

q/(1 —xp)=x (5.13)

yields the same result, Q = ¢g/p for p > 1/2. In this case m = p/q so that Q = 1/m also.
A process with a mean reproduction of, say, 1.2 therefore has a population doubling time of
four generations [if Zy = N, E[Z4] = N(1.2)* = N x 2.07], and an extinction probability
higher than 80% (1/1.2 = 0.83).

This means that in a large population, which by the Law of Large Numbers exhibits a
growth similar to the expected growth, nevertheless, a vast majority of the separate family
lines becomes extinct (see Figure 5.3). In scientific literature this was first noted by Malthus,
for human populations. Toward the end of the first volume of his famous Essay on the
Principle of Population, he notes that 379 out of 487 bourgeois families in the city of Berne
died out between 1583 and 1783. In our terminology this means that we should estimate the
extinction probability to be at least 379/487 ~ 0.75, but, if anything, higher, since Malthus’
data give extinction only after some six generations, and Q¢ < Q.
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Figure 5.3 Simulation results of a branching process with extinction probability of 1/2.
The offspring distribution is geometric, with expectation 2. (a) Total size of a population
with 20 founders. (b) Survival times of each of the processes started by one founder during
20 generations.

When Galton and, before him, Bienaymé (1845) observed that noble family names
tended to disappear in spite of the rapid population increase of the times, they could well
have observed only this paradoxic combination of rapid average growth and frequent extinc-
tion of families. Indeed, it is easy to construct branching processes with, say, m = 1.2, Q
around 0.8, and realistic numbers for the probabilities of various numbers of male children
(carrying the family name on in 19th century France or England).

In evolution, even higher extinction frequencies are claimed. In Section 5.1 we men-
tioned that Raup (1991) asserts that 99.9% of all species that have ever existed are now
extinct; indeed, he claims an extinction risk of 0.999. (Of course, in Raup’s analysis other
circumstances are relevant, such as invasion by new species, competition, habitat finiteness,
and environmental change and catastrophes, continental drift, and so on.)

SO0

The relation between generating functions of subsequent generations, based on
the explicit rule in Equation (5.6), thus turns out to be very efficient in determining
extinction probability. Unfortunately, it is less so when it comes to other proper-
ties of the process. Even though the process of composing generating functions,
f(f(..f(s)...)), can be computerized, it is difficult and implicit.

Just check one of our benchmark processes, binary splitting:

fi(s) = f(s) = q + ps*, fo(s) = q + p(q + psD*, fils) =+ . (5.14)

Proceeding further is a temptation easily resisted.
At this juncture our other benchmark process presents its pleasant properties.
Its reproduction process and mean are

f@s) =

———and (D =m=p/q. (5.15)
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Box 5.1 Iteration of generating functions for geometric distributions
Since
(1-1)
1—f(s>=1—lL=p , (a)
—ps 1 —ps
simple manipulations yield
1 1 A q _
I=f() m—s)  pl-s) pd-s)
1—qg— ps (1—y)
q=ps _p _ ®)
p(1—s) p(l—s)
Substitution of f,,_;(s) for s in Equation (b) and using Equation (5.6) yields
1 1
- =1 ©
L= fuls)  m(l— faui(s))
or
] =1+ : =1+ : + : = (d)
L= fuls) m(l— fui(s)) m o mA(l— fia(s)
which finally leads to
1 1 1 2 1 n—1 1 n 1
4+ =4 (= e (= — =
1 — f.(s) +m+(m) + +(m) +(m) 1—=5
m" —1 1 ©
. e
m~(m—1) m"(1—ys)
The relation in Equation (5.16) follows immediately from this.
The former can be iterated — see Box 5.1 — to yield
m"(m —1)(1 —s)
1= fu(s) = . (5.16)
mm*—1)1—-s)+m—1
and, in particular,
m"(m —1)
1= Qu=1-f,(0) = ——"—= (5.17)
m

-1

which facilitates the calculation of many entities, such as the time to extinction.

5.4 Time to Extinction in Simple Processes

In Section 5.3 we claim that the extinction probability Q is 1 if m < 1. In the
subcritical case this is proved easily, and we can even obtain a sharp bound. Indeed,
by Markov’s inequality

P(Z, > 0) =P(Z, > 1) <E[Z,] = Nm", (5.18)
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where N is the number of founders of the population. And certainly

lim m" =0, (5.19)

n— 0o

ifm < 1.

This estimate allows interesting conclusions about the development of subcrit-
ical populations. Indeed, suppose that we wish to find the time (generation) when
the survival probability becomes less than some small number r. Clearly,

Nm" <r (5.20)
holds if
InN —Inr
W , (5.21)

given that Inm < 0.

For example, if m = 0.95 and » = 0.01, starting populations of size N =
1,2,...,100 yield n 90, 104, ..., 180. In other words, the probability that
such a population starting from a single mutant should survive more than, say, 90
generations is less than 0.01. If, instead, the population is initiated by 20 invaders,
it takes 149 generations until the survival probability, or rather its bound, passes
the level 0.01.

To say that the bound 1 — Q,, < Nm" is “sharp” means that

1-0,—0 (5.22)

v

at the same rate as m". In general, the proof of this is rather delicate, but in the
geometric case, Equation (5.17) tells us that form < 1 and Zy = 1

P(Z,>0)=1-0, ~{0—mm", (5.23)

asn — 0o.

A similar assertion holds for all branching processes that satisfy a mild con-
dition (Theorem 5.3) on reproduction — so mild that it is impossible to imagine
biological populations not fulfilling it.

Theorem 5.3 Consider a subcritical Galton—Watson process that starts from
Zo = N individuals. It is always true that P(Z, > 0) < E[Z,] = Nm". If
the reproduction distribution satisfies

E[£In(5§ + 1)] < o0, (5.24)
there is a constant 0 < cy < N such that

P(Z, > 0) ~cym" , (5.25)

2

as n — oo. If; also, the reproduction variance o~ < o0,

N —m)m <1 B (N — l)m”)mn
o2(1 —m") + m"t1(1 — m) 2
~ N —m)m"jo? . (5.26)

Nm" >P(Z, > 0) >
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Figure 5.4 Probability of extinction at or before generation  for a process with a geometric
offspring distribution with m = 0.95 and N = 10 founders.

The theorem contains two approximations. The strict meaning of the first is that
lim Py(Z, > 0)/m" =cy , (5.27)

where we indicate the dependence on the starting size of the population by suffices
throughout. In the second approximation, the terms of size m>* or smaller are
disregarded.

For a complete proof of Theorem 5.3, see standard mathematical textbooks.
Here, we contend ourselves with deducing the inequalities in Equation (5.26) and
showing that P| (Z,, > 0)/m" decreases as n grows, so that ¢; must exist.

For the interpretation of the limiting constant in the case of one ancestor, note
that

Py (Z, >0 P (Z, >0 1
1Zi>0) _ Pz, >0) _ . (5.28)
m" E: [Z,] E\[Z,|Z, > 0]
Hence, under the conditions of Theorem 5.3,
1/c; = lim E4[Z,|Z, > 0]. (5.29)
n— o0

Thus, c; is one over the long-run mean size of subcritical populations, from one
ancestor, provided they have not died out.

The distribution function of the time t to extinction is found easily (we identify
generations and time), since extinction occurs before time » if and only if the nth
generation is empty (see Figure 5.4),

Py(t <n)=Py(Z,=0) = QN . (5.30)

Thus, the conclusion, Equation (5.26), of Theorem 5.3 can be reformulated as

N —m)m ( _(N—l)m”) "
o2l —m") +m™ (1 —m) 2 m

<Py(r >n) < Nm", (5.31)
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Box 5.2 Deduction of the survival chance approximation

Turning now to the proofs, we first show that the sequence in Equation (5.28) does
not increase. Indeed, the process survives to time #n if the offspring of at least one
child of the initial individual survives to time #, that is

Z
Pi(Z, > 0) =P, (U{zfjll > 0}) : (a)
I=1

where Z), is the number of individuals at time n that stem from the ith child of
the ancestor of the population. However,

b (CJ (20, > 0]) —E, |:IP’ (O {72, >0} zlﬂ

=1 I=1

VA
<E, [lelpl (22, >0 zl)} : (b)
=1

and by the Wald identity (see the Appendix) we have

Zy
E, {Z Py (7> 0] zl)} =B [Z1E [Pi(Zy1 > 0] =mPi(Zy1>0) - (©)
I=1

since all the children behave independently and the survival probability up to time
n of a daughter population equals the survival probability up to time n — 1 of the
original population.

Combining Equation (b) and Equation (c), we obtain

< ]P)I(Zn > O) < Pl(zn—l > 0) )

a = n n—1 (d)
m m
In other words, the expected population size, given non-extinction,
EilZ,1Z, > 0l = m"/P(Z, > 0) ©)

increases toward 1/c; as generations pass.
It Zy = N > 1, the arguments above fail. However, if O, = P,(Z, = 0) is the
probability of extinction in the first n generations, with one single ancestor, then

Py(Z, >0)=1-Q <N(1 -0, =NP|(Z, >0), )

which shows that cy < ¢;N. In the geometric case equality holds here, cy =
(1 —m)N, as can be calculated from Equation (5.17).

More generally, in the biological case of finite reproduction variance
Vary[Z,] < oo also. A useful, though not so well known inequality, ascribed
to Lyapunov (see the Appendix), shows that

P> 0) = EX )
— E[X?]
for any random variable X > 0. The choice of X = Z, and Z, = 1 gives
E Zn 2 E Zn 2 2n
P(Z, > 0) > ElZ, D" (Es[Z,]) _ m C

Ei[Z2]  Var[Z,]+ Ei[Z,)*  Var[Z,] +m®
continued
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Box 5.2 continued
From Chapter 2, Equation (2.16),
o’m"(m" — 1) .
Var[Z,] = ——— . (Y]
m(m — 1)
Thus
m¥H(m —1)
o*m*(m* — 1) + m*+t(m — 1)
(1 —m)m"*!

= )

o2(1 —m") +m*+' (1 —m)

P] (Zn > 0)

Now, suppose that the population is initiated by N > 1 individuals. In the
Appendix we derive the inequality
k(k—1)

2
for non-negative integers k and 0 < x < 1. This yields

1— (1 —x)*>kx— x? (k)

N-—1
Py(Z, > 0) = 1—(1—P,(Z,>0)" > NP, (Z, >0)(1— P\(Z, >0))
N — m)m"+! ( (N — 1)m”)
~o(l —m") +m (1 —m) 2
N — m)m (N — Dym"
= 1— " 1
o2(1 —mn)+mn+1(1—m)( 2 )m M
where we used the fact that P, (Z, > 0) < m”. Thus, letting n — oo,
cy > N(1 —m)m/az, (m)
in the general situation.
or approximately, disregarding terms of order m?",
N1 —m)ym"™' Jo? <Py(t > n) < Nm" . (5.32)

Later we show how this can be applied in practical examples.
Another extremely useful approximate relation, valid under the conditions of
Theorem 5.3, is

In N
Ey[t]~ —, N > 0. (5.33)
[Inm|
Its importance lies in that it requires only the initial, or present, size of the popu-
lation and the offspring mean to make assertions about the expected survival time.
The formula was first derived for continuous-time Markov branching processes
(Pakes 1989). We establish a stronger result, which also shows the accuracy of
the asymptotic relation Equation (5.33). Its proof may be skipped by the not so
mathematical reader.
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Theorem 5.4 Consider a Galton—Watson process with mean m < 1 and starting
from Zy = N individuals, and assume that the logarithmic moment condition of
Theorem 5.3 holds. Then, for N > 3, the time T to extinction satisfies

InN —Inln N 1 InN 2—m
(=) (1- o) SEalrl = 4 T (534)
| Inm| c Inm| 1—m
where
2
cp =2 (- m)m/ o (5.35)
if 6% < 0o [see Equation (m) in Box 5.2].
Proof. From Equation (d) in Box 5.2,
cam" <P(Z, >0)=Pi(r >n) <m", (5.36)
and
Py(t >n) < Nm". (5.37)
Set
InN Inln N
p(N)=—, ¥ (N) = . (5.38)
|Inm)| [Inm|
Observe that Nm¢®™) = Np~WnM/Inm — 1|
exp {—cled’(N)_‘/’(N)} = exp {—clm_’/’(N)} =exp{—cInN}=1/Nc¢, . (5.39)
Further (see the Appendix),
Exltl=) Py(t >n), (5.40)
-0
and therefore, by Equation (5.37),
Exltl< Y Py@>m+N Y m
0=<n<¢(N) n=¢(N)
Nm?®®™ InN 2-m
SoN)+1+ = + . (5.41)
l—m Inm| 1—m
However,
Exltl> ). PBy@>m= Y  (I-PBy(x=<n). (5.42)
0<n<g(N)—¥(N) 0<n<¢(N)—¥(N)
Clearly,

Py(r <n) =PY(z <n) = (1 —Pi(x > )"

< e*N]P’l(r>n) < efcle” , (543)
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where we used first the inequality 1 — x < e™*, x > 0 and then Equation (5.36). Hence,
forO <n < ¢(N) — ¥ (N),

Py(t > n) = Py(z > ¢(N) — ¢ (N))
=1-Py(r = op(N) —¥(N))

_ 1
o e L [ (5.44)
NC1
Therefore,
1
min Py(t > n) > N)—¢y(N)—1)(1 — —
N L v ( )= (@(N) — ¢y (N) — 1) ( Ncl)

InN —Inln N 1

> (TR ) (1- ) (5.45)
| Inm]| Nc

Combining Equation (5.41) and Equation (5.45) gives Equation (5.34).
SO0

Example 5.2 We consider an example borrowed from Caswell et al. (1999). They studied
the threats posed by a decline of survival probabilities for the North Atlantic right whale,
within the framework of the following model.

A female right whale may produce 0, 1, or 2 females the following year. It is assumed
that the death of a parent results in the death of a calf in the first year. Thus, a female
at time n produces no offspring if she dies before n + 1, one offspring (herself) if she
survives without reproducing female offspring, and two offspring (herself and her calf) if
she survives and gives birth to a female calf. Generation length is then 1 year. Let p be the
survival probability and u be the probability of begetting a female calf. The reproduction
generating function of the process becomes

f&)=1=p+p(—ws+pus*, (5.46)

withmeanm = p(1—p)+2pu = p(1+ ). Caswell et al. (1999), using different sources,
give the estimates in Table 5.1 for p, u, and, as a result, for m.

Table 5.1 Estimates of Caswell et al. (1999) for North Atlantic right whales.

u = 0.051 1= 0.038
p =094 m = 0.988 m = 0.976

Applying Equation (5.21) and Equation (1) in Box 5.2 to the data, we obtain the lower
estimates in Table 5.2 for the number n of generations (years) that the population of whales
(now at around 150 female members) can survive with probability higher than 0.99 and the
upper estimates for the number of generations within which the population will die out with
a probability greater than 0.99.

In particular, this shows that, provided reproduction conditions remain the same in the
future, under the worst-case scenario the whale population will die out within 400 years
with a probability of more than 99 percent.
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Table 5.2 Estimates of survival and extinction for North Atlantic right whales using Equa-
tion (5.21) and Equation (e) in Box 5.2.

m 0.988 0.976
Survival with probability > 0.99 for at least n years n> 357 177
Extinction with probability > 0.99 within at most n years n < 796 395

For the North Atlantic right whales we obtain the estimates in Table 5.3, by means of
Equation (5.33), for the expected time to extinction in the subcritical situation (bottom line
of Table 5.3). These figures agree with the results given in Caswell et al. (1999), showing
through direct calculations that E[t|Zy = 150] ~ 191 if p = 0.94 and n = 0.038 and,
therefore, m = 0.976. Our method is, however, robust in the sense that it is built upon
Equation (5.33), so the result does not depend on the particular form of the reproduction
distribution.

Table 5.3 Estimates of expected time to extinction for North Atlantic right whales from
Equation (5.33).

m 0.988 0.976
E[7]Z, = 150] ~ 415 206
RN

5.5 Multi-type Processes

In Section 2.3.1 we show that the average numbers of individuals of different types
in any indecomposable non-periodic branching process behave “nicely.” However,
what can be said about the extinction probability of multi-type processes?

First, recall that periodic processes can be transformed easily into non-periodic
ones. As in Section 2.3.1, we thus only consider non-periodic processes. From
Section 2.3 we know that their properties crucially depend on the Perron root (the
largest positive eigenvalue), p, of the mean matrix M,

E(ZT | =E[zf|M" ~E[Z]]p"A . (5.47)

where Z,, is a d-dimensional vector that specifies the numbers of individuals of
different types in the nth generation, and A is a d x d matrix with elements a;,; =
vpuj, which consists of products of the elements of the normed eigenvectors # and
v. These are defined by

d d
uTszuT,Mv:,ov,Zujvjzl,Zujzl. (5.48)
j=1 j=1

From this, it is seen that in a subcritical process, where p < 1, the expected pop-
ulation size decreases over generations. In fact, any indecomposable subcritical
branching process dies out. Indeed, if the population was initiated by one individ-
ual of type A, the chance that it has not died out by time 7 is

Ph(znl +Zn2 + - +an > 0) = ]P)h(an +Zn2 + - +an > 1) . (549)



Extinction 123

(We use suffixes to indicate starting conditions in this way, wherever needed.)
Now, recall from Section 2.3.1 that all coordinates of v are strictly positive, and
hence so is v* = min;<;<4 v;. Obviously

Ph(znl"f'ZnZ"f" . '+an > 1)
< Pu(Zuvi+Zpvat- -+ Zygvg > 0") (5.50)

and, by the Chebyshev inequality (see the Appendix), the right-hand side is smaller
than or equal to

EnZ, 1U1+Z 2U2+"'+Zdvd]/v* =

= ZEh[Zn,]v,/v = Zm,(;;)uj (5.51)

where mf ") are elements of the matrix M". However,

M'v=M""Mv)=pM*lv="..=p"v, (5.52)

or, in coordinate form,

me vj = p"vy . (5.53)
Hence
Ph(Zpi + Zpp + -+ Zya > 0) < p"vp /0", (5.54)

and, if p < 1, the right-hand side of this inequality tends to 0 as n — oo. It can
be shown that critical processes (o = 1) also die out, provided, of course, that at
least one type runs the risk of having no offspring.

Supercritical processes, p > 1, have a positive chance of persistence. For
multi-type processes the extinction probability can also be calculated by means of
the probability generating function. This is now a vector-valued function f(s) =
f(s1, ... ,s8q) of dimension d, with its hth element equaling

Fi Sty sa) = fi () = BylsT'ss .55, (5.55)

where £; is the number of offspring of type j and the suffix & serves to indicate the
mother’s type.

Let O be a vector with elements Qj equal to the probability that a population
started from a type & ancestor becomes extinct, P, (Z, — 0). Then

O0=f@), with 0<Qp<1l,h=1,...,d. (5.56)

For supercritical branching processes, exactly one vector Q satisfies these condi-
tions. The derivation of this result is very similar to that for single-type processes
given in Section 5.4 (Athreya and Ney 1972).

Example 5.3 Many parasites can enter resting phases during which they do not reproduce.
This is done by forming so-called spores. Spores are relatively robust against environmental
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influences, such as attacks by a host’s immune system. In this form, parasites can be trans-
mitted easily to new hosts. We can study the effect of spore formation on the growth rate of
a parasite population within one host by a branching process with two types: an active state
(1) and a resting state (2). If a parasite is in state (1) it runs a risk ¢ of dying, it can enter
state (2) with chance p, and it can reproduce by binary splitting with chance r = 1 — p —c.
A spore [state (2)] is transmitted to another host with probability e. It stays as a spore in the
same host with probability ¢ and becomes active within the host with chancea = 1 —¢q —e.
The reproduction mean matrix of this process becomes

_ 2r p
M_<a q ) (5.57)

which has as its largest eigenvalue

1
p=5 <q +2r+ \/(q +2r)? —4Q2rq — pa)) ) (5.58)
Furthermore, the reproduction generating functions are given by

fisi,s2) =c+rsi+pss, fr(si.) =asi+qs,+e. (5.59)

When p =0.2,¢ = 0.8, c = 0.3, and e = 0.1, the process is supercritical, since p = 1.07.
Solving the equations for f1(Q;, Q2) = Q; and f,(Q4, 02) = O, yields Q; = 0.8 and
0, = 0.9, so with the chosen parameter values the parasite population has a survival chance
of 0.2 if the host is infected by a parasite in the active state, and a survival chance of 0.1 if
the initiator was a spore.

SO0

5.6 Slightly Supercritical Populations

We have already mentioned the appearance of an advantageous gene in a resident
population, seemingly, or for the time being, stationary, as a natural topic for anal-
ysis in terms of branching processes. Of particular interest is the not so clear-cut
situation in which the mutant has only a slight advantage over the existing popu-
lation. What are the chances that it will establish itself? Can they be described
broadly in terms valid for a wide class of situations, independently of the small
details of reproduction, usually unknown? Such questions lead to the study of sur-
vival probabilities of branching processes with reproduction means a little larger
than 1, the resident population being thought of as critical.

A sequence of authors has studied these, from Haldane (1927) to Ewens (1968),
Eshel (1981), Hoppe (1992), and Athreya, to whom the final results belong. We
describe first the single- and then the multi-type case, and finally give an example
by Law and Dieckmann (1998) that deals with the merger of lineages in evolution.
For proofs we refer to Athreya (1992, 1993).

5.6.1 Single-type processes

As a first step, we derive a lower bound for the survival probability, which is valid
for any supercritical Galton—Watson process (with finite variance) — for critical and
subcritical processes this is also true, but trivial. The derivation is an enchanting
short walk in the world of elementary calculus, so please come along.
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Write P = 1 — Q for the survival probability of a Galton—Watson process so
that, in the usual notation,

P=1-f(1—-P)=E[l-(l-P)]. (5.60)
Taking x = P and k = £ in Equation (k) in Box 5.2 leads to

E[l — (1 - P) 1= E[P — £ — )P?/2], (5.61)
or

P >mP —E[£( — 1)]P?/2. (5.62)

Dividing by P (known to be strictly positive in the supercritical case) and rear-
ranging gives

2m — 1)

P>— (5.63)
E[E(¢E — D]
Furthermore,
EE(E - D]l=0’+m@m—1), (5.64)

and thus, for any Galton—Watson process with reproduction meanm = 1 + ¢ > 1
and variance o2, we can conclude that

2¢

P> I Tme (5.65)
Of course, this is also true for ¢ = 0.

To gain a feeling for the accuracy of the bound, consider the case of binary
splitting, f(s) = g+ps?, g+p =1, withE[] =m =2p > land E[£(§—1)] =
f' (1) = 2p. As noted in Example 5.1, the probability of extinction Q equals g/ p.
Therefore, the survival probability P is

p—q 2p—1 2@2p-1)  2m-—-1)
p  p  2p  EEE-DI

Thus, despite its simplicity, the Estimate (5.65) is sharp in the sense that there is

no smaller bound valid for all Galton—Watson processes, and it is natural to suspect

that for small ¢, indeed,

2¢e _2(m—=1)
~ — .

P=1-0= (5.66)

P~

5.67
o2+ me o ( )

This is a (generalized) form of Haldane’s approximation from 1927 — Haldane’s
version was P = 2(m — 1), valid for Poisson reproduction, where ocl=m~1l.

To obtain it in a strict form, consider Galton—Watson processes with reproduc-
tion generating functions

fO@) =B 1= Y PE® =ks*, EE@I=1+e>1. (5.68)
k=0
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Usually, we use the notation & for the offspring number, whatever its distribution.
In this final part of the subsection, we index it by &, since the very variation of
the latter, approaching 0, is in focus. Thus, we assume that m = 1 4 ¢ is only
“slightly” larger than 1.

However insignificant the supercriticality, there is a positive survival chance
P =1— Q, and P is the unique positive solution of

fPQ—-P)y=1—-P, or 1—fOU1-P)=P. (5.69)

In real life the exact distribution of £ is usually unknown and, thus, so is the
function f®(s). As indicated, it would be useful to express P, at least approx-
imately, in terms of a few natural and more easily determined characteristics of
£®, rather than as a solution of the complicated Equation (5.69). This is what
Equation (5.67) aspires to and Theorem 5.5 accomplishes:

Theorem 5.5 Assume that the reproduction generating functions

f@) =E[s*"],6>0, (5.70)
are such that E[£®] = 1 4 ¢ and for some sy > 0 and § > 0
sup E[(E®)*™] < 0. (5.71)
0<e<eg
Then
P = —28 0 5.72
= EEOE® — )] +o0(g), ase - 0. (5.72)
If, further,
o2 = Var[§®] - o} > 0, (5.73)
as & — 0, then
P =2¢/of +o(e) . (5.74)

5.6.2 Multi-type populations

Survival probabilities for slightly supercritical multi-type populations are much
more delicate; indeed this whole subsection is mathematically more heavy than
those preceding it. Its essence is the last line of the theorem, and shows how the
survival probability approximation theorem generalizes to a multi-type setting.

Recall (see Section 5.5) that if O, is the probability of extinction of a d-type
population started by an individual of type & € {1,2,... ,d} and P, = 1 — Qy,
then

P=1-f(-P), (5.75)

where P denotes the vector (P, ..., P;). Now, assume that the reproduction
generating functions depend on a small parameter £ > 0, but no longer spell this
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out with a superscript, neither on the vector £ nor on the generating function,

filsts oo osa) = fuls) = Elsi” 53] (5.76)
We denote the reproduction mean matrix by
M, = (m;,j(s)) . (5.77)

(Strictly speaking, the notation here and in the following does not conform to
earlier usage, as in Section 5.5: the ancestral type i determines the probability
measure and hence the distribution of the number of children of the various types,
which is indicated there by indexing expectations and probabilities. Here, a suffix
is placed on the random variable itself, even though this may seem less logical, as
the random variable is defined in the same way, only its distribution changes.)

Suppose that for any ¢ > 0, M, is positively regular, which means an inte-
ger n(g) > 1 exists such that M"® has all entries strictly positive, the maximal
eigenvalue p(¢) of M, is positive, and

pe) > 1 as ¢—0. (5.78)

Let u(e) = (ui(e), ..., uy(e))T and v(e) = (vi(e), ..., vg(e))T be the left and
right eigenvectors, respectively, of M, with eigenvalues p(¢) that satisfy

() >0, v(e) >0, Y up@uvi(e) =Y up(e) =1, (5.79)
h h
and, finally, let
d d
B(e) =)y > un(e)v;()El&n; (G — 8;0)Tvi (&) , (5.80)
h=1 j=1 k=1

where §;; = 1if j = k, and §;; = 0 otherwise. After some algebra, this can be
written as

B(e) =Y wyVarly vinl+plp — 1) Y ujv? (5.81)
h J J

where the dependence upon ¢ is omitted. When the latter tends to 0, the param-
eter p approaches 1, so that B(¢) can be approximated by the first term of the
expression.

The multi-type analogue of Theorem 5.5 is given in Theorem 5.6.

Theorem 5.6 Assume that any limit matrix of the matrices {M.} is positively
regular,

lim inf0 B(e) >0, (5.82)
and for some gy > 0and § > 0

sup E[EL +---+ &)l <00 (5.83)

h,0<e<gg
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Then, as e — 0, Q, = Qpn(e) — 1, and

2 —1
Pa(e) = 1 — Qn(e) = %w(e) +o(e) . (5.84)

Again, provided B(¢) — B(0) and also the eigenvector v(¢) — v(0), we can
conclude that
2(p(e) — 1)

1— Qh(S) = W'Uh(o) + 0(8) . (585)

Example 5.4: Evolution of symbiosis. It is commonly believed that in the course of evo-
lutionary history there have been several occasions in which different species merged to
form symbioses that eventually evolved into single new species. One example, of many
others, is the evolution of chloroplasts of eukaryotic plants, which is thought to have started
by mergers between photosynthetic Gram-negative bacteria and early eukaryotes. Law and
Dieckmann (1998) examined the conditions under which such evolution from facultative to
obligate symbiosis may occur.

They considered two species, one exploiter and one victim. Each individual can occur
in free-living form or in symbiosis with an individual of the other species. In the latter
case they form what has been called a holobiont. In free-living form, the two species use
separate resources, whereas in the holobionts a transfer of resources occurs between the
partners. The exploiter species restricts the flow of its resources to its partner more than the
victim does. Law and Dieckmann examined, in each species, the co-evolution of traits that
determine the transfer of resources to the partner and the probability of coupled birth events
of the partners in symbiosis.

It was assumed that mutations of small effect could occur in either species, but are
rare and far apart, so that the population dynamics seems, and in the relevant time scale
essentially is, in equilibrium when a new mutant is introduced. This is the situation sketched
at the beginning of this section, in which the initial growth of a mutant population can be
considered to take place in a constant background environment determined by the resident
population. Thus, the probability of invasion success can be calculated from the results of
this section.

In the Law—Dieckmann model two types of mutants are possible:

In free-living form; and
Within a holobiont.

Those in free-living form can die (with probability d), reproduce by splitting (probability
b), or enter into symbiosis with a free-living individual of the other species (probability e).
The holobiont can die (with probability w) or it can release its partners (with probability
«). A mutant within a holobiont can reproduce separately (probability by), in which case it
produces one free-living individual, or both partners can produce a new holobiont together
(probability by). The reproduction vectors and corresponding probabilities are given, and
the dependence on the mutant trait, x, is made explicit in Tables 5.4 and 5.5.

Besides the birth rates in symbiosis, the mortality risk of free-living mutants is assumed
to depend on the mutant trait value, since there might be a cost to adaptation to the symbiont
form. Parameters b, , and « are supposedly unaffected by the trait value, whereas as long
as the mutant is rare e can be assumed to depend only on the resident trait value. [Relations
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Table 5.4 Offspring of free-living mutants.

(611, 612) Probability

0,0 d(x)

(1,0) 1—b—dkx)—e
(2,0 b

0,1 e

Table 5.5 Offspring of mutants in symbiosis.

(621, 622) Probability

1,0 o

©, 1 1 —pu—a—br(x) —by(x)
1D by(x)

0,2) by(x)

between parameter values and trait values were obtained from a physiological resource-
based approach, for which we refer to Law and Dieckmann (1998).]
The reproduction mean matrix is

l4+b—-dx)—e e
M, = . 5.86

( a+bs(x) 1+b(x) — pn—« ) ( )
Calculation of its dominant eigenvalue p(x) and of the corresponding normed eigenvectors
v(x), u(x) is tedious, but straightforward. Furthermore, from the tables given above it can
be found that

El&n(En — DI =2b,E[§12(8512 — D] =El§:1 (521 — D] =0,
E[£116121 =0, E[éx61] = bf(x) ,

E[2(82 — D] =2bs(x) . (5.87)
Substitution of these expressions in Equation (5.84) gives
B(x) = ul(x)vf(x)Zb + 2u, (x) vy (x)v2(x) by (x) + uz(x)vg(x)ZbS(x) . (5.88)

By Theorem 5.6 the chance that a free-living mutant can invade the resident population
successfully is thus approximately
2v,(x)(p(x) — 1)

Pr(x) = T s (5.89)

whereas, if the mutation originates in a holobiont, the invasion chance is approximately

P.(x) = ZUZ(X)J(;(S) -1

From these expressions, the so-called selection differentials can be calculated by taking
derivatives at the point where x equals the resident value x,. In terms of our formulation
this means that we consider entities as functions of ¢ = x —x,, and differentiate with respect
to ¢ at the origin.

(5.90)
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The differentials indicate the direction in which selection pressure operates and are used
to calculate an approximation to the mean path of evolution [for further details, see Dieck-
mann and Law (1996) and Law and Dieckmann (1998)]. The outcome is that the merger
of two initially separate lineages can, indeed, evolve, even if resource transfer is entirely
unidirectional from victim to exploiter. The critical feature is that for each species there
are more deaths than births in the free-living state, which is reversed in symbiosis. Such
situations can be achieved either by increased benefits of symbiosis to each partner or by
costs to the free-living state, incurred by adaptive defense in the symbiotic state of either
partner.

SO0

5.7 Accounting for Time Being Continuous
5.7.1 Continuous-time Markov branching

Continuous-time Markov branching processes were introduced in Section 3.2.1.
As seen there, many properties of such processes, like the behavior of the expected
population size, are similar to those of Galton—Watson branching processes. How-
ever, the analogy extends much further.

For instance, by Chebyshev’s inequality

P(Z, >0 =P(Z >1) <E[Z] ="V (5.91)
if the population started from one ancestor. Thus, if m < 1,
tlim P(Z >0)=0. (5.92)

As in Section 5.3, generating functions can provide more detailed information.
They are defined in a standard way:

f,(s):IE[sZ’]:ZIP’(Z,:k)sk, 0<s<1, (5.93)
k=0

where it is assumed that f (s) = s, that is, the population is initiated by a single
individual at time + = 0. Since individuals do not age (Section 3.2.1), we can
always think of them as newly born, and for any u > 0

Zt+u = Zz,l + Zr,2 +--- 4+ Zt,Z“ s (5-94)

where the random variables Z, ;, j = 1,...,Z, are independent and each of
them has the same distribution as Z,. Hence,

fiiu () =E [S2r+u] —F [E [S2r+u |Zu]] —F [E [SZI.1+ZI_2+"'+ZLZ;4 |Zu]]

Zy
=E|[[E[s"12.] | =E[(f D] = fu (i () - (5.95)
j=1
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In view of the symmetry between ¢ and u,

Jvu 8) = fu (fi 8)) = fi (fu (5)) . (5.96)

This corresponds to Equation (5.6) for Galton—Watson processes.

Now, write f(s) = E[s¢] for the generating function of the offspring number
&. If T denotes life span, and u is small, then Z, is either & (if the ancestor died
by u — but none of her children had the time to do so, as should be true for small
u) or 1 (meaning that the ancestor survived up to time u, and thus had not had any
children yet, since this is a splitting process). More formally,

fu () ~sP(T > u) + E[s*TP(T <u) =se ™™+ f(s) (1 —e ™). (5.97)
Replacing s by f; (s) in this, we obtain
fru($) = ful i) = fi(s)e™ + f(fi(s)(1 —e™™)

= fi(s) + (f(fi(s) — fi(s)) (1 —e ™) . (5.98)
Since 1 — e a2 Au for small u,
Jiru (8) = fi () = Au (f (fi () — fi (5)) (5.99)

for small u. After obvious manipulations

a2 I 5 (1 (o) = i) (5.100)
Now let u — 0, to conclude that

A AP = fi). S =5 (5.101)
In particular, s = 0 yields Q () = P (Z, = 0) = £,(0) and

LU e -0 . (5.102)

Generally, the differential Equation (5.101) is not solved easily. However, for one
of our benchmark processes, binary splitting,

m m m
f(s)=q+ps2=1—5+352=s—(m—1)(1—s)+3(1—s)2 , (5.103)
with m = 2p, and Equation (5.101) turns into
af: () _ . _ . m . 2
e G U A A (5.104)

with the initial condition fy(s) = s. The solution is
e)\(mfl)t (1 _ S)

fis)=1- 14 m (erm=Dr — 1) (1 —5) /2(m — 1)

(5.105)
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if m # 1, and
1—
A p—————— (5.106)
1+At(1—1s)/2
if m = 1. Hence, if m < 1, then as t — o0,
2(1 —
Mz>m:1<mm~%%iﬁwww. (5.107)
—-m

Similar asymptotic relations are valid generally. More precisely, assume that the
reproduction variance is finite. (Actually, it suffices to suppose that

EIn¢E +1)] <00, (5.108)

but this will not impress biological readers!) Let a subcritical continuous-time
Markov process start with Zy = N individuals. Then there exists a constant 0 <
¢ < N such that

P(Z > 0) ~ce =M 1 5 0. (5.109)

We do not formulate the remaining counterparts of Galton—Watson properties,
mentioned in Section 5.4. The reader can do this by replacing m by ™~ and n
by t throughout.

5.7.2 General processes

For single-type general branching processes, survival probabilities exhibit the
same long-run behavior as in Equation (5.109), but the methods of deriving it are
very different. The Chebyshev inequality remains the same,

P(Z, >0 =PZ =1 <E[Z], (5.110)
and also, from Section 3.3,
E[Z]~ e (1 — ) /ap (5.111)

in all well-behaved subcritical cases with one ancestor. Here, as opposed to the
supercritical situation stressed in Section 3.3, « < 0, so that we obtain, indeed,
an exponential decrease, and since ¢ > 1 for subcritical populations, the right-
hand side is also positive, as it ought to be. Thus, we have found a proper upper
bound on the survival probability. The cumbersome task is to establish the lower
bound and exact asymptotics. Anyhow, under quite natural conditions, including
a general process version of Condition (5.108), it holds true that

P(Z, > 0) ~ Nce *l (5.112)

for Zy = N and some constantc,0 < ¢ < (£ — 1)/|x|B, as t — o0.
As for other such assertions, we refer to the mathematical literature for proofs
(Jagers 1975).
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5.8 Population Size Dependent Processes
F.C. Klebaner

Recall that branching processes dependent on the population size are defined as
Galton—Watson processes, but allowing that the offspring distribution may depend
on the size of the mother’s generation,

Zn
Zusi =Y En(Zy) . (5.113)
i=1

Again, we use the somewhat inadvertent notation style commented upon in Sec-
tion 5.6: here, the parentheses remind us of the dependence in distribution of re-
production on Z,. In the same vein, denote by £(z) a random variable with the
reproduction distribution

Pé(@) =k) =pr(z), k=0,1,2,..., (5.114)

which is in force when the population size is z.

We address the extinction or explosion dichotomy first. If, for some population
size z, p1(z) = 1, then once the population reaches this size, each member has
one single offspring and the population size remains z forever. Barring this (quite
artificial) possibility, extinction or explosion occurs, as in Theorem 5.7.

Theorem 5.7 Assume that for all z, p1(z) < 1. Then
P(Z, > occorZ,—0)=1. (5.115)

Provided P(£(z) = 0) = po(z) > O for all z, this is a consequence of the Metathe-
orem 5.1 [in its stricter formulation, take 8(x) = minj<;<,po(z)*]. Actually, the
situation is simpler here because the process is a Markov chain. By general the-
ory, it is enough to establish that any state z # 0 is transient, meaning that having
started with a population of size z, the probability of returning to the same size in
the future is less than 1. This is clear, since there is always a positive probability of
dying out; indeed, it is at least po(z)* at level z and the population cannot recover
from 0. The result remains true without the simplifying (but natural) assumption
that po(z) > O for all z, but the proof needs some extra concepts [see Fujimagari
(1976); Klebaner (1984)].

It is important to have some information on the extinction probability. This is not
simple, but in some cases there are straightforward results. For example, if

m(z) =Y kpi(z) <1 (5.116)
k

for all z, so that the population is subcritical or critical throughout, it dies out (bar-
ring the degenerate case mentioned). However, if it is supercritical with bounded
variances, the extinction probability is less than 1.
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The first statement is easy to see from the result on the extinction or explosion.
First,

E[Z,] = E[E[Z,|Z,—1]] = Elm(Z,-1)Zy-1] < E[Z,-1] . (5.117)

Second, we know that Z, tends to some limit Z,,, which is either O or co. So we
can use a result on mathematical expectations of positive variables, which states
that the expectation of the limit does not exceed the limit of expectations (Fatou’s
lemma, see the Appendix) to conclude that in the case of (sub)critical reproduction
E[Z4] < E[Zy]. Since the latter is finite, we must have that P(Z,, = 00) = 0 and
thus P(Z,, = 0) = 1. In other words, extinction is certain.

Before we give general results on extinction, here is a simple result on generat-
ing functions that sometimes yields a useful bound on the extinction risk.

Theorem 5.8 Let f.(s) be the generating function of offspring distribution when
the population size is z. Assume that for all z and some u > 0

1
/ (f:(s)s"“ " ds < (5.118)
0

24u’

Then, the extinction probability does not exceed u/(zo + u), where z is the non-
random starting population.

The proof is that for a non-negative random variable X with generating function
1)
1
[X +u

1 1
]:IE[/ gXtut ds]:/ f(s)s“ "ds, (5.119)
0 0

obtained by interchanging the order of expectation and integral.
Together with the condition of the theorem, this yields

1

1
E[Zn +M|Zn,1 = z] = /0 (fo(s)s" Vds < T (5.120)
Taking expectations of this results in
[Zn+u] sE[m], (5.121)
which can be repeated to give
! <E ! ! (5.122)

Z,+u"— [ZO+M]:Z0+M.

As n — o0, either Z, — oo, so that 1/(Z, +u) — 1/(Ze + u) = 0 or else
Z, — 0and 1/(Z, + u) — 1/u. Thus, by Fatou’s lemma (see the Appendix),

> liminf[E ] > E[lim inf

Z0+u n— 00 Z,+u n—00 n

! =Pz, = 0)/u. (5.123)
u
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Example 5.5: Near-critical binary splitting. The theorem applies to binary splitting where
the probability of division is p(z) = 1/2+1/(2z), and g(z) = 1 — p(z) is the probability of
no children, if population size is z. Thus, m(z) = 1 + 1/z and the process is supercritical,
but approaches criticality as z increases.

The probability generating function of the offspring number is f.(s) = q(z) + p(z)s>.
We take u = 2 in Equation (5.118) to obtain

1

1
—Z LN = = 2\2
E[Z,m + 31 %n = 7= /0 (q(z) + p(2)s*)'s ds

1
= 1/2/ @@ +p@y)ydy (s°=y)
0

1
=1/2p(2)) ttdt  (t =q2)+ p@y)

q(2)
1
< 1/2p) f ¢ di = 1/@pR) e + 1)
0

=1/z+2+1/2) <1/(z+2), (5.124)

which proves that Condition (5.118) is valid with # = 2. This means that the survival
probability is at least 1/3 if Zy = 1, and close to 1 if the initial population is large, in sharp
contrast to the strictly critical case. Indeed, Z, = 1000 yields an extinction probability less
than 2 promille.

SO0

The following result is a classification theorem of Hopfner (1985). Recall that
m(z) is the mean of offspring distribution when population size is z and write
v(z) = E[£(2)(é(z) — 1)]. The letters ¢, C, M, N denote positive constants.

Theorem 5.9 First assume that m(z) < 1+ c/z and o? — M/z < v(z) < oo, for
allz > N. Then E[2(2)] < C and 6* > 2c imply Q =1, and E[£3(z)] < C and
0% =2c also imply Q = 1.

Now assume that 1 + c/z < m(z) < oo and o+ M/z > v(2), forallz > N,
and that o < 2c. Then Q < 1.

In the framework of a more general growth model, Kersting (1986) gives the best
possible results in this vein. Since the concepts used are too advanced for this book,
the interested reader is referred to the article. These were applied by Klebaner
(1990) to obtain conditions for extinction or survival in multi-type population size
dependent Galton—Watson processes.

5.9 Effects of Sexual Reproduction
G. Alsmeyer

To examine the effect of sexual reproduction on extinction probabilities, we turn to
the Galton—Watson process with mating, which is introduced in Section 2.8. Recall
that in this model the nth generation consists of F, females and M, males, who
form Z, = ¢(F,, M,) couples where F,, and M,, are random variables and ¢ is a
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deterministic function, called a mating function. Each couple produces offspring
independently of all other couples and according to the same distribution. Thus,
let for each couple p; ; denote the probability of producing j female and k male
children. With X; and Y; denoting, respectively, the number of female and male
offspring of the kth couple of the nth generation (labeled in arbitrary fashion), we
arrive at
Z, Zn
Fop = Zxk and M, = Z Ye (5.125)
k=1 k=1

for n > 0, where the (X}, Y) are independent and identically distributed. This is
the familiar structure for the Galton—Watson branching process with the one, but
important, difference that here the summation ranges over the number of couples
of the preceding generation. Choosing the “asexual” mating function ¢ (x, y) = x,
we see that Z, just equals the number of females in the nth generation (Z, = F,
for all n > 0) and is, indeed, a classic branching process.

From a mathematical viewpoint it is desirable to restrict the class of offspring
distributions to facilitate explicit computations. Daley (1968) gave two alternative
possibilities:

Assumption 5.2 Conditionally on the total number of offspring, their sex is deter-
mined at random (analogously to flipping a, possibly biased, coin). More formally,
if pj+« denotes the probability that a couple produces j + k children, and if the
probability that a child is female equals 0, then

i+ k\ )
Pik = (J i )9’(1 — 0 pisx (5.126)
forall j,k > 0.

Assumption 5.3 Another possibility is that the numbers of male and female off-
spring are independent with a possibly different distribution. In this case

pik = P} pi' (5.127)

for all j, k > 0, where pf and p} denote the probabilities that a couple has,
respectively, j female and k male children.

The mechanism that corresponds to Assumption 5.2 is most common in mam-
mals, and occurs in humans with 6 = 0.5. Assumption 5.3 may be reasonable
in situations with environmental sex determination, such as temperature depen-
dence in many reptiles [for examples, see Bull (1983)]. The two mechanisms are
equivalent for Poisson-distributed numbers of male and female offspring, so As-
sumption 5.3 with ( ij )j=0 and ( ij )j=0 Poisson distributions with means m* and
mM, respectively, is equivalent to Assumption 5.2 with the Poisson distribution
(pj)j=o0 with mean m”* +m™, and 6 = m" /(m* + m™).

Let us stipulate without further discussion that hereafter (p; x); >0 always sat-
isfies Assumption 5.2 or 5.3 and, further, that there is a positive probability of
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producing offspring that are of one sex only, that is,
max(po,e, Pe0) >0, (5.128)

where poe = Y ;o0 Pox and peo = ;- Pjo denote the respective probabili-
ties that a couple has only male or only female offspring. This condition holds
automatically under Assumption 5.2 because 0 < 6 < 1, and is equivalent to
max ( pOF , p{)"’ ) > 0 under Assumption 5.3. As before, we assume that the mating
function ¢ is common sense and superadditive (see Section 2.8).

5.9.1 Ciriticality

We now turn to the fundamental question of finding conditions that guarantee cer-
tain ultimate extinction of a Galton—Watson process with mating (Z,),>o. To be
more precise, let

Q; =P(Z, = 0eventually|Zy = j) (5.129)

denote the extinction probability given j > 1 ancestor couples. Then the question
in its most ambitious form may be restated as: Is there an intuitive condition for
Q1 = Q; = --- = 1, as for the simple Galton—Watson process, where we know
that certain extinction occurs if, and only if, each individual produces at most one
child on average and has a positive chance of having no children?

The following example, from Hull (1982), shows that one cannot expect an
equally simple answer for processes with sexual reproduction. Consider the mat-
ing function ¢(x, y) = 0ifx = 0ory =0, and {(x, y) = x+y— | otherwise. Let
pj.« be of the form of Equation (5.126) for some 0 < 6 < 1 and with (p;);>o de-
fined through p3 = 1, and hence p; = 0 otherwise. Then, every couple has exactly
three children. Nonetheless, extinction occurs if, for some n > 0, all couples of the
nth generation produce only female or only male offspring. By comparison with a
process of an inbreeding population in which couples are formed only by children
of the same parents, Hull showed that Q; < 1 for all j > 1 and any choice of 6
(see Theorem 5.10 and its proof in Box 5.3). This may come as a surprise because

m = E[Z,|Zo=1] = 2(1 — 6> = (1 —0)%) (5.130)

is strictly less than 1 if 6 = 0.8. However, as pointed out later by Bruss (1984),
more relevant here are the average unit reproduction means

1
mj = =BlZyi|Zy=jl, j=1, (5.131)

J
which give the mean population growth rates per generation for the various levels
j. For the simple Galton—Watson process this is disguised by the lucky coinci-
dence that m; does not depend on j. In the given example,

3j—1

(1-6%—(1-=06)>), (5.132)

mj:

which, for any choice of 6, increases to 3 as j tends to infinity. In the case 6 = 0.8,
we thus see that the population, when originating from one ancestor couple, can
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actually survive because, with positive probability, it eventually reaches a level at
which the growth becomes supercritical (m; > 1, for all sufficiently large j).

It is quite intuitive, and actually confirmed by the following result of Daley
et al. (1986), that this latter observation holds true more generally.

Theorem 5.10 For a Galton—Watson process (Z,),>0 with a common sense, su-
peradditive mating function ¢, the average reproduction means m; are convergent
to the limit my, = supy., my. Furthermore, mq, < 1 implies certain extinction for
any initial population size (i.e., Q1 = Qy = --- = 1), while in the case mq, > 1
(ultimate supercriticality) the population survives with positive probability for a
sufficiently large initial population size, in fact 1 > Q;, > Qi1 = --- for some
positive integer iy.

For those readers who wonder whether there are examples of ultimately supercrit-
ical processes with common sense superadditive mating functions that die out if
the initial population size is too small, we note that this happens, for instance, if
the mating function ¢ is chosen such that ¢ (x, y) = 0 whenever x or y is less than
some (arbitrarily chosen) threshold. Other, less trivial examples can also be given,
but further discussion is omitted because the biological relevance of any such ex-
ample seems doubtful. We add in support of the latter statement that, whenever
the considered population has a positive chance of increase at any given level i,
formally stated as P(Z,; > i|Z, = i) > O foralli € IN, then ultimate super-
criticality implies a positive chance of survival for all initial population sizes, so
ip=1and 1 > Q; > Oy > ---. Since, by the Strong Law of Large Numbers
(see the Appendix), X; = j~'Y/_, X;and ¥; = j=' 3/, ¥, tend to the average

numbers of female and male children per couple, m” and m™, writing
J J _ _
Mmoo = lim Ble (Y Xi, 3 ¥o)|/j = lim B[¢ (%, jT)]/j . (5133)
i=1 i=1
it should not be surprising that one can show that
Mo = lim E[¢(jm", jm™)]/j = rm", m") (5.134)
J—>00

for a suitable function r (see Daley et al. 1986, Lemma 2.3). We note in passing
the technical point that m” and m™ need not be integers, but that, by linear interpo-
lation, ¢(x, y) can always be defined for all pairs (x, y) of non-negative numbers
without losing superadditivity. For the examples given in Section 2.8 this is clear
anyway. Although it often may be hard to determine r explicitly, there are many
examples of ¢, including ours, for which this is easy. In fact, {(x, y) = min(x, dy)
implies 7 = ¢ and m,, = min(m?, dm™) and ¢(x,y) = xmin(l, y) implies

r(x,y) =x and me, = m?.
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Box 5.3 Proof of Theorem 5.10

In the following we present the main arguments of the proof, without technicalities.
The first observation to make is that

P(Zny = 120 =1) =P(£(D Xavras 3 Yor1) = ) (@)
k=1 k=1
and, since the mating function ¢ is monotonic in each argument, this implies
i+1
P(Z, > k|Zo = i) = ( sz , >k) ( ZX,ZY >k)
=P(Z, >k|ZO=l+1) (b)

for all i, k € INy. So the probability of exceeding a size k in the next generation
forms an increasing function of the current population size. A Markov chain with
this property is called stochastically monotone. By an easy inductive argument, one
can prove that Equation (b) generalizes to

P(Z, > k|Zy=i) < P(Z, >kl|Zo=i+1) (c)

foralli,k =0,1,2,... andn = 1,2, ..., which in turn yields the important fact
that the extinction probability Q; is a decreasing function of the initial population
size i. Namely, by letting n tend to infinity in Equation (c),

1= 0i=lim P(Z, > 01Zy = i) < lim P(Z, > 0[Zg =i + D=1~ Qi1 (d)

for all i € IVy. For a more intuitive comparison argument, suppose the population
starts with i 4+ 1 ancestor couples (Zy = i + 1). Choose an arbitrary subset of
i couples and denote by (Z!),>o the process based on this subset, hence Z;, = i.
Then the Z; couples that form the first generation of the original population are
those formed by the offspring of the i ancestor couples of the subpopulation plus,
generally, some more because of the one additional ancestor couple in the original
population and the monotonicity of the mating function. This shows Z| < Z; and
finally leads to the conclusion that Z; < Z, for all n > 0 when repeating the argu-
ment for the subsequent generations. Since the extinction probabilities of (Z,),>0
and (Z)),>o are Q,4; and Q;, respectively, the inequality Q; > Q;4 follows as a
consequence.

We now show that m; converges to my, = sup,.; m;. Indeed, from the definition
in Equation (5.131) -

J+k Jj+k
G+ komjx =ELZ11Z0 = j + k] = E[¢ ZXI,Z )] ©
- -
and from the superadditivity of ¢, the result is larger than or equal to
J J J+k
B[e(3 % Yo m)] + B[ Z X, Y n)]. ®
=1 I=1 I=j+1 I=j+1 continued
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Box 5.3 continued

From the independence and identical distribution of the offspring variables (X;, V),
it follows that this equals

k

OBt B )

=E[Z\|Zy = j1+ E[Z\|Zy = k] = jm; + kmy (@

for all j, k > 1. Combining Equation (e) with Equation (g), we find that (j + k)
mjx > jmj + kmy for all j, k > 1, which implies that jm; is superadditive.
Applying standard results on superadditive functions to (jm;);>; (e.g., Hille and
Phillips 1957) then yields the asserted convergence of the m; to mq, = sup,.., my.
Suppose now that my, < 1 and thus m; < 1 forall j > 1. Then -

E[ZM+I|ZM =l] = imi =< i (h)

holds for all i, n > 0. A stochastic sequence with this property is called a super-
martingale (see the Appendix). A fundamental result from the theory of stochastic
processes says that every non-negative supermartingale converges to a finite ran-
dom variable, hence Z, — Z., (for any given initial population size). However,
Z~, must then be identical to 0 by the extinction—explosion dichotomy (see Sec-
tion 5.2), and so Q; = Q, = --- = 1, as asserted.

To see that Q; < 1 for all sufficiently large i in the case mo, > 1 is more
difficult and too technical to be presented here. However, a rather simple argument
from Hull (1982) exists under the stronger condition m; > 1, and is again based
on a comparison of (Z,),>o with another process, a supercritical Galton—Watson
process. Define Z, = Z, and then, recursively,

7
=Y (XY ®
j=1

for n > 2. One may think of (Z)),> as describing an inbreeding population in
which couples are formed according to the same mating function, but only by chil-
dren of the same parents. The superadditivity of { implies

Zy Zo

Zo
Zi=) (XY < (D XD V) =71, @)
Jj=1 Jj=1 Jj=1
and then, inductively, Z/ < Z, for all n > 0. Since all {(X;, ;) are independent
with the same distribution (pi)i=0, say, (Z,),=o is distributed as a simple Galton—
Watson process with offspring distribution (py)is0. It is further supercritical be-
cause E[¢ (X, Y1)] = E[Z,|Zy = 1] = m; > 1. Consequently, (Z)),>o survives
with positive probability for any initial population size and so (Z,),>¢ also does

(e,1>01 =0, >
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5.9.2 Sexual versus asexual reproduction:
The extinction probability ratio

Given a large initial population size, how does mating affect the extinction prob-
ability as compared to the asexual case? This interesting and natural question
appears to be a hard one from a mathematical point of view, which may be why
only very few contributions to this subject are found in the literature, namely Daley
et al. (1986) and Alsmeyer and Rosler (1996, 2002). For the classic basic branch-
ing process, the extinction probability Q; given an initial size i satisfies Q; = Q
and can be calculated exactly because Q; is found as the smallest solution in [0, 1]
to the equation f(s) = s, where f(s) = > =0 pjs’ denotes the generating func-
tion of the offspring distribution. Unfortunately, there is no such simple way to
compute Q; for Galton—Watson processes with mating, whatever the choice of the
mating function.

Daley et al. (1986) suggest a finite Markov chain approximation, which is de-
scribed roughly as follows. Let (Z,),>0 be a Galton—Watson process with super-
additive mating function ¢ and note that (Z,),> forms a temporally homogeneous
Markov chain with transition matrix P = (P;;); j>o, that is,

Py = P(Z, = jIZu1 = i) (5.135)

denotes the conditional probability that, at any time n = 0, 1, 2, ..., the popula-
tion size changes from i to j. The state O is absorbing and thus Pyy = 1. The
extinction—explosion dichotomy further implies that, in the case of survival, the
chain is asymptotically absorbed at co. Moreover, the latter is more and more
likely to happen if the initial population size becomes large. Hence, the proba-
bility of extinction (absorption at 0) should only change very little if, for some
integer N considerably larger than the initial state, (Z,),>0 is replaced with the fi-
nite Markov chain (Z,,(N)),>0, say, which evolves exactly as (Z,),>o until a state
N +1i,i > 1, is hit, in which case the latter chain is absorbed at N. The extinction
probabilities of both chains then only differ by the probability of the rare event that
(Zy)n>0 dies out after exceeding the high level N. However, extinction probabil-
ities for the finite Markov chain (Z,,(N)),>0 can be obtained as the solutions to a
finite system of linear equations.
To make this precise, fix a large integer N and let (Z,,(N)),>o be defined as

Z,,  ifn <T(N)

Zrwy, ifn>T(N) ° (5.136)

Z,(N) = Znint,r(vy) = {

where T (N) is the first time k is such that Z, > N. This chain has the transition
matrix

1 0 0 0
Po Py ... Py 1=-N P,
P(N)=| : : ) : : (5.137)
Pyo Pyi ... Pyny 1-— ZzNzo Py

0 o ... O 1
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The extinction probabilities Q;(N) = P(Z,(N) = 0eventually|Zo(N) = i),

i =1,...,n,satisfy the system of linear equations
N
Qi(N) = Po+Y PyQ;(N), i=1,...,N, (5.138)
j=1

which in matrix form reads

Q(N) = (I = R(N)'Py(N), (5.139)
where
Q1(N) Py Py ... P
O(N)= : s PBo(N)=] * |, R(N)=| + .. ;
On(N) Pyo Pyi ... Pyy
(5.140)

and 7 is the identity matrix. Note that
(I—R(N)'=T+RWN)+RWN?*+---. (5.141)
The following result from Daley ez al. (1986) provides an estimate for Q; — Q; (N)

for N > i and is stated without proof.

Theorem 5.11 Given a Galton—Watson process (Z,),>0 with superadditive mating
function,

(5.142)

QﬁH—DSQSM%IQﬂH_D>

1-Q0;G+j—1)
foralli, j > 1.

Daley et al. (1986) used this finite chain approximation to compute the extinc-
tion probabilities Q; of supercritical processes with monogamous or (unilateral)
promiscuous mating functions for various initial generation sizes i. The numbers
of female and male offspring per individual were assumed to be independent, with
a Poisson distribution of mean 1.2, that is,

F M a2
pj =pj =e — j=0,1,2,.... (5.143)
J:

The simple (asexual) branching process with this offspring distribution has extinc-
tion probabilities Q' fori > 1, where Q = 0.6863. These values can be compared
to the respective extinction probabilities Q; for the monogamous or (unilateral)
promiscuous branching processes, which are clearly larger. Based on the numbers
in Daley et al. (1986), Table 5.6 shows the values of the extinction probability ratio
R; = Q,/0.6863 for various initial generation sizes i.

In the monogamous case R; apparently tends to infinity. Daley et al. (1986)
note that there does not appear to be a simple way to find the precise asymptotic
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Table 5.6 Extinction probability ratios for various initial generation sizes.

Initial Mating type
generation size Asexual Monogamous Promiscuous
i 0.6863 R, = 0,/0.6863
1 0.6863 1.4530 1.2439
2 0.4710 2.0964 1.3161
3 0.3233 2.9938 1.3300
4 0.2219 4.2231 1.3308
5 0.1523 5.8779 1.3300
6 0.1045 8.0699 1.3292
10 0.2318x 107! 25.0216 1.3296
20 0.5374x1073 204.1310 1.3295
40 0.2888x 1075 2637.1191 1.3296
60 0.1552x107° 12847.9381 1.3293

behavior of R;, but that, by a very rough heuristic argument based on the Cen-
tral Limit Theorem, it seems plausible that R; = exp(c«/z—' ) for some ¢ > 0 and
sufficiently large i. They also point out that, in the promiscuous case, R; seems
to converge rapidly to about 1.33, but do not give a theoretical explanation for
the particular value. However, convergence of R; is quite plausible because the
promiscuous process behaves exactly like the asexual process that pertains to the
female subpopulation, as long as at least one male is born in each generation. An
additional risk of extinction is caused only by the probability that a generation
may have no male offspring at all, which becomes more and more unlikely for in-
creasing initial population sizes. Based on these observations Alsmeyer and Rosler
(1996, 2002) provide a deeper analysis of promiscuous processes with offspring
distributions that satisfy Assumption 5.3. Although the mathematical details are
far beyond the scope of this survey, as they involve potential theoretic aspects of
branching processes, we summarize the major findings from these authors in The-
orem 5.12.

So we consider a Galton—Watson process with (unilateral) promiscuous mat-
ing (Z,)n=0 that has probabilities p;; = p_f pY of having j daughters and k
sons, respectively, per couple. Since Z, equals the number of females in the nth
generation, as long as at least one male is alive it follows easily with Assump-
tion 5.3 that the extinction probabilities Q; depend on the male offspring distribu-
tion (p)x=o only through p)!, the probability that a couple has no male offspring.
Let f(s) = ijo p_f s/ be the generating function of the female offspring distribu-
tion ( pf )j=0, fn its nthiterate (see Section 5.3), and Q the extinction probability of
the associated simple Galton—Watson process, say (F},),>o, with this offspring dis-
tribution. Hence, Q is the smallest solution of f(Q) = Q in [0, 1], and f,(s) ? QO
foreachs < Q.

Theorem 5.12 Suppose that m" = ijl jp]?v > landk = pé" < 1

(a) The following assertions hold true for alli > 1:



144 Branching Processes: Variation, Growth, and Extinction of Populations

1. Ifk < p(f, then
K

0
2. Ifk = pg, then
1-0
1y——2 g <2 (5.145)
1+ 0 —py
3. prOF <k < Q, then
1— 1 r
2O g o< <n+2)( +”—°), (5.146)
kQ+ (1 —«)p, 1 —« K
where n is determined through f,(pt) <« < fur1(pt);
4. If k = Q, then
11— R; 1
Q < — = —+@, (5.147)
Qla—Q)+0-0) a; l—q ¢
where a; = E(t|t < 00, Fg = i) and t = inf{n > 0: F, = 0};
5. Ifk > Q, then
1 < % < & (5.148)
K! K — fK)

(b) If 0 < k < Q, then convergence of R; does not hold in general, while

lim 1 L VR By ifk = Q (5.149)
1m In — = um — = K = . .
i—00 f/(Q) a; i—oo Ini
and
. R .
Iim — =1 ifkc>0. (5.150)
—00 Kl

The most intriguing result stated in Theorem 5.12 is that for 0 < ¥ < Q conver-
gence of R; fails to hold in general. This is even more surprising considering that
all computational studies of R; for this case indicate the contrary, namely a rapid
convergence to some finite value, as in the above example studied by Daley et al.
(1986); see Alsmeyer and Rosler (1996) for some examples. The disclosed phe-
nomenon belongs to the class of so-called near-constancy phenomena, which also
show up in other problems in the theory of branching processes (see also Biggins
and Nadarajah 1993). It means that a considered sequence is seemingly conver-
gent, but actually oscillates in a very small range (of the order 10~* or smaller).
The convergence results, Equation (5.149) and Equation (5.150), are much more
appealing to intuitive thinking, their interpretation being that for k > Q, the ex-
tinction of a population with large initial size is more likely to be caused by the
disappearance of males than that of females.
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Box 5.4 Lotka’s data reconsidered by Hull

Lotka (1931a, 1931b) calculated the extinction probability of a male line of descent
from one newborn male. Using data from a US census of 1920, he arrived at the
conclusion that this risk equals 0.8715. His calculation, however, was based on
an asexual branching process model. Recently, Hull (2001) corrected the estimate,
using a branching process with monogamous mating. He used the offspring distri-
bution given by Lotka and sex determination according to Assumption 5.2. From
the same census data, he estimated that the probability of producing a female child,
0, equaled 0.485. With the numerical approach developed by Daley et al. (1986)
and outlined above, he arrived at an estimated extinction probability of 0.9958, ob-
viously much larger than Lotka’s estimate. This would be a grim prospect for the
survival of family names (the application that Lotka had in mind). As Hull notes,
however, this analysis is based on the assumption of a single mating unit in the ini-
tial population. Moreover, a particular name that originates from a single family has
a higher survival chance when other mating units produce females to act as mates
for future generations, especially when males from that family are highly esteemed
(Hull 1998).

5.10 Environmental Variation Revisited

In this section we reconsider the effect of environmental variation. Some exam-
ples of branching process models in varying environments were introduced in Sec-
tion 2.9. We use the same notation here, that is, m (k) denotes the expected number
of offspring per individual in the kth reproduction cycle.

5.10.1 Deterministically varying environments
In Section 2.9 it is shown that

n—1
E[Z,] = l—[m(k)IE[ZO] . (5.151)
k=0
As mentioned there, this result is true whether or not reproduction of different
individuals is independent. For the results in this subsection and the next, however,
the independence assumption is necessary.
The generating function of the offspring distribution of individuals in the kth
generation is defined as

[k, ) =E[s*®) =Y "PEK) = j)s/ =) pik)s’ (5.152)
j=0

j=0

with 0 < s < 1, where &(k) denotes the number of offspring of an individual of
the kth generation, and p; (k) the chance that this equals j.

Furthermore, we define the generating function of the number of individu-
als of generation k in a population that consists of one individual in generation
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r(0<r <k)as
[o¢]
frk,s) =Els™|Z, = 11= ) P(Z = jlIZ, = 1)s/ (5.153)
j=0
with 0 < s < 1. The conditional expectation argument yields
fr(k,s) = E[E[s™|Zx1]1Z, = 1]
— EUE[SEI(k—1)+€z(k—1)+...+€zk,, (k_1>|Zk71]|Zr =1]. (5.154)
Since the &; (k — 1) are independent, this implies that
[k, s) =E[E[s9“ D Z g JE[s2CP1Ze ] x -
x E[s*-1® D1z, _1]12, = 1] (5.155)
and, since they are distributed identically with generating function f(k — 1, s),

ik, ) =E[fk—1,9%"Z, =1]

=frk—=1f(k—=15) . (5.156)
Repeated use of this argument results in
Hk,s)y=fG+1, f+1,---flk=1,5)---)) . (5.157)
Furthermore,
L+ 1) =E[s"Z =1]=E[s*"] = f(rs) . (5.158)

Thus, finally,
frlk,s)y=f O, fOr+1--fk=1,5)--))= f(r, fraalk,s)) .  (5.159)
With r =0, k = n, and s = 0, Equation (5.153) reads
fo(n,0) =P(Z, =0[Zg = 1) . (5.160)
Obviously, the extinction probability does not decrease over generations, and
foln, 0)=P(Z,=01Zg=1) < P(Z,11 =01Zo=D = fo(n+1,0).  (5.161)
It follows that the sequence

0, = P(extinction by generation n|Zy = 1)
=P(Z,=0|Zo=1)= fo(n,0),n=1,2..., (5.162)

must increase to the extinction probability Q = lim,_, ., Q,, and actually
@=lm fo(l, f2,--- f(n=10)--)) . (5.163)

In contrast to the situation in constant environments, it is not easy to answer the
question when Q = 1 and Q < 1 in general. However, there is a simple sufficient
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Box 5.5 Survival chances with geometric reproduction
Assume that any individual of the kth generation produces j children, j =
0,1,2,3,4, ..., with probabilities

pik) = q(k)p’ (k) . (@)
The generating functions f (k, s) are, in this case,

o0
(1) o q(k)
k,s) = kp'(k)s) = ————— .

flk,5) Zk(m(h oW
Repeating the arguments of Section 5.3 in the slightly more cumbersome notation
of varying environments, we see that

gk) _ pk)d —s)

(b)

b= ks == s = T ptos ©
¥ 1 1— p(k)s
[~k pl—9" @
Since m (k) = p (k) /q (k), this means that
1 1 1 — pk)s q (k)
1= fk,s) m@E)(1—s)pk)d—s) pk)A-—y)
_loql—phs _pld—s) _ ©
p)(l —s) p)(1 —s)
With £ = 0 and s replaced by f(n, s),
1 1 ®

- =1
1= fQ, fi(n,s))  m@O)(— fi(n,s))
However, Equation (5.159) with » = 1 and k = n says that
fHim, )=, f2,... f(n—=1,5)...)). (&

If we apply the same equation with » = 0 and k& = n on the left side, and Equa-
tion (g) for f; (n, s) substituted on the right side, we obtain

foln,s) = f(0, fi (n,s)), ()
and so Equation (f) yields

1 1
=1 . i
= fones) " mO( — fin.s) »
Repeated use of this recurrence relation gives
1 1 1
=1+ + =
1 — fo(n,s) m(0) -~ mO)m)(A - fo(n, s))
=1+ mO0)~" + mOmA)™" +- -
+ mO)m(1)...mn —2))"
+ mO)m(1)...m(n— (1 —s5)7", ()
and, in particular,
n—1 k
1= 0y =1—fon,0)=(1+ Y [JmGN™H™. (k)
k=0 j=0

It follows that Q, — 1 if and only if the right-hand side of Equation (k) goes to 0
asn — oo.
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condition, namely if

n—1

lim Hm(k) =0, (5.164)
k=0

n—0o0o

then Q = 1. This can be derived with the help of Markov’s inequality (see the
Appendix),

P(Z, >0|Zg=1)=P(Z, > 1|Zo = 1)
n—1
<E[Z,|Zo=1] = Hm(k) . (5.165)
k=0

In particular, if environments deteriorate monotonically in the mean, that is, if
m(k) < m (k+ 1), and if, furthermore, lim;_, o, m(k) = m < 1, the process dies
out in the long run.

Equation (5.163) can, in principle, be used to calculate the extinction proba-
bility Q. In many cases, however, this is not easy to do analytically, so we must
resort to numerical methods. For one of our benchmark processes, namely pro-
cesses with varying geometrical offspring distributions, an explicit expression of
Q is derived in Box 5.5. If you do not wish to work through the derivation, read
off the final expression for 1 — Q,,, which is the n generation’s survival probability.

What can we say generally about the asymptotic behavior of the population
size in varying environments? A broad answer is, if ]_[;’:0 m(j) — oo, then under
natural conditions and on the set of non-extinction the population grows (up to a
random factor) as ]_[;'zom( j). If, however, ]_[;;Om( Jj) — 0, then, conditioned
on non-extinction, the distribution of the number of individuals in the population
stabilizes as time passes.

Example 5.6: Cell death and human embryo arrest. Human pre-implantation embryos
that are produced in vitro exhibit a highly variable developmental potential. Only 25 percent
of embryos that are transferred to patients 2 days after fertilization succeed in implanting,
whereas the rest exhibit varying deficiencies. About 50 percent of embryos cultured in
vitro arrest during the first week. Such losses probably result from a variety of factors
during early development. To study the mechanism of embryo arrest, Hardy et al. (2001)
constructed branching process models of cell division and death.

Since there are several indications that cell death does not occur in the first stages of em-
bryonal development, they used a time-dependent branching process as their basic model.
It is assumed that embryonic cells split into two daughter cells with probability 1 — § — ay,
die with probability o, where k denotes the generation number, or continue living, without
splitting, with probability §. Denote the stage at which cell death starts by 7. It is assumed
that before this generation oy = 0 and afterward oy = «. Thus,

fk,s) =1 —8)s*>+8s, for0 <k <n, (5.166)

flk,s)=(0—8—a)s*+8s+a, forn, <k. (5.167)
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The probability of embryo arrest (i.e., that all its cells have died by stage ns, Q) equals
0if ny < n,. Otherwise, we can use the relation

On; = foO, f(A, ... fns,0)...)) (5.168)
to calculate this probability, by backward iteration,
fny,0)=a,s0 f(ny =1, f(ny,0) = f(ny — Lo, (5.169)

and if ny — 1 > ny, thisis (1 — 8 — a)a? + 8a + o, whereas if ny — 1 < ng, it equals
(1 — 8)a® + Sa. The resultant number is then substituted for s in the generating function
f(ny —2,5), etc. Parameter values were estimated from data on numbers of live and dead
cells in embryos at different stages. Embryos were observed until stage 8. Hardy er al.
(2001) give several estimates of the value of «, varying roughly between 0.14 and 0.5,
whereas § was in the range of 0.1 to 0.2. They found strong indications that the value of
nsy was 2 generations. As an example, extinction probabilities for the case « = 0.3,§ =
0.2,n, =2 are

Qo=01=0,=0,03=0.040, 04, = 0.078, Q5 = 0.109,
Q¢ =0.132, 07 =0.15, Q3 = 0.16, Q9 = 0.17, Q1o = 0.18.. (5.170)

It is relatively easy to calculate ultimate extinction chances for this model, since from n;
onward the reproduction generating functions are the same. Thus, the ultimate extinction
probability, if we start in generation 2 with one cell x, is calculated by solving

x=(0=-86—a)x>+éx+a, (5.171)
which gives
X =min(——>—1). (5.172)
1-6—«a
If we start with one cell in generation 0, the extinction probability Q is
0=f, f2,x)=>0=8)1—8x>+8x)>+8((1 —8)x>+8x) . (5.173)

Comparison of model predictions with data, however, revealed several inconsistencies.
One of these is that, to explain the observed proportion of embryo arrest of about 50 percent
at generation 8, @ would have to be extremely high, about 0.5, whereas § = 0.1. Since
x = 1 with this combination of parameter values, none of the embryos would survive.
Their results indicated that different embryos had different cell death rates, which suggests
that these rates are already “programmed” in the zygote. They examined this further with a
model that allowed for inter-individual variation.

SO0

5.10.2 Random environments

If the environment is random, as in Section 2.9.2, then so is the reproduction dis-
tribution that the environment results in. In particular, both the mean offspring
numbers my, m»,, ... and the variances become random variables, each determined
by the environment that happens to prevail during its particular season. Through
the varying environments, the extinction probability turns random, but is then, of
course, influenced by the environments in more than one year. The extinction
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probability is a function of the whole sequence of environments, or of the environ-
mental scenario.

In symbols, this can be expressed as follows. Let €y, €1, €2, ... denote the
environments during the initial, first, second, etc., reproduction seasons. Then m
is determined by €y and m, by e€,, but the extinction probability is of the form
Q(8), where & = (e, €1, ...) is the whole sequence of environments. In other
words, for a given scenario & and Zy = 1,

P(Z, — 0|&) = Q&) . (5.174)

If we take a further expectation, over all possible scenarios, we obtain the overall
extinction probability,

0 =E[Q(&)]. (5.175)

The different sources of randomness are referred to as demographic (i.e., random-
ness given the environmental scenario) and environmental.

The first case of random environments to be treated was that of independent,
identically distributed environments. Later literature turned to the more realistic
setup of stationary environmental sequences (i.e., the situation in which the envi-
ronments during any given period of seasons have the same distribution, whenever
the period occurs). (Then a further condition of ergodicity is asked for. This im-
plies that forms of the Law of Large Numbers hold, but for further information
the reader is referred to literature on stochastic processes.) Special cases are se-
quences of identically distributed elements with a time-homogeneous Markovian
dependence. This means that the distribution of €;4; depends only on €; among
all other past environments, and the form of the dependence remains the same for
all k.

Athreya and Karlin (1971a; see also the book by Athreya and Ney 1972) proved
that branching processes in stationary and ergodic environments are bound to ex-
tinction if E[lnm(e)] < 0, if € is the environment of a season. In other words,
in this case Q(&) always has the same value, 1, for all possible environmental se-
quences. They also showed that if 0 < E[lnm(€)] < oo, then Q(&) is less than 1.
In this case the branching process is supercritical and there is a positive chance of
persistence in the long run.

How do we obtain information about the distribution of the extinction probabil-
ity Q(&) for supercritical processes? Denote the probability generating function
of the offspring distribution of an individual in the environment € by

fes) =E[s5le] = " s/P & = jle) . (5.176)

Jj=0

For instance, if the environmental state can be described by a number so that 0 <
€ < oo and offspring numbers have a Poisson distribution with expectation e,
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given the environment,

J

PE = jleo)= e*é.—, : (5.177)
Jj!
then
fe(s) = e (5.178)
Or, in the case of our benchmark processes, if 0 < € < 1, and
P& =kle) = (1 —€)ek, k=0,1,2,..., (5.179)
or
P& =2le) =€, PE=0le) =1—¢€, (5.180)
then
1—¢ 2
fe(s) = or 1 —e+es”. (5.181)
1 —es
Now let & = (€1, €2, ...) denote the environmental sequence in which environ-

ments come one year earlier than in &, so that €; is the environment during the
starting rather than next season, etc. If the environment is stationary, it is only nat-
ural to expect that the distribution of Q (&) should coincide with that of f,(Q(&))).
In particular, in the case of independent and identically distributed environments,
this implies that

E[Q(&)] = E[f(Q(&))], (5.182)

where & and € on the right-hand side are independent. Actually, then

Q =E[f.(QEN] =E[)_PE = jle)Q(€)']

j=0

= Y EIPE = jloIEIQ(€)]

Jj=0

oo
= ZP@ = DE[Q&) 1 =E[f(Q(EN], (5.183)
j=0
where f is the overall generating function of reproduction (i.e., not conditionally
upon the environment). Together with similar relationships for higher moments,
this is the basis of several approximation methods.

Wilkinson (1969) was the first to derive a numerical method to calculate an
approximation for [E [Q(&)]. Haccou and Iwasa (1996) give an approximation that
is easier to calculate. Focus on cases like our benchmark or Poisson reproduction,
where there is one environment € determined by the requirement that its mean
reproduction
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o= e]E[lnm(e)] ) (5.184)

Let O be the extinction probability of a branching process in a constant envi-
ronment with this mean . Since this is a classic process, Q can be found by
(numerically) solving

0=f(0). (5.185)
The following approximation was derived:
i(1-9) (#(1-9)

-~ N2

2(1-m0) \ 1 - (o)
This works especially well for values of m close to 1 and was shown to be more
efficient than Wilkinson’s approximation for the specific examined cases. An ad-
vantage of Wilkinson’s method is, however, that it can also be used to approximate
higher moments of Q(§&).

The stable distribution of Q(&) can be generated through iterative methods.

Haccou and Iwasa (1996) describe such an approach for independent identically
distributed environmental states. Define

Qjt1 = fon (Q)) (5.187)

and then the method works as follows. Start with an array of arbitrary values of Qg
larger than or equal to O and smaller than 1. Simulate an array of random values
of € and calculate the values of Q;, etc. Continue to do this until the distribution
of Q; values is stable. In the examples given in the article this required about 500
iterations.

The method was generalized by Haccou and Vatutin (2003) to environmental
sequences with Markovian dependence. Note that this iteration method works
backward in time. Thus, if £ denotes the generation number in the original branch-
ing process, then j in Equation (5.187) corresponds to k + 1 and j + 1 to k.
When environmental states are sequentially dependent, as in the Markov case, the
method should be adjusted. This can be done by generating random sequences of
environmental states (with time running forward) beforehand and then reversing
the sequences for use in the iterations.

That extinction probability Q (&) is a random variable has some interesting con-
sequences. It implies, for instance, that the probability that an initially small group
of invaders can establish itself in a new environment depends on the way in which
the invasion takes place. For instance, it can be shown that by invading sequentially
rather than simultaneously, the establishment chance in randomly varying environ-
ments can be improved considerably. This result has many important implications
(e.g., for dispersal, life history, and biological control strategies). Further details
can be found in the articles cited.

E[Q]~ O +

— 1| Var[lnm(e)] . (5.186)
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The extinction or explosion dichotomy, and the subsequent analysis of the role and
character of extinction, left many questions unanswered. What is the form of the
uninhibited growth of theoretical populations that do not die out? What determines
its speed? Does the composition of the population stabilize, as numbers grow, by
some Law-of-Large-Numbers effect? And what happens, in reality, as a result of
the inevitable bounds imposed upon any population?

In the long run, we know there is no other way than extinction, but what happens
before that event? What temporary stabilities, so-called quasi-stationarities would
populations show in the contest between an intrinsic tendency toward expansion
and exterior limitations? And what can the theoretical uninhibited growth tell
us about the form of populations that develop for a long time in benign stable
circumstances, which practically allow unlimited growth?

In more concrete terms, what can the mathematics of supercritical branching
processes that do not die out, and of similar stochastic processes, tell us about
doubling rates and distributions over ages, phases, cell mass, or DNA content in
chemostats or other in vitro populations, or in young, quickly growing in vivo
tumors?

Also, what can we conclude about population growth from observed age or
body mass distributions in, say, caught fish or hunted moose or deer?

In this chapter we seek to answer such questions. First, we establish the Malthu-
sian, exponential growth that is the mathematical alternative to extinction of freely
reproducing populations in stable conditions. Then we proceed to the stabilization
of composition (Section 6.2) and the meaning of reproductive value (Section 6.3).
In Section 6.4, we briefly consider the development of populations bound for ex-
tinction (i.e., subcritical and critical processes), as well as supercritical processes
that become extinct. Sections 6.5 to 6.7 deal with the consequences of dependences
between individuals on population size effects. Still, we remain in principle in the
realm of exponential growth or extinction, even though near-critical populations
can show linear or polynomial growth.

Finally, in Sections 6.8 and 6.9, we say some words about the complicated
phenomena that occur in the presence of quasi-stationarity, in processes that are
supercritical whenever the population size is small, and in some sense subcritical
when it is large.

153
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6.1 Exponential Growth
6.1.1 Discrete time

In Section 2.2 we noted that single-type Galton—Watson processes satisfy
E[Z,] = E[Zo]m" , (6.1)

in terms of the mean reproduction m and expected initial population size IE [Z].
If the process is supercritical (m > 1), the expected population size thus grows
exponentially, or in Malthus’ words “goes on doubling itself at regular intervals.”

However, what about the population size Z, itself? We know already that a
population has a positive chance (1 — Q) of escaping extinction, and that if it does,
its size tends to infinity. Population size certainly exhibits random fluctuations,
but it is a beautiful mathematical result (Kesten and Stigum 1966a) that, under the
logarithmic moment condition we first met in Theorem 5.3, long-run growth of Z,,
is also exponential:

Theorem 6.1 For supercritical Galton—Watson processes with Zy = 1

lim Z,/m" = W (6.2)

n—o00o

exists. Under the condition that
E[§ In(§ + D] < 00, (6.3)

the expectation of W, E[W] = 1. Furthermore, W = Q precisely if the process
dies out. Otherwise, it is a positive, continuous random variable.

This theorem sharpens the “merciless dichotomy” between unbounded growth
or extinction to one between exponential growth or extinction for such processes.
Similar logarithmic moment conditions are needed formally for the other theorems
given in this subsection and the next. Since, however, they are always satisfied
for models with biologically reasonable assumptions, we do not give their exact
formulations. These can be found in any mathematically oriented branching pro-
cesses book, such as Asmussen and Hering (1983), Athreya and Ney (1972), or
Jagers (1975).

The size of a population that is not started by one, but by, say, k individuals,
is the same as that of the sum of the sizes of k independent populations started
by one individual. The asymptotic distribution of the size of such a population,
normed by m", thus converges to that of the sum of k£ random variables that are
independent with identical distributions equal to that of W.

That W, although it is positive in the case of non-extinction, is a random vari-
able is quite natural. Populations that start with low values of Z; are small in
the first stage of their development, and hence their growth is capricious. This is
illustrated in Figure 6.1.

There is a multitude of different options of population development before the
onset of the exponential growth of populations that do not become extinct. It
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Figure 6.1 Growth curves of two exponentially increasing populations with the same num-
ber of founders.

is therefore not strange that W is a continuous random variable that can assume
any positive value (i.e., has a strictly positive density function for all positive real
values).

Unfortunately, it is difficult to say much more substantial about its distribution,
in general. For one of our benchmark cases, geometric offspring, however, we can
find the distribution of W explicitly. Indeed, the Laplace transform

¢u(w) =Ele™™], u>0 (6.4)
of W, = Z,/m" satisfies the recursive relation
¢n(u) = E[E[e™"|Z|1] = E[E[e " /"1%'] = f(u_1(u/m)) (6.5)

which is valid since, given Z,, Z,, is the sum of Z; independent population sizes,
each of which has the distribution Z,_;, and Z; has the generating function

f(s) = E[s™], (6.6)
as before. As n — 00, we obtain
du) = f(@u/m)). (6.7)

It can be shown that this equation is solved by a unique ¢ (), which is the Laplace
transform of a proper random variable. In the case of a geometric distribution, the
equation has the form

1

= , 6.8
P = T = dwm)) ©.8)
the relevant solution of which is
1 m—1 1
o) = —+ 7 . (6.9)
m m 1 +
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The Laplace transform determines the distribution function uniquely, as can be
checked in any standard book that deals with Laplace transforms, and in this par-
ticular case

m—1 _ (m—Dx

P(fo)=%+7(l—e "), (6.10)

for any x > 0, and, of course, P(W < x) = 0if x < 0. Recalling that the
extinction probability Q of the process with geometric distribution equals 1/m
and that 1 — e~ %" is the distribution of a continuous random variable with mean
m/(m — 1), we see that E[W] = 1, which confirms the assertion of Theorem 6.1
in this regard, and for this particular case.

A further possibility might be to capture the distribution of W numerically. One
option is to perform simulations. Indeed, for large n, W,, = Z,,/m" is close to W.
However, an alternative, more efficient way is to obtain the Laplace transform,
or moment-generating function, of W, through Recursion (6.5). It starts from
¢o(u) = e "%, since Wy = Zy, assumed known, and stops at an n deemed large
enough to yield

¢n(u) ~E[e "] . 6.11)

Remark. The mathematically knowledgeable reader should note that the first step to prove
the theorem is a showcase application of the famous martingale theorem (cf. Williams 1991,
or, for its statement only, the Appendix herein): since Galton—Watson processes are Markov
and

E[Z)H»l |Zn] =mZ,, (612)
the random variables W, = Z,,/m",n =0, 1, 2, ... constitute a non-negative martingale
E[W1+I|Wn] =W,. (613)

And non-negative martingales converge as n — 00.

SO0

The exponential growth of the expected population size of multi-type Galton—
Watson processes is established in Section 2.3. The martingale argument and proof
of the logarithmic moment condition extends to supercritical indecomposable and
non-periodic processes, so that the following can be proved in the notation of that
section.

Theorem 6.2 Consider a supercritical, indecomposable multi-type branching pro-
cess. There then exists a random variable W > 0, such that, as n — 00,

Zy~ Wp"u . (6.14)

Under logarithmic moment conditions, W = 0 precisely in the cases where the
population becomes extinct, and it has expectation vy, if there is just one ancestor

of type h.
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The theorem means that the number of individuals of type k, Z,, in a popula-
tion with one ancestor of type A satisfies

Zni ~ Wp"uy (6.15)

where, as in Section 2.3, # and v denote the normed eigenvectors of the mean
matrix, and E[W] = v;,. Another consequence is that the total population size
|Z, | behaves as Wp", since the u; sum to one.

That W is not a vector implies that there are no random effects in the limit
of the type distribution. Indeed, if we consider the ratio between the numbers
of individuals of two types in generation n, say types i and k, then under non-
extinction W > 0, and W and p”" cancel out so that

lim Z;/ Zne = ui/up , (6.16)

exactly as for the ratio between their expectations. This shows that the composition
over types must stabilize unless the population dies out, and provides a first hint
of the very general stabilization properties of exponentially growing populations.
The vector (uy, ... , uy) defines the stable type distribution.

Since the expected relative contribution from a type /4 individual to the future
population is proportional to vy, this number is called the reproductive value of
type h. However, be aware that in age-dependent models not only type, but also
age influences the reproductive value of an individual (see Section 6.3). However,
if age is modeled discretely, in the matrix population model tradition (see Sec-
tion 2.4), so that the type is the age (in years or seasons), we have, of course, the
present setting.

Now, the essential meaning of being indecomposable is that the population
grows as one unit, since individuals of all types eventually have progeny of any
type. However, growth at the same rate also occurs in decomposable processes
if some subpopulation of “stem cell” type individuals grows and keeps generating
other individuals who do not necessarily give birth to individuals of any other type,
but also do not give birth to new populations that grow more quickly than the stem
population (see Section 2.5).

In a more mathematical language such arguments amount to the possibility,
maybe after some renumbering of types, that the expectation matrix M could be
written as consisting of positive submatrices at the diagonal and under or above
it and zeros for the rest, as in Section 2.3.1. If, further, the matrix has a simple
largest eigenvalue greater than one, the convergence of Z,,/p" — Wv asn — oo
continues to hold. The general result in this area is also given by Kesten and
Stigum (1966b, 1967), and we refer to them for a proper formulation (see also
Asmussen and Hering 1983).

As in the single-type case, a population that started from several ancestors,
maybe of different types, behaves as the union of independent populations, each
with one ancestor. For instance, in a population that begins with Zj; ancestors of
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type 1 and Zy, ancestors of type 2, Z,,/p" converges in distribution to
vIWn+ Wi+ -+ Wiz + Wor +Wa+ -+ Wag,), (6.17)

where W),; are independent variables with the distribution that the limit variable
W would have had there been just one ancestor of type /.

6.1.2 Continuous time

In Chapter 3 we saw that expectations of branching processes in continuous time
grow at an exponential rate (or decrease or converge to a constant). Only the
elementary case of Markov branching availed itself to an analysis in terms of basic
calculus. Otherwise, we had to rely upon results from (Markov) renewal theory.
The number « that gives the rate of exponential increase was named the Malthusian
parameter of the process. In deterministic population dynamics it is often denoted
by r and referred to as a reproduction rate.

We shall see that virtually all supercritical branching processes themselves (i.e.,
not only their expectations) grow approximately as ¢*’. Again, the mathematics
that underlies the derivation of these results is accessible to experts only, but the
results themselves are understandable and useful.

Here, as for mean growth (see the Remark in Section 3.3.1), we have to exclude
the fundamentally discrete case of reproduction that occurs only at lattice times.
We do not mention this exception usually.

First, consider the case of single-type general branching processes, as intro-
duced in Section 3.3.

Theorem 6.3 Consider a single-type general branching process Z; that starts
from one newborn ancestor at time zero. Ast — 00,

Z,~We" (1 =0)/aB, (6.18)

where W is a random variable that equals O if the population dies out, is positive
otherwise, and satisfies

E[W]=1. (6.19)

(Besides non-latticeness, this assumes a logarithmic moment condition. )

The result can be generalized to the size of a population started by several individ-
uals in the same way as described for discrete-time processes.

Recall that it follows from Section 3.3, Equations (3.39) and (3.45), that £ =
1/m for Bellman—Harris processes. For these processes also, the mean age at
childbearing satisfies

B=E[Te "] (6.20)

(see Section 3.5).
Often growth is described in terms of the doubling time of a population, ¢,.
We have come across this concept in Examples 3.1 and 3.2 on bacterial growth
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(Section 3.2) and Example 5.1 on cell growth (Section 5.3). As the name says, this
is the time it takes for a population to grow from a certain level to twice that level.
Properly speaking, this time depends upon both starting level and the special form
of the growth function. However, as we have seen, supercritical populations tend
to grow exponentially, and for exponential growth curves the starting point does
not influence the doubling time. Hence, the straightforward general definition is
that 7; is determined by

e =12, (6.21)
Thus, the relation between Malthusian parameter and doubling time is that

tg =1In2/a . (6.22)

Example 6.1: Cell growth. In the age-dependent cell cycle model from Section 3.2 dis-
regard the possibilities of quiescence and cell death, so that cells simply divide into two
daughter cells after completion of their cell cycle,

T=G+S+G,+M. (6.23)

This is a Bellman—Harris process with m = 2 and life span 7. Thus, the Malthusian
parameter « is determined by (see Section 3.3)

2E[eT]=1. (6.24)

It follows that £ = 1/2, whatever the cell cycle distribution.
Since the exponential function is convex, Jensen’s inequality (see the Appendix) implies
that

1/2 = E[e™*T] > e @ET] | (6.25)

with equality if and only if 7" has zero variance. In other words, if we denote the mean cycle
time by

t. = E[T], (6.26)
then
¥ > = e¥d | 6.27)

and we have proved that the doubling time must be shorter than the mean cycle time, except
in the degenerate case for which all cycle times coincide.

Whether the difference between #,. and ¢, is of any significance depends upon the distri-
bution of cycle times. This is also needed to determine « and 8. To this end assume that
T is distributed normally with mean ¢, and variance o>. Since a cell cycle is, in principle,
a period during which a large number of given tasks must be performed, and this takes a
well-determined time with some variance, this is a reasonable assumption. As the mean
cycle time is usually considerably larger than o,, we can disregard the theoretical nuisance
of negative life spans. They have a negligibly small probability of occurring. Then, for any
non-negative number u,

, 1 +o00 7(:1—13)2 5 7/2
Ele™']= _/ e e 2 dag=¢" e, (6.28)
o2 J-o
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Note that this is the Laplace transform of the normal distribution, which is derived in any
probability textbook. Equating it to 1/2 for u = « yields

o022 —at, =—In2, (6.29)

with the two solutions

(t. £ /177 — 202 In2)
o = .
0—2

¢

(6.30)

We now multiply the numerator and denominator by the same factor, namely
(tc +/t2 —2021n 2). After some algebra this gives

2In2
0= — (6.31)

.+ /12 —202In2 "

and thus

:E:l +./t2 —2021In2 6.32
ty 1 t2—2021n2) . (6.32)
o 2

The fact that 7, = 7, precisely if o, = 0 shows that the relevant solution is

1
W= (zc + /12 =202 1n2> . (6.33)

Equations like this have a twofold importance. First, if all entities in Equation (6.33) can
be estimated accurately, the relation can be used to check the assumption of normally dis-
tributed life spans. The second situation occurs if the normality has been deemed correct.
Population entities like doubling time are measured easily, whereas cycle times can be more
difficult to observe. If only a few measurements of cycle times are available, we may have
a good estimate of 7., but not so of o.. In such situations the variance in cycle time might
be better estimated through Equation (6.33) rather than directly from the observations.

The easiest way to calculate the mean age at childbearing, 8, for this example is to
differentiate the Laplace transform,

E[Te ] = B[], (6.34)
which, from Equation (6.28), gives

E [Te_“T] = (t( - ua[,z) ol 2-ute (6.35)
Finally, u = « yields

B=E[Te "] = (zc - 1;{%3) /2, (6.36)

since E [¢=*" | equals 1/2.

Experimental values for cell cycle lengths in the literature vary depending upon cell type
and growth conditions, such as in vitro, in which human cells are often observed to have
cycles between, say, 10 and 24 hours, or in vivo, in which life spans can be much longer.

SO0

Now, we formulate the exponential growth property for supercritical multi-type
processes. As in the discrete-time case, this involves eigenvectors u and v, which
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are defined in Section 3.3. The distribution of reproduction, as well as that of life
spans, may now vary between the different types of individuals. Thus, we must
discern a set of life-span distributions,

P(T<a)=Lj@), j=1,...,d. (6.37)
For j =1, ... ,d, further define
¢ =E;[e*"], (6.38)

which equals
oo
l = oc/ e “Lj(a) da, (6.39)
0

as in the single type case. We use type suffixes to indicate that the probability or
expectation is for an individual of the said type, or, when a whole process is under
consideration, to indicate that there was just one ancestor, of the type indicated.

Theorem 6.4 Consider a supercritical, indecomposable multi-type branching pro-
cess, which starts from one newborn individual of type h. There exists a random
variable W > 0 that (under logarithmic moment conditions) has expectation uy,
and is such that, as t — oo, the number of type j individuals satisfies

Zyj~Weu;(1—£))/ap , (6.40)

and W = 0 precisely if the process dies out.

The result can be generalized to the size of a population started by several indi-
viduals in the same way as described for discrete-time multi-type processes. It can
also be formulated for general type spaces (i.e., situations in which there might be
more than finitely many types). The type could be one of countably many possi-
ble alleles: it could be body mass at birth or, for that matter, body mass evolution
during the individual’s whole life. Still, under very general conditions the Malthu-
sian alternative, exponential growth or extinction, continues to hold. For a strict
formulation of this we refer to the mathematical literature, such as Jagers (1992)
or, for a more reader-friendly version, Jagers (1991).

6.2 Asymptotic Composition and Mass Growth

The asymptotic distribution of types in populations can be derived easily from the
results stated in Section 6.1. First, consider discrete-time multi-type processes. As
remarked before, from Theorem 6.2 it follows that in the limit the composition
of populations that do not die out is fixed: lim,_ oo Z,;/Zu = u;/uy. Note that
this is true regardless of the initial population size. A similar conclusion can be
stated for continuous-time multi-type processes. From Theorem 6.4 we see that
the proportion of individuals of type i settles down to a limiting value of

lim 20— W=t (6.41)
t—o0 | Z,| Zj u;(l1 —¢;)
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as the population grows. If all life-span distributions are equal this reduces to u;,
since the u; sum to 1. Hence the name “stable type distribution” for the vector u.
As in discrete-time processes, the result does not depend on the initial population
size or composition.

These are the initial results on stabilization of population composition. How-
ever, other compositional properties, besides types, can be studied, such as, for ex-
ample, age distribution. (We touch on this topic when indecomposable multi-type
Galton—Watson processes are introduced in Chapter 2.) Results on asymptotic age
distributions go back to Leonhard Euler (1767), but have been rediscovered over
and over again, in demography, biological population dynamics, cell kinetics, and
other areas.

First, note that populations can be measured in many different ways. Up to
now, we have considered one such measure mainly, namely the total population
size. This corresponds to counting the number of individuals alive at a certain time.
Populations can also be measured in terms of body mass, DNA content, or volume,
and subsets of populations could be measured by counting only individuals with
special properties, such as being young, old, or firstborn. Indeed, the problem of
measuring a population could be said to consist of two parts, first determining the
number of individuals born, and then determining for each individual born whether
it be counted or not, and with what weight. Here are some examples of different
population measures:

1. The accumulated population: each individual born is given weight one, be it
alive or not.

2. The live population: each individual born is given weight one, provided it is
still alive.

3. The population not older than age a: each individual born is given weight one,
provided it is still alive and its age does not exceed a.

4. The population mass: each living individual is weighed, and all the weights
added.

5. The number of firstborns.

All of these are counting measures, except population mass (property 4 above):
individuals that have some specified property are counted, others are not. We de-
note such a property by D. In all but the last case D is an individual property.
Being firstborn, on the contrary, is a relational property; it describes the individ-
ual’s position in its sibship.

Each of these measures gives rise to different stochastic processes, but they
all exhibit the same exponential growth ~ CWe®' /B. Here, 8 (defined in Sec-
tion 3.3.1 for the general case) gives the timescale (generation length), W is a
random variable that equals zero if and only if the population dies out, and the
only entity affected by the choice of measure is C.

As seen in Theorem 6.3 for the single type case, when the population measure
is the number of individuals alive, Z, (the second example of the list), C equals
(1 — £)/a. From the definitions given in Section 3.3.1 it thus follows that in this
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case
C = / e *(1 — L(a)) da = / e *p(D,a)da, (6.42)
0 0

where p(D, a) denotes the probability of an a-aged individual being alive.

This holds more generally; that is, if p(D, a) denotes the probability that an in-
dividual of age a has property D, then the number Z” of individuals with property
D attime t — oo satisfies

ZP ~ p(D)yWe™ /8, (6.43)
where
p(D) = / e *p(D,a)da . (6.44)
0

It follows that the asymptotic proportion of individuals with property D among all
alive is
D ~

lim 2o = %P (6.45)

1—o00 Z, 1-¢
provided the population does not die out. [This is generally true for individual
properties, barring some mathematical subtleties, whereas relational properties
should not be dependent upon circumstances all the way back to the dawn of the
population. This last proviso should not bother any biologist, but is made more
precise in Jagers and Nerman (1996). Suffice it here to note that a property that
is determined by all individuals a bounded number of generations back is well
qualified.]

The classic special case is the property of being alive and not older than a given
age a (property 3 above). Denoting this property by D,, we obtain

_J 1=Lw) ifu<a
p(Da, u) = { 0 otherwise . (6.46)
Hence,
p(D,) = / e “(1—Lw)du, (6.47)
0

and, as t — oo, the proportion of the population not older than a converges to

Jiem (1 — L(w)) du

Jo e (1 — L(w) du

(6.48)

provided the population does not die out. This is called the stable age distribution
of the population, already introduced in Chapter 3 [see Equation (3.82)]. There
it is shown that this ratio equals the asymptotic ratio of the expectations of the
number of individuals not older than a and of Z;. As we see now, it also equals
the asymptotic ratio of these numbers themselves.
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Example 6.2 We continue with the cell kinetics of Example 6.1. A much-studied entity
in cell proliferation is the mitotic index, or fraction of cells in mitosis. A cell is in mitosis
when its age a satisfies

G +S+G,=T-M=<a<T. (6.49)

Thus, the probability of being in mitosis is P(T — M < a < T) when the cell is of age a.
If we denote the property of being in mitosis by M as well, the mitotic index is

M) ap(M)

= — = . 6.50
P (Do) 1-¢ (6:30)
It turns out that
P(M) =E[e T _ =0T/ . (6.51)

(For the calculations that show this and many similar relations, see the very end of this
Example.) However, since mitosis is short (around 20 minutes) as compared to the whole
cell cycle (of, say, 10 hours)

e T =l — e T (e M — ) me™*TaM . (6.52)
Moreover, the length of mitosis is roughly independent of T so that
p(M) ~ Ele T IE[M] = LE[M] . (6.53)

Since £ = 1/2, it follows from Equations (6.50) and (6.21) (or the formula afterward) that
the mitotic index should stabilize around

. alE[M]

i = = = @BIM] = (n2)t/ts ~ 06931, /14, (6.54)
in terms of the mean duration of mitosis, #,. This value can be compared to the naive
relation

I
in = —, (6.55)
12
which is valid in non-expanding deterministic populations.
The proof of Equation (6.51) involves two ideas:

the order of expectation and integration can be interchanged; and
the probability of an event D is the same as the expectation of the indicator function of
D (see the Appendix),

1 if D occurs ,
Ip = 0 otherwise , (6.56)

that is P(D) = E[1p].

We consider the events {T — M < u < T} for various u and conclude
T
E[e *T—M _ eiO‘T]/a = E[/ e “ du]
T-M
+oo +00
= E[f e "V ir_m<u<r) du] = / e B[l yr_m<u<r)] du
0 0

+00
= / e P(T—M<u<T)du=pM), (6.57)
0

as was to be proved.

AR
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The main result of this section can be stated more generally for arbitrary prop-
erties D and indecomposable multi-type processes as follows. Define p;(D, a) as
the probability that an individual of type j and age a has property D, and

p;j(D) = /0 e *pi(D,a)da . (6.58)

Then the number Ztlj? of individuals of type j with property D at time t — o0
satisfies

ZD ~ We'u;p;(D)/B . (6.59)

It follows that the asymptotic proportion of type j individuals with property D,
among all type j individuals that are alive, is

zb Sy
lim 24 = 2D (6.60)
1=00 Z,; Pj (Do)

provided the population does not die out. In this, D, still denotes the event of
being alive and not older than a, so that D, simply means being alive and

$i(Doo) = /O e (1 — L;(u)) du , (6.61)

in terms of the life-span distribution L; of type j individuals.

If we, finally, consider some continuous scale property, such as the mass of indi-
viduals, we would have to replace the probability of the property by the expected
size of the property at the age of the individual. Thus, if m;(a) is the expected
volume or mass of a j-type individual of age a, the unit of interest becomes

[e.¢]
m; =f e "m;(a) da , (6.62)
0
and the asymptotic mass of a population will be

~ We Y ui/B . (6.63)

J

6.3 Reproductive Value

R.A. Fisher — the most prominent figure of both twentieth century quantitative ge-
netics and statistical inference — introduced the important concept of reproductive
value. The idea is to measure the relative contribution of an individual to the future
population. Such a measure should depend upon the genetic setup as well as the
age. Once passed its reproductive period in life, the individual does not contribute
at all to future populations, and the very young risk not attaining reproductive age.
Thus, the reproductive value should be at its maximum at the age the individual
enters its most reproductive phase of life.
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Fisher considered single-type populations in continuous time and with his
strong intuition claimed that the reproductive value of an individual aged a, “as
is easily seen,” should be given by

v(a) = e* /ooef"“pf(u) du/ (1 — L(a)) . (6.64)

Caswell (2001) writes that he has not met anyone who finds this “easily seen,”
and proceeds to the nowadays frequent establishment of reproductive value in
terms of multi-type discrete-time branching processes, in which type = age class.
However, Fisher’s original concept has a direct interpretation in terms of general,
continuous-time branching processes.

Indeed, consider a population at some time, to be called O for simplicity, and
one individual, alive and of age a at this time. If the individual gives birth to one
child at age u > a (i.e., after time u — a), at time 7 (> u — a) the expected size of
the population that stems from that child is

ElZi—utal ~ 701 = 0)faB, (6.65)

as t becomes large. This we know already from the discussion in Section 3.3 (see
also Theorem 6.3). Now, assume that an individual’s reproduction in the future
is not affected by her having survived up to age a. Then her rate of offspring
production, given that she attained this age, is

w' W) du/ (1 — L(a)) . (6.66)
It follows that the expected size of all the population that stems from the a-aged
individual is
t
[ Bz duf (1 - L@ (6.67)

at time ¢t. However, as t — oo this behaves like

(1 - 6) ! o(t—u+a) ,,/ ~
wp(—La) ), ° ) du
ol oa (1 - Z) . —ou ’
B —L@) ), ¢ Hwd
=e"v(a)(1 —0)/ap . (6.68)

It follows that the relative contribution of an individual aged a to that of a
newborn is v(a)/v(0), which confirms Fisher’s idea.

Obviously, this can be generalized to the multi-type case, types that mirror
genotypes, and even to cases that do not possess the Markov property mentioned
(that future reproduction, given the age, is independent of past life and reproduc-
tion history), an assumption that is usually tacitly made in demography and matrix-
formulated population biology (see Box 6.1).



Development of Populations 167

Box 6.1 Several types

Consider the multi-type case, but keep the Markovian property so that future re-
production is influenced only by type and present age, and ask for the reproductive
value of an individual of type £, aged a. Theorem 6.4 and arguments as above lead
to expressions in which:

1. Survival probability 1 — L, (a) replaces 1 — L(a) in the single-type case;

2. Reproduction rate p" is also type specific, wj,;, the rate of offspring of type j
born to a type 4 individual; and

3. Reproductive value of the genotype & enters through E,[W] = u,,.

In the case of discrete time, the survival probability disappears (all changes occur at
the turn of the year, or corresponding entity), and the reproduction rate is replaced
by entries of a mean matrix. For the case in which age in discrete time is modeled
as type, the u,, themselves, therefore, often are referred to as reproductive values
[see Sections 2.3 and 6.1.1, or Caswell (2001) for an extensive discussion].

6.4 Populations Bound for Extinction

The discussion in Section 5.4 shows that subcritical populations usually succumb
quickly, but can persist for quite some time, albeit with a small probability. There-
fore, it is natural to ask what is the size of old, non-extinct branching processes. If
the process is supercritical, we saw that the population is probably quite large. In
the subcritical case, however, it can be shown that this is not the case. On the con-
trary, given that the population does not die out, its size stabilizes. Unfortunately,
in general it is difficult to describe the distribution of this stabilized size.

In the geometric case, things are easier, as usual. If the conditional generating
function and the probability 1 — Q, of non-extinction are examined, it can be
proved that if Z* denotes the size of an old non-extinct population,

P(Z*=k)y=1—-mm* ' k=1,2,..., and E[Z*] = 1/(1 —m). (6.69)

In other words, in an old persistent branching population with one single ances-
tor, geometric offspring distribution, and 0.95 children per individual, we should
expect a population size of some 20 individuals.

This has a bearing on the interpretation of paleontological data, and generally
on evolutionary history. As we have pointed out, most species have died out, but
what were their populations like during their glory days? What can be said about
their sizes, about the numbers of dinosaurs, trilobites, Neanderthals, or mammoths,
at the times when they were around on earth?

You may object that a population that dies out does not have to be subcritical.
Indeed, one of the very points of branching process theory is the establishment of
the paradoxical possibility of frequent extinction in spite of general growth. Thus,
the extinct species population could well have been supercritical, but just suffered
from bad luck.
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However, as a matter of fact supercritical populations, which are known to die
out later, behave as subcritical populations. Contrary to what might be guessed,
they do not first grow exponentially at their Malthusian rate (see Sections 2.2 and
6.1), and later drop drastically. Instead, their size stabilizes, as that of a long-
lasting subcritical population: if 7 is the time of extinction, then

lim P(Z, = kln <t < 00) (6.70)

n—oo
exists for any supercritical population. In particular, for geometric processes with

m>1,

lim IE[sZ"|n <t<oo)=s(m—1)/(m—ys). (6.71)

n— 0o

We thus recover the distribution of Z* above, but with 1/m in place of m:

lim P(Z, =kln <t <00) = (m—1)/m" =1 —1/m)/(1/m)*",

n—oo

k=1,2,.... 6.72)

The important message, however, is that both types of models, sub- or supercriti-
cal, yield the same type of distributions as those of the size of now-extinct species.

Another useful characteristic of a branching process is the accumulated popu-
lation size, Y, up to generation n,

Y. =2o+2Z+---+2Z,. (6.73)
If Zy = 1, then
=E[Z]]+E[Zi]+---+E[Z)]
=1l4+m+---+m". (6.74)

If m < 1, the process dies out rapidly, and the total number of individuals ever
born,

Y=2Z0+Zi++Zy+ -, (6.75)

is finite, and so is its expected value
> 1
E[Y]= k= 6.76
[¥] ;m — (6.76)

This formula was used by Becker (1974) to evaluate the offspring mean in subcrit-
ical branching processes.

If m > 1then E[Y,] — 00, as n — oo. However, if we condition on the event
that a supercritical process dies out sooner or later (this condition gives nothing
new in the critical case) and denote the extinction moment by t, we obtain

1

E[Y|T<OO]=%,

(6.77)
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where Q = P(t < 00) is the extinction probability of the process (observe that
f'(Q) < 1; see Figure 5.2). To establish Equation (6.77), we write

E[Y ;
E[Y |t < oo] = 2 1T =l (6.78)
P(t < 00)
Further,
[0}
E[Y;t<oo]=ZIE[Z,,;n<t<oo]. (6.79)
n=0

Now observe that

M

E[Z,;n <1 <o00]= kP(Z, =k;n <1 < 00)

»
Il

1

kP(Z, = k) Q" (6.80)

I
M2

»
Il

1

since each of the populations that stem from the Z, = k individuals at time n
should die out. Thus, we obtain

E[Z,:n <T <o0] = QZkIP’(Z,, =k)Q*!
k=1

=of,@=0(f @) . (6.81)
Substituting this sequentially in Equations (6.79) and (6.78) gives Equa-

tion (6.77). In particular, in the supercritical geometric case Q = q/p =m™' < 1
and

/ 4 1
Q)= T—p0? m (6.82)
Hence,
EY|r<oo]m — =™ 41 (6.83)
l-m ! m-—1 m—1

Note that this expectation is monotone, decreasing to 1 when m increases. And
we obtain an (at first sight) unexpected result: if a supercritical process dies out
rapidly (and, therefore, the total number of individuals ever born in the population
is small), this may indicate that the expected offspring number is actually quite
large!

Using Equation (6.72) [or, directly, Equation (6.74)] and applying Equa-
tion (A.55) from the Appendix, one can check that

1 1

VarlY] = —— + E— (6.84)
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and, therefore, the variance of the limiting process decreases (vanishes) as m —
oco. A more detailed discussion can be found in Bruss and Slavtchova-Bojkova
(1999).

6.5 Interaction and Dependence

Most of the exposition has concerned classic branching processes, in which each
individual is supposed to live and multiply independently of everything else. Here
we return to the dynamics of the processes with dependence that were touched
upon in Section 1.4, and introduced in Sections 2.6 and 3.5. One fundamental
result, which does not require independence between individuals, is the extinction
or explosion dichotomy of Section 5.2. That result leads us into investigating
what happens to a population in which individual reproductive behavior tends to
stabilize in population growth. Typically, the larger a tumor, the slower its growth,
to cite just one example.

The independence assumption was defended by a reference to “small” popula-
tions that live in circumstances in which a limitation of resources or space is not
crucial. However, philosophically, it is also a natural idealization of the fact that in
population growth the individual acts as a motor. The population changes its size
as a result of individual action, and in this sense the latter is a primary, independent
force.

Once properties of such ideal populations of independent individuals have been
established, the question arises as to what extent they hold true in real populations,
in which interaction abounds. Such interaction may be specific, as that in predator—
prey interplay, or in symbiosis or parasitism, and should be modeled thus. Or it
could be of a less precise nature, and competitive or collaborative. We focus on
the latter general situation, and aim at a broad understanding of the implications
of dependence, rather than to penetrate the detailed form of some special types of
interaction.

Such general dependences could be local in the sense that they concern a few in-
dividuals only, such as closest neighbors or siblings. Or else they could be global,
and mirror how resources are depleted as the total population grows in a given
environment, or for a situation in which resources arrive in a flow, individual re-
production behavior could be dependent upon the size or density of the present
population.

As we have learned, such populations still either become extinct or grow beyond
all limits. However, two questions arise:

1. How will the extinction probability and time to extinction be affected by depen-
dence?

2. How is the rate of growth affected? For example, is it still exponential, and
does it have the same parameters?
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6.5.1 Sibling dependence

We first consider the interaction between siblings only. However, later we discuss
more general groups of relatives, such as first cousins, second cousins, etc., and
even other groups of interacting individuals.

A simple example (Olofsson 1997) demonstrates how the extinction probability
can be affected drastically. Consider a binary splitting Galton—Watson process in
which the probability of obtaining two children is one-half. This process is critical
(m = 1), and hence must die out. Now assume, instead, that of two sisters only
one may reproduce, say because the parental precinct can sustain one of them only.
Since the numbering of sisters is arbitrary, the probability that a given sister repro-
duces is one-half, and if she so does, she produces two children. The probabilities
of begetting two or zero children thus remain one-half, and m therefore still equals
1, but now there is a heavy dependence between sisters: if one has two children,
the other has none. Both processes are critical, but the population with dependence
never dies out.

Here is a more realistic example. Many insects, like various moths or butterflies,
lay eggs in large clutches, and their larvae compete for food. Clutch size therefore
influences larval growth and survival. Larval size, in its turn, affects pupal survival
chance and adult fecundity. In this case, the population cannot be compared easily
to a corresponding Galton—Watson process, since not only do the siblings affect
each other’s survival chances, but also they influence each other’s reproduction.

The latter example provides a hint about how to analyze populations with sib-
ling dependence. Different sibships are independent of each other, and their repro-
duction is determined by their sizes. In other words, if we consider the process as
a population of sibships, each sibship being a “macro-individual,” as it were, then
the process is a multi-type branching process, the type of each macro-individual
being its size. And, as such, if it does not die out, it grows exponentially. This idea
is illustrated in Example 6.3.

Example 6.3 Consider a butterfly species with clutch sizes of either one or two, so sibships
can have two different sizes. This can be modeled as a branching process with two different
types. Suppose that clutch size does not affect survival chance, but adult fecundity only.
An individual that had no sibs lays two clutches of size two. An individual that grew up
with a sib lays one clutch of size two with chance 1/2 and one clutch of size one and one of
size two with chance 1/2. This means that a macro-individual (sibship) of size two (a type
two macro-individual) has, on average, two offspring of type one and § x 2+ 1 x 1 =1
offspring of type two. Thus, the mean matrix of the multi-type process is

0 2
(1 1). (6.85)

The dominant eigenvalue of this matrix equals 2 and therefore the process is supercritical.

SO0
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When we leave the Galton—Watson context to consider more general branching
processes with sibling dependences, entire sibships continue to be the suitable
“macro-individuals.” However, their type description becomes more complex: not
only may sibship size play a role, but also properties like times between successive
bearings may have a say. Nevertheless, exponential growth remains unaffected.
We summarize this as a theorem, for proof of which, see Olofsson (1997).

Theorem 6.5 Supercritical branching processes with sibling dependence grow
exponentially. If the processes are homogeneous in the sense that individual re-
production distributions are unaffected by sibship structure, the growth rate is the
same as if individuals were independent with the same individual reproduction
law.

As pointed out, results of this type hold quite widely. In principle, it is enough to
establish exponential growth of the expected population, independently of earlier
history, plus a bound on the correlation between sizes of the progeny of different
individuals. However, for such, relatively complex, general results we refer to
Jagers (1997a).

6.5.2 Global dependence

The prototype for global dependence is population size dependence. This is for-
mulated most easily for a discrete-time process with non-overlapping generations.
Given the size, Z,, of the population at time n, its members reproduce indepen-
dently, as in a Galton—Watson process, but according to a probability distribution
that may be influenced by Z,. To express this dependence on population size we
may write py(Z,) for the probability of begetting k children as a function of the
population size. As pointed out in Section 2.6, an alternative is to consider a situ-
ation in which reproduction is influenced by the total population up to now,

Y. =2o+Z1+...+Z,. (6.86)

If it is assumed that the mean reproduction decreases in its argument, then because
Y,+1 > Y, renders this a special case of monotonically deteriorating environment
(i.e., the mean reproduction, though possibly random, is never increasing), we have
a set of models of interest in themselves. This is, in a sense, a simpler case than
dependence upon the present population size, which might fluctuate wildly, even
if it tends to infinity.

Klebaner (1984, 1985) proved Theorem 6.6 below, which shows that if the
convergence of reproduction means stabilizes fast enough, the population growth
is exponential. For Theorem 6.6, let

m) =Y kp(z) and o%(2) =) (k—m(2))pi(2) (6.87)

k=1 k=0

denote the expectation and variance, respectively, of the number of children per
individual in a z-sized population.
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Theorem 6.6 If for some m > 1

Y Imz) —m|/z<oo and Y o?(2)/z* < o0, (6.88)

z=1 z=1

then either the population dies out or it grows as m", as n — 00.

The proof of this is far beyond the reach of the present book, but the essence of
the theorem is quite natural: if the stabilization of the mean reproduction [i.e., the
convergence of m(z) toward m] is rapid enough as the population size z increases,
we have exponential growth at that rate (and otherwise not).

Example 6.4 Imagine a (bird) population in which a couple can raise, on average, m indi-
viduals within their own precinct. If they are not disturbed by other population members,
they can raise an additional average of a young. The probability of the latter being the case
is, of course, a decreasing function of population size. Various forms can be thought of.
One case might be that birds disturb each other independently and with the same probabil-
ity p, so that the probability that this one couple remains undisturbed is (1 — p)~! (if, for
simplicity, population size z is thought of as the number of couples). Then we obtain

m(z) =m+a(l—py', (6.89)

and the theorem is satisfied with a wide margin.

SO0

The generalization of Theorem 6.6 to more general processes has proceeded
along different paths. It holds for multi-type Galton—Watson processes (Klebaner
1989b, 1991), and from that a similar growth result has been deduced for very
general discrete-time populations (Jagers and Sagitov 2000).

Indeed, consider a population that evolves in discrete time, say year by year.
Assume that what happens to an individual during a year may be influenced by
her age and previous reproduction history, but also by population size. To be able
to analyze this model in terms of a multi-type Galton—Watson setup, assume that
there is a maximal number of children as well as a maximal life span. Then criteria
that correspond to those in Theorem 6.6 yield exponential growth.

For processes in continuous time, the situation is more complex. Provided the
population has a basic Markov property, namely that it is Markovian in age struc-
ture, that exponential growth occurs was established recently, under some extra
conditions (Jagers and Klebaner 2000). Markovian age structure is a very com-
mon assumption in population dynamics, and means that the future behavior of
an individual, given her age, is independent of her past. Classic demographic
models, as well as age-structured population dynamics or any model with age-
dependent birth and death intensities, build upon this assumption. Nevertheless, it
is of course, strictly speaking, untenable: if a mother has just had children she is
less probable to have another litter immediately — or, at least, it is not clear that her
tendency to give birth is unaffected by her earlier bearing history, to put it mildly.

For completely general processes, exponential growth under population size
dependence has been established only under a stronger condition, of the type
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(Jagers 1997b)

Z m(z) —m| < oo . (6.90)

z=1

Thus, we can summarize that exponential growth tends to remain even in cases
of dependence, provided the population is supercritical in the sense that the repro-
duction rate exceeds 1. That this holds true both for local dependences and for
dependence upon the whole population indicates that it should be a robust phe-
nomenon, valid in dependent structures of quite different kinds.

Let us underline that we view dependence, be it upon close relatives or upon the
population globally, merely phenomenologically, as summarizing the underlying
and possibly much more complex causal relations between external environment
and internal physiology (cf. Kooijman 1993).

From the discussion in Section 5.2, we know that dependence upon population
size cannot produce stationary populations. Now, it seems it cannot even produce
growth slower than exponential. This is, however, not true, as we show in the fol-
lowing slightly more technical section. If the reproduction probability distribution
approaches criticality as the population grows, and does so at the very same rate
as the growth of the population (this basically means that the size of the devia-
tion from criticality of the expected number of children in a population of size z
is of the order 1/z, as z — 00), then the population actually either dies out or
else grows, not exponentially, but at a slower, linear rate — there are also other,
polynomial growth rates.

6.5.3 Slowly growing populations
FC. Klebaner

In this section we look at branching models in which the offspring distribution de-
pends on the population size rather than the population density. In particular, we
concentrate on the case in which mean offspring numbers stabilize as the popu-
lation size grows larger and larger and approaches one, namely near-critical pro-
cesses. The near-supercritical case is treated in Section 6.5.2.

Again,

Zy
Zn+1 = Z%—i,n(zn) s (691)
i=1

with the distribution of &; ,, dependent on Z,,. If m(z) = E[£(z)] approaches m as
7 — 00, the process is called near-critical if m = 1 and near-supercritical if m > 1.
Recall that a classic branching population survives with positive probability if and
only if it is supercritical, and when it survives it grows at the rate m". Interesting
phenomena occur in near-critical populations. Under some conditions, not only
can they survive, as shown in Chapter 5, but also they can grow linearly, at the rate
n, or more generally polynomially, at the rate n* (see Klebaner 1983).
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Linear growth occurs in the following situation: m(z) should approach 1 as the

population size z increases to infinity, and moreover it should approach 1 at the
rate 1/z. The variances 0%(z) = Var[£(z)] should approach some limit 2. The
condition on third moments of offspring distribution in Theorem 6.7 follows from
the moments being bounded, as is certainly biologically reasonable.
Theorem 6.7 Suppose that z(m(z) — 1) — ¢, 0%(z) = o% o? < 2¢, and
that E[|&(z) — m(z)*1//z — O, all when z — oo. Then Z,/n converges in
distribution to some random variable, which is 0 with the extinction probability Q.
Furthermore, conditioned on non-extinction, it equals c if 62 =0, and if 62 >0
it has a Gamma distribution with parameters 2c /o> and 2/c>.

Note that if the condition on the limit variance is violated and o2 > 2¢, extinc-
tion occurs. Therefore, it can be said that such processes “live on the boundary
between extinction and survival.” For definition of Gamma distributions, see the
Appendix.

Under somewhat different conditions, this result was given by Klebaner (1984),
Hopfner (1985), and Kersting (1992), who obtained the best possible form.

Example 6.5 Recall the example of binary splitting from Section 5.8, in which the proba-
bility of division into two is p(z) = 1/2+ 1/(2z), given that the population size is z. In this
case, as shown, there is a positive chance of survival. Further, m(z) = 2p(z) = 1+1/z, and
zZ(m(z) — 1) = 1,0%(z) = 4p(z) — m*(z) — 1. The third moments clearly are bounded
by 2% = 8. Hence, if the population does not die out, Z,/n converges to a I'(2, 2) variable
(again, see the Appendix).

SO0

Example 6.6 A further application is provided by polymerase chain reaction (PCR) models,
which have the mean “offspring” number per molecule

m(z)=1x(l—p(z))+2><p(z)=1+p(Z)=1+L, (6.92)
K+z
when population size is z, provided Michaelis—Menten kinetics can be assumed (see Sec-
tion 7.5). The variance of the offspring distribution of any single individual is
Kz
(K +2)?°
Since the offspring number per molecule does not exceed two, the third moment is, clearly,
bounded, and thus satisfies the condition of Theorem 6.7. It follows from Theorem 6.7 that

0*(@) =4p@@) + 1 — px) —m*(2) = p()(1 — p(2)) = (6.93)

Zo/n— K (6.94)

in probability as n — co. As we show later, convergence actually holds in stronger senses.

SO0

A more general, polynomial growth may occur in near-critical processes.
For different types of growth, including polynomial, see Klebaner (1989a) and
Kersting (1992).
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Theorem 6.8 Suppose that there exist constants 0 < ¢ < o2/2 and o < 1, such
that as 7 — 00,

27m) = 1) > ¢,0%2) /% —> 62> 0, (6.95)

E[l£(z) — m(2)|’1/z"/*"* - 0. (6.96)

Then Z,/n'/9=% converges in distribution. The limit W equals zero only if the
population dies out. If this does not occur, the limit has a generalized Gamma
distribution, that is, W= is Gamma with parameters 2c — o’a) /(0> — o%a)
and 2/(02(1 —a)?).

Polynomial growth typically occurs in a situation in which the number of off-
spring is 0 with a very large probability and very large with a very small probabil-
ity, as illustrated in the Example 6.7.

Example 6.7 Given that the population size is z, let the number of offspring be a(z) =
[62z%], where the brackets denote the integer part of a number and « < 1/2, with proba-
bility p(z) = 1/a(z) + c¢/(a(z)z'~) and zero with the complementary probability. Then
m(z) = a(z)p(z) satisfies the assumption, as do the variances and third moment. There-
fore, conditioned on non-extinction, Z, /n'/(=% converges to a limit that has a generalized
Gamma distribution. This example might be appropriate for modelling insects, in cases
where there is a great risk of larvae dying, but otherwise they give birth to a large number
of individuals.

OO0

For near-supercritical processes, m(z) — m > 1, Theorem 5.9 (Section 5.8)
gives sharp conditions for geometric growth with rate m”. A description of growth
rates close to exponential in near-supercritical processes is given in Kiister (1985)
and Keller et al. (1987).

These processes are studied in the framework of a more general growth model,

X1 = X + (X)L + &pp1) (6.97)

where Xy > 0, g(¢) is strictly positive, g(¢)/t — 0 ast — oo, and (§,) is a
so-called zero-mean, square-integrable martingale difference sequence, that is

El&41] X0, -+ . Xal =0 (6.98)
and
E[&7, | Xo, -+ Xal = 07(X,) . (6.99)

Under several regularity conditions, the authors show that extinction or ex-
plosion occurs, that is, lim,,o X, = 0 or lim,,. X, = oo and that
Pdim,— X, — 00) > 0. The growth rate of the (X,) is characterized with
help of the function G(t) = fll ds/g(s) (which tends to co as t — o00). If
A = {X, — oo}, then G(X,,)/n — 1 with probability 1 on A. It is also possible
to compare the stochastic recursion Equation (6.97) to the deterministic one. Let
ap = 1l and a,4+1 = a, + g(a,) define the deterministic solution of Equation (6.97),
then it is possible to estimate how closely X, tracks a,, [see Keller et al. (1987) for
details].
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6.6 Growth of Populations with Sexual Reproduction
G. Alsmeyer

In Section 5.9, we studied the effect of sexual reproduction on criticality and ex-
tinction risk of branching processes. Here, we consider the ultimately supercritical
case (my > 1) and take a look at the question of how such populations grow in the
event of survival. Since m, describes the asymptotic growth rate per generation
if the population becomes large, it is not unreasonable to believe that Z, grows as
m7, in the event of survival. However, even for the simple Galton—Watson process,
the famous Kesten—Stigum theorem has already shown that this is true only under
an additional condition on the offspring distribution. Defining the normalized pro-
cess

Zy
W, = , n=0, (6.100)

ml‘l

we have that
E[Wys1 Wy = im ] = E[W,1.11Z, = i]
= mo_o("+1)E[Zn+l|Zn =i]= imim;n+l) < im (6.101)

for all i. Thus, (W,),>0 constitutes a non-negative supermartingale and, there-
fore, converges to a finite random variable W with expectation E[W|Z, = i] <
E[Wy|Zy = i] =i for all i. In other words, the long-run population growth rate is
at most my,. This should not come as a surprise, because the average unit repro-
duction means are bounded by this value. However, when is m also the correct
normalization in the sense that the limiting variable W is positive in the event of
survival?

The difficulty of this question is best understood when the approximation of
Z, by Wm?  is considered as a two-step result Writing Z,, as the product
% . % .. 2L replace first each factor z_ with its conditional expectation
given Zj_1, that i 1s my, ,, and then the latter w1th its limit (and upper bound) m
as Zy_; tends to infinity. We thus arrive at the decomposition

n—1

W, = v,,~]_[mz" , (6.102)
k=0 Moo

where V) = Z, and

Zn
Vp=——, n>1. (6.103)
mzy,-...-mgzg, _,
Now, since
Zy
Voot = Vo2t (6.104)
Z nMz,
and the conditional expectation of 2*‘ given Zy, ..., Z, equals mz,, a similar

computation as in Equation (6.101) shows that (Vn)n>0 constitutes a non-negative
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martingale, that is, E[V, 4|V, = v] = v for all n and v. Hence V,, converges to
a random variable V, which is at least as large as W because V,, > W, for all n.
Taking limits in Equation (6.102) now yields

mz,

W =1V. (6.105)

k=0 Moo

So Z, indeed grows as m% in the event of survival, provided that both the mar-
tingale limit V and the infinite product [, ':;—Zo: are positive in that event. The
latter obviously holds true if m; converges to m, sufficiently quickly. However,
without a restriction to special mating functions it seems difficult to translate these
requirements into conditions on the offspring distribution (p; ); x>0. Gonzélez and
Molina (1996, 1997) did some related work for general ¢, but circumvented the
problem by directly imposing conditions on the derived quantities d; = m; — mq,
essential ones being that d; < g(j) for all j and a suitable concave function g that
satisfies i1 j'g(j) < oo. By adding further conditions not reported here they
could prove that Z,, grows as m7 (W is positive) in an event of positive probability,
but not necessarily the full event of survival.

At least for monogamous populations with mating function ¢(x,y) =
min(x, y), Bagley (1986) was able to provide a satisfactory answer, stated in The-
orem 6.9 below, which is actually the perfect analog of the corresponding result
for asexual populations described by simple Galton—Watson processes. Recall that
pf and p} denote the probabilities that a couple has exactly j female and k male
offspring, respectively, and hence p” = 3", pjx and pf = 3", pjx-

Theorem 6.9 Let (Z,),>0 be an ultimately supercritical Galton—Watson process
with a monogamous mating function { and an offspring distribution (p; ) =0 that
satisfies Assumption 5.2 (Section 5.9), then Y .., pf kInk < oo implies that W is
positive in the event of survival, that is, P(W >00Zy=i)=1-0; for all i,
while Y, pfkInk = oo implies W = 0.

As one can verify easily, Y, p{kInk < oo and )", p{’kInk < oo are
equivalent conditions under Assumption 5.2 because 0 < 6 < 1.

Sketch of Proof. We content ourselves with the following very intuitive heuristic argument
under the additional assumption m* £ m™ or, equivalently,  # % To be specific, suppose
m" < m™. If the population survives and hence grows to infinity, eventually the total
number of female offspring produced by a generation is always smaller than the respective
number of male offspring. In fact, the Law of Large Numbers even shows that

Zn

1 1
7 Mo = o) = — PCATIED AW (6.106)

" k=1

tends to mM — mf > 0, if Z, — oo. Consequently, for large n the number of couples
that form the (n 4 1)th generation just equals the number of female offspring of the previ-
ous one, whence (Z,),>o ultimately behaves as the simple branching process obtained by
considering only the females. The assertions of the theorem now follow by invoking the
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Kesten—Stigum theorem. It is quite clear that the heuristic just given remains true if the
offspring distribution satisfies Assumption 5.3 (Section 5.9). Since m,, = min(m”, m%),
Theorem 6.9 shows that, even if m” = m™, a surviving monogamous population grows at
the same order of magnitude as one of its associated asexual counterparts in which females
and males, respectively, reproduce without mating. Of course, the probability of survival is
always smaller in the case with sexual reproduction. The same heuristic becomes exact for
(unilateral) promiscuous populations because, in the case of survival, the number of couples
precisely equals the number of females in each generation. The male subpopulation enters
into the analysis only by causing an increased chance of extinction.

SO0

6.7 Immigration in Subcritical Populations

In Section 2.10 we calculated the expected size of populations with recurrent im-
migration. Here we continue to study the properties of such populations and con-
centrate on the situation in which the local branching process is subcritical. From
Section 2.10 we know that in that case the average number of individuals stabilizes.
Here we show that, moreover, the distribution of the population size is stationary.

Let f(s) be the local reproduction generating function and denote the probabil-
ity generating function of the number of invaders per period by g(s). We denote
the probability generating function of the number of individuals in generation n in
the resultant branching process with immigration by F(n, s) = E[s%" ]. Applying
the conditional expectation argument (see the Appendix), we obtain

F(n,s) = E[ s5 ot +&z,, 4%
= B[ B[00t 7, )
= E[ E[SEISSZ .. SEZ"*' SY” |Zn—1 ]] , (6107)

where, as before, & is the number of children of the ith individual in generation
(n — 1), and Y, is the number of immigrants in the nth generation. Since Y, is
independent of Z,,_;

F(n,s) =E[E[s55% .. 551 | Z,_; ]IE[s"] = E[f(s)*'1g(s)
=F(n—1,f(s)g(s) = Fn—2, fr(s)g(f(s)gls) =---
= F (O, fu(s)g(fuo1()g(faa(s)) - g(s) . (6.108)

Thus, if the population is initiated at » = 0 by a random number of invaders
distributed according to the probability generating function F (0, s) = g(s),

F(n,s) =[] e, (6.109)
k=0

and if there were a non-random number z( of individuals at n = 0,

n—1

F(n,s) = (fu(s)® l—[g(fk(S)) . (6.110)
k=0
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We show that a non-trivial stationary distribution exists in both cases if the local
process is subcritical, that is, for any s € [0, 1), lim,_ o, F(n, s) exists and is
positive.

Since g(s) < 1 for any s € [0, 1), the product ]_[Z;(l) g(fx(s)) monotonically
decreases in n and, therefore, there exists a finite limit

n—1 o)
Tim [Te(fis) = [Tt (6.111)
k=0 k=0

On the other hand, since the generating function increases with s,

0<1—/fuls) <1—f,(0) <m" (6.112)
and, therefore, lim,_, o f,(s) = 1. Thus, for any fixed z,

Jim (fp(s)* =1. (6.113)

Combining this result with Equation (6.111), we see that if F (0, s) = f%(s) then

n—1 0
lim F(n,s) = lim (£, [ [e(fe) =[] g(fls) . (6.114)
k=0 k=0

The same limiting expression appears if F (0, s) = g(s). To show that the limiting
quantity is positive we apply Jensen’s inequality (see Appendix) to obtain

F(n,s) =E[s*] > s"%1 (6.115)
Hence, recalling Equation (2.106), we conclude that in both cases

lim F(n,s) > s ElZid — g2/0=m) - (6.116)
n—o0

as desired (where A is the expected number of immigrants per period, see Sec-
tion 2.10).

Unfortunately, the right-hand side of Equation (6.114) can rarely be calculated
explicitly. However, using Equation (6.114) we can derive estimates for the aver-
age length of a life period of the process. Recall that a life period is the interval
between the moments when the first invader (or invaders) came to an empty site
until the first moment when the site becomes empty again. Information on the
length of such periods may be used, for example, in epidemiology and ecology. In
the context of epidemics, such periods correspond to the durations of outbreaks of
diseases that do not lead to full epidemics (Section 7.6). Further, they correspond
to periods of occupancy of sites in metapopulations (Section 7.7).

To calculate the average length of a life period it is convenient to select O as the
starting point of the period. That is, we suppose that Z_; = 0 and Zy > 0 and
calculate the average value of the quantity

T =minfk > 0: Zx =0} . (6.117)

(This does not impose any restrictions, it is just for mathematical convenience.) It
can be shown (see Box 6.2) that Theorem 6.10 is true.
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Box 6.2 Proof of Theorem 6.10

Since Z, is distributed as Yy, the number of invaders at moment 0, provided that

Y() > 0, is

E[s"; ¥y > 0] E[s"] —E[s"; ¥, =0] g(s) — g(0)
P[Y, > 0] 1 —P[Y, = 0] T 1—-g(0)

Now we consider the development of this process up to time n. Taking into account

that T > 1, we have

F(0,s)= (a)

n—1
F(n,s) :Z Plt=n—k]E[s? |t =n—k]+P[t >n]E[s?* |t >n] . (b)
k=0
Observe thatif T = n—k for some k < n, the site is empty at time n —k and, starting
from this moment, the population develops through invaders and their offspring
only. In other words,

k
Els™ |t =n—kl=]]e(fs). ©)

j=0

However, on account of Equation (a) and Equation (6.108)

g(fn(s)) 2(0) '

F(n.5)=F(0, fn(s))l'[gm(s)) ]'[g(fk(s)) ()

k=0 ©
Thus, from Equations (a) and (b)

n—1

Y 0
g(f ()~ 8¢ )1_[ (fm))—ZP[r —n—k]]_[g(f,(s))

Y
+ E[sz” |t > nlP[r > n]. (&)
Define b; = IP[t > j] and recall that
k
re=[]e(f0), k=0. ®

j=0
Observe that P[t = n — k] = b,_x — b,_x+1. Since, given that t > nand Z, > 1,
we have
E[sz”|r>n]‘ -0, )
s=0

substituting s = 0 in Equation (e) gives

: 0)) — 0 n—1
g(fl(_)i)g(o;g()rn 1= Z(bn—k - bn—k+1)rk . (h)

It is an easy exercise to check that forn > 1

n—1

D buk = buis)Ire = ruibi + Y by a1 (o1 — 1) = Fobusr - @)
k=1
continued
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Box 6.2 continued
Substituting this in (e), recalling that 7y = g(0) and b; = 1 and rearranging, we see
that

n—1

2(0)) — g(0 j
SO 8Oy N =) ®
k=1

g(o)bn+l = rnfl(l - 1— g(o)

Since g(f£,(0)) = ’—

n—1

n—1

at = 1)+ Y baisr (e — 1) - ()

k=1

1
g0)b,y1 = m

Since t is a positive integer-valued random variable, E[t] = Y -, b, (see the
Appendix). Using this relation and summing the left-hand side of Equation (k) over
n > 1, we obtain

80)Y by =g(0) Y b, = gO)(E[r] - 1), 1)

n=1 n=2

whereas summing the right-hand side of Equation (k) gives

1 oo oo n—1
T AN Z(rn—l - rn) + Z an—k+l (rk—l - rk)
1240 n=1 n=1 k=1
1 ) [o¢] o0
=———(o— limr)+ Y (1= 7%) D buis
I -2 e k=1 n=k-+1
1
=————(ro— limr,) + (ro — lim r,)(E[r] - 1) . (m)
1— g(()) n—00 n—00

Combining the equalities above and recalling that ry = g(0) and lim,, .o 7, = 7,
we obtain from Equations (1) and (m)

1
Elr] = 1Dg0) = (g0 —r) (1_7) + Elr] - 1)) ; (m)

8@

which leads to the expression in Theorem 6.10.

Theorem 6.10 The average length of a life period is given by

_ 1 =-ng©
r(1—gO)’
where r = [];2 g(fx(0)).

E[7] (6.118)

The proof is given in Box 6.2. One may think that the calculation of r is diffi-
cult. However, since r, = ]_[Z:O g(fr(0)) converges to r rather quickly, r,, provides
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a good approximation. Indeed,

r—r=[TsxON-T]efOn=[TexhO0- [ aO) . ©.119
k=0 k=0 k=0

k=n+1
Further,
o0 o0 o0
1= ] @) = Y d=g(fiO) < Y Al = £i(0)
k=n+1 k=n+1 k=n+1
o0
Am”“
< A k = .
< ) =T, (6.120)
k=n+1
and therefore,
0 )\,anrl 1—m— )\mn+l
[T shon=z1-"—= . (6.121)
k=n+1 —-m 1—m

Thus, for the absolute error in the approximation of r by r,,

)\m”“
O<rm-r= , (6.122)
1 —m
and if Am"*! < 1 — m, then we find for the relative error
Ofrn_rz - 1 _15 1—m _
r [Tzt 8(fi(0)) 1 —m — amnt!
A n+l1
= (6.123)

T 1—m—mrt

6.8 Quasi-stationarity: General Remarks
A.D. Barbour

The branching process is a good model for describing the growth of a popula-
tion, as long as the assumption of a fixed life-history distribution is reasonable,
irrespective of population size or density. This is a plausible approximation to
the truth in the early stages of population growth, and makes branching processes
excellent models for answering questions about the survival or extinction of pop-
ulations, and in particular about the life-history strategies to be adopted by colo-
nizing species. For instance, their reproductive strategy should ideally be chosen
to maximize the Malthusian growth rate, rather than the lifetime mean number of
offspring per individual. However, if a population successfully establishes itself,
it cannot maintain exponential growth for ever; limitations on resources, such as
space, light, and food, or increases in predation and disease lead to changes in fe-
cundity and mortality, and the assumption of a fixed life-history distribution has to
be abandoned.

The simplest scenario is that in which increasing population density leads to a
gradual reduction in the lifetime mean number of successful offspring m per indi-
vidual. Initially, the growing population has mean offspring number m = mgy > 1.
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As pressure on resources grows, because of increasing population density, the
value of m sinks, as does the Malthusian rate of growth. When the value of m
has fallen as low as 1, the rate of growth is reduced to zero, and no further pop-
ulation growth takes place, at least on average. If random variation increases the
population density, living conditions become even worse, the mean number of off-
spring per individual falls below 1, and the population density tends to decline,
until it again reaches the level at which m = 1. If random variation reduces the
population density, living conditions improve, m rises above 1, and the population
density tends to increase until m = 1 once more. Thus the actual population den-
sity fluctuates at values close to the “carrying capacity,” the density K at which
m = 1. It varies because of random effects, or “shocks”: the environment may
fluctuate in a way that can best be described as random, and even in a constant en-
vironment, the randomness inherent in individual reproductive success influences
the population density. However, whenever the system is disturbed from its natural
equilibrium, the resultant changes in m have the effect of directing the population
density back toward equilibrium once more. A snapshot of an established popu-
lation thus reveals a population density that is not exactly K, but takes a random
value in the neighborhood of K (see Barbour 1976).

An example of this, first for simplicity without the randomness, is afforded by
the logistic growth model

dn(t)
dt

which describes the way in which the population density n(¢) varies as a function
of real time, starting from some initial density ny. At low densities, n increases
exponentially at the basic reproductive rate ry, which corresponds to the exponen-
tial growth of the branching process in continuous time; for the population to be
successful in growing, it is necessary for ry to be positive, which is equivalent to
having my > 1. At higher densities, the growth rate is tempered by the factor
(1 — n/K), which reduces the actual net reproductive rate as n increases, in such
away that dn/dt > 0ifn < K and dn/dt < Oif n > K; the population density
tends toward an equilibrium at n = K, as long as ny > 0. If randomness is added,
the population density n, when observed in “equilibrium,” becomes a random vari-
able with a mean close to K. Its variance depends principally on two competing
effects: the strength and intensity of the random shocks, which disturb n away
from K, and the strength of the drift back toward K implicit in the differential
equation (6.124).

The drift back to equilibrium is relatively easy to describe. In the deterministic
model, Equation (6.124), one can re-express the differential equation in terms of
the difference y between the population density n and its equilibrium value K,
n(t) = K + y(t), where, near equilibrium, |y(#)| < K. This then leads to the
differential equation dy(¢)/dt = —ryy(¢) with solution

y(@) = y(0)e™", (6.125)

=ron){1 —n(@®)/K},  n(0) =ny, (6.124)
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which is approximately satisfied by y. The form of this solution describes an
exponential decline in the size of the departure from equilibrium, with “relaxation
rate” ro characterizing the rate at which the decline takes place. This exponential
rate can also be expressed in terms of its “half-life” 7, the amount of time that
elapses before the disturbance y(#) drops to half its original value y(0), such that
y(r) = % ¥(0). Then it is easy to see from Equation (6.125) that the half-life t
is given by 7 = (1/r¢) In, 2. Half-life and relaxation rate are thus different, but
equivalent, ways to describe the strength of the drift back to equilibrium. We use
the latter because, like drift, it is a rate.

The relaxation rate in the Model (6.124) takes the value r, but this is actually
coincidental. There is a more general model,

fl—?:ronf(n/l(), n(0) =nyg, (6.126)

in which f(x) represents the fraction of the basic reproductive rate achieved by
individuals at a population density of x K, and can be chosen more flexibly than
the choice f(x) = 1 — x implicit in Equation (6.124); f is typically a decreasing
function, with f(0) = 1 (so that ry indeed becomes the reproductive rate at popu-
lation density zero) and with f(1) = O (so that the carrying capacity K is indeed
the equilibrium of the system). In this more general model, it can be shown that
the drift back toward K has relaxation rate

y =-rof'(1). (6.127)

In Model (6.124), /(1) = —1, and Equation (6.127) gives the relaxation rate
ro, as previously calculated. Note that, in general, (1) < 0 because f is de-
creasing, and so the relaxation rate is, in fact, always positive. Thus, as might
be expected, the scale of the variation about K depends, in part, upon the way in
which the reproductive success of the individuals reacts to changes in population
density in the neighborhood of the carrying capacity, through f’(1), and is not
determined by the initial net reproductive rate ry alone.

Many stochastic models are broadly approximated by Equation (6.124) or
(6.126). Perhaps the simplest is a “Markov” model, in which individuals are ex-
posed to mortality at a density-dependent rate p(n/K) per unit time, and give birth
at arate A(n/K) per unit time, irrespective of their age and experience. This is for-
mally understood in the sense that, in a population of size N = nA in a habitat
of area A, an “event” takes place after a random time that has a negative expo-
nential distribution with mean 1/[nA{A(n/K) 4+ u(n/K)}]; the event is a birth,
with probability A(n/K)/{A(n/K) + n(n/K)}, in which case N is increased by
1, or a death, with probability u(n/K)/{ (n/K) + n(n/K)}, in which case N is
decreased by 1, and the process then begins again with the new value of N. None
of these assumptions seems particularly attractive at first sight; fortunately, the
pattern of behavior of the model mimics that of many more realistic models that
incorporate “demographic randomness.”

In this Markov model, if A and therefore N are large, it can be shown that the
behavior of n(r) := En(z), the expected population density, is close to that of the
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solution to the differential equation

d
d—': =a{Ai/K) — u@i/K)},  7(0) =no. (6.128)

Thus, if A is a decreasing function (fecundity declines as population density in-
creases) and u is an increasing function (mortality increases with increasing pop-
ulation density), and if A(1) = wu(1) (fixing the carrying capacity as K), then
Equation (6.128) is the same as Equation (6.126), with ro = A(0) — 1 (0) > 0 and
fx) = (A(x) — u(x))/(A(0) — u(0)), and with relaxation rate y = —ro f'(1) =
w' (1) — A'(1). Tt can further be shown that, in “equilibrium,” when the random
shocks occasioned by demographic randomness are balanced by the inherent drift
back toward K, and the fluctuations about the equilibrium density K have a dis-
tribution that remains constant over time, the population density n is distributed
approximately normally, with mean K and variance V given by

K AU]
A2y
where v; denotes the common value of A(1) and (1). In this formula, the relax-
ation rate y of the differential equation (6.128), which describes the behavior of
the mean drift, appears in the denominator. To interpret the remainder, 2K Av; is
the rate at which random shocks — in this model, birth and death events — occur in
equilibrium, and 1/A? is the squared magnitude of these shocks. When the num-
ber of individuals in the population changes by 1, the population density n changes
by 1/A. Thus, the equilibrium variance is given by half the rate of incidence of
squared shocks, divided by the relaxation rate, a somewhat quaint formula (except
that a variance is an average of squares, which explains the appearance of squared
shocks; the dimensions are {area}~2).

The variance V is inversely proportional to the typical size of the population, as
reflected in A. Thus, the larger the value of A, the smaller the value of V, and the
more reasonable it becomes to approximate the population density by the constant
K. Indeed, such an approximation is plausible provided the fluctuations are small
compared to the mean density; that is, provided that /V <« K or, even more
explicitly, provided that

KA>v/y. (6.130)

1
V= Kb +ul/y = (6.129)

Note that K A is approximately the expected total population size in equilibrium.
An alternative random variant of Equation (6.126) is obtained by supposing
that randomness arises only through variations in the environment. For instance,
the constant carrying capacity K in Equation (6.126) could be replaced by a ran-
domly varying function K (¢), generated much as n(¢) in the previous model by a
combination of random shocks, which tend to disturb K (¢#) away from its natural
equilibrium value K, and a natural exponential relaxation rate of return toward K .
The intensity of squared shocks, the product of the rate at which random shocks
occur and their average squared magnitude, and thus the analog of 2K Av; /A2,
could be denoted by o2, and the relaxation rate by 8, for instance. Then, provided
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that V = o2/28 is small compared to 1, the random fluctuations in n(z), the solu-
tions of

Z—IZ =ronf(n/K(t)), n(0) =nop, (6.131)
are small compared to the typical population density K, and the approximation of
K (t) by the fixed value K is not at all bad. If, in addition, the relaxation rate y of
the underlying differential equation (6.126) is small compared to 8, the population
density reacts relatively slowly to the random changes in the environment, and
is correspondingly affected less by them, as a result of “averaging”; this further
improves the approximation that results by assuming K (¢) to be fixed at K.

In the above examples, and many other, more complicated variants, the behavior
around equilibrium can be described reasonably by such combinations of random
shocks and relaxation toward equilibrium. In a model with “equilibrium” variance
V and relaxation rate 8, with /V small compared to the equilibrium density K,
a reasonable approximation near equilibrium is usually provided by an Ornstein—
Uhlenbeck diffusion. This can be understood by thinking of the random shocks as
driving a Brownian motion, which is, however, constrained by the relaxation effect
to remain near equilibrium. Over very short time intervals, the randomness looks
exactly like that of Brownian motion, but the further the process wanders from
equilibrium, the stronger is the force of the drift back toward it. If the infinitesimal
variance (volatility) of the Brownian motion is denoted by o — as in the intensity
of squared shocks in the previous example — then the equilibrium variance V is
again given by 02/28; and, much as in the usual Central Limit Theorem, the equi-
librium distribution of the random population density is approximately normal,
with mean K and variance V. Looking more closely at the values of the popula-
tion density in (stochastic) equilibrium, the correlation between n(0) and n(¢) falls
off exponentially, being given by e# (and they are jointly normally distributed);
thus, it is possible to estimate both > and B from measurements of the population

density at a number of different times, 1, < f, < --- < t,, by considering the
sample variance and the sample autocorrelations.

To illustrate this last point, suppose that population densities ni, ny, ... , n,
have been measured at equally spaced times, ¢,t + h, ... ,t 4+ (r — 1)h. Then the
sample variance v(0) of ny, ny, ... , n, is an estimate of the equilibrium variance
V = 02/2,3, and each of the sample autocovariances at lags [ = 1,2,...,L,
defined by

1 r—l
v(l) = —— nj —n)(njy —n, 6.132
(1) i= =7 ) (= = 1) (6.132)
j=1
where 7 denotes the sample mean of ny, ny, ..., n,, is an estimate of Ve lbh,

Here, i and L should be chosen carefully in such a way that v(/) declines visibly
between ¢ and ¢ + Lh; however, systematic effects, such as seasonal variation, also
have to be accounted for, so this procedure is not particularly easy to realize in
practice. Nonetheless, if this has been achieved, and if all the v(/) are substantially
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positive, a linear regression of In, v(/) against [, for 0 <[ < L, should display an
intercept In, (02 /28) and slope —Bh; for values of v(/) near or below zero, a more
sophisticated fitting procedure should be used.

Since the whole of the random behavior of the Ornstein—Uhlenbeck process is
determined by the values of the two parameters 8 and o2, it provides a simple and
practical description of behavior near equilibrium. In addition, it has a number of
other useful features. For instance, if n(0) is known, the conditional distribution of
n(t) is normal with mean n(0)e ' and variance o>(1 — e~%#") /28, which shows
in very concrete terms how the predictive value of the current value of the popu-
lation density decreases with time. What is more, the model is Markovian; extra
information about n(s) at times s < 0 has no extra predictive value.

Of course, many other possible combinations of environmental and demo-
graphic randomness could be envisaged, and many more complicated interactions
between species that may combine to maintain an equilibrium; indeed, the equilib-
rium may not consist of a static, fixed state, but may take the form of an (almost)
steady periodic orbit, a more complicated “strange attractor,” or even ‘“‘chaotic”
behavior. Thus, the Ornstein—Uhlenbeck model is no more than one possibility,
but it can easily occur, and it can be verified easily in practice, because it depends
on only two parameters.

So far, in this discussion of randomness at equilibrium, the emphasis has been
on fluctuations about equilibrium that are small when compared to the average
population density. What happens if this is not the case? The answer is (bio-
logically) both simple and disturbing: extinction. Obviously, a population cannot
regenerate itself from a value of zero, and any chance fluctuation that reduces the
population to zero results in extinction. For populations in which the equilibrium
density is not large compared to the size of the typical fluctuations about equilib-
rium, such a chance event occurs relatively quickly, and the population becomes
extinct thereafter — indeed, one cannot in such circumstances reasonably talk about
“equilibrium”; the natural limit is extinction, even though ry may be greater than
0 (or, equivalently, mg > 1).

Technically speaking, the same is true even when the random fluctuations about
the equilibrium density are relatively small. Let the random process run indefi-
nitely, and at some time a fluctuation will occur that is large enough to bring the
population to extinction. Indeed, all individuals simultaneously having poor repro-
ductive success for many generations or a long period of adverse environmental
conditions might be enough for this. However, as long as the typical fluctuations
in the population density are small enough, the expected length of time until such
an event occurs is very long; no-one seriously expects the human race to die out in
the foreseeable future just as a result of no-one choosing to have children, although
theoretically this could happen. Until such a chance event occurs, the fluctuations
in population density are as if this theoretical possibility did not exist, at least if the
branching process approximation in small populations has my > 1. Such behavior
is called quasi-stationary. It is indistinguishable from a true stochastic equilibrium
over long time periods, and exhibits just the same sort of stability in the distribution
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Figure 6.2 Approximate probability density function (PDF) of the time until extinction T .
The shaded area represents the probability of the event {Tp < %ETE}.

of fluctuations about the equilibrium density, even though the theoretical possibil-
ity of extinction exists.

A quantity of critical interest is therefore the expected length of time that a
quasi-equilibrium is likely to persist. Is the system effectively stable, in the sense
that the expected time to extinction is longer than the expected lifetime of the
planet, or is extinction likely to occur in the next few years? Endangered popu-
lations are those for which the latter is the case; the longer the expected time to
extinction, the less threatened the population. Unfortunately, the expected time to
extinction is a quantity that depends very much on the detail of the random pro-
cesses that govern the population size. Simple rules of thumb are unreliable, except
perhaps as qualitative guides, and should always be supplemented by (computer)
calculations within the actual model. This said, in a model with natural carrying
capacity K, “equilibrium” variance V, and relaxation rate g, the time until a fluc-
tuation below a level K — k\/V occurs, for k£ “large, but not too large,” has an
expectation that is, roughly,

(V27 /kB) exp{1k?} ; (6.133)

k needs to be large because the formula is an asymptotic formula for a particular,
Ornstein—Uhlenbeck diffusion model, yet k must not be too large, so that this
diffusion model remains a reasonable approximation to the true model. And, as
observed above, if an Ornstein—Uhlenbeck approximation is reasonable, both V
and B can, in principle, be estimated from the observed autocovariances of the
population density.

The main interest in Formula (6.133) is in the dependence on k, the number
of standard deviations represented by the magnitude of the fluctuation being con-
sidered; the expected time until such a random fluctuation occurs increases as the
exponential of the square of k. This helps to explain why quasi-equilibria are very
much a fact of life; they can really persist for very long times, if the conditions are
suitable. However, a warning is also necessary here; the approximate distribution
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of the time until extinction T is typically exponential, so that an actual extinction
time of one-tenth of the expected time to extinction occurs with a probability of
about 1/10 (see Figure 6.2),

P[Tp < 5ETg] ~ 1/10. (6.134)

6.9 Quasi-stationary Behavior in a Simple Discrete-time Model
G. Hognas

In many population-modeling situations we start by assuming certain properties or
rules of behavior on the part of the individual and extrapolate these to formulate a
model for, say, the population density. While this approach has many undeniable
advantages — it may be the only practicable way of analysis — we lose something
in the process as well.

In this section we look at some aspects of modeling individuals versus popula-
tion densities. As they should, the two formulations yield results that are similar
in many respects, but some of the analogies are not so clear-cut and need a sub-
tler mathematical treatment. An introduction to, as well as a motivation for, the
study is given in Section 1.4. Klebaner (1993), Klebaner and Nerman (1994), and
Klebaner et al. (1998) found similar results as those presented here, on related
models.

Consider a homogeneous population that consists of a single species. We are
interested in modeling the total number of individuals at discrete time-points
t=0,1,2,... as asimple random process. Assume that the population dynamics
is governed by the size of the total population only. We do not, for example, differ-
entiate between individuals by age; one could think of certain insect populations
in which all individuals, in a sense, belong to the same generation. (Another con-
venient way to think of is that we model the number of individuals in generation
t + 1, which depends on the size of the preceding fth generation only.) This influ-
ence on the population is summarized in a constant environmental parameter b.
If the total population in generation ¢ is small, almost all the individuals produce
offspring. We assume that the actual offspring sizes of the individuals are inde-
pendent random variables. When the total population Z, grows larger, individual
reproduction declines through competition or cannibalism, so that the probabil-
ity of an individual not reaching maturity (and thus producing no offspring) is
1 —exp(—bZ,), as argued in Section 1.4. We assume, however, that the individual
offspring distribution on condition of survival until maturity remains one and the
same po, P1, P2y ... .

Thus, the population grows by a size-dependent branching mechanism, as fol-
lows. If the size of the population at time ¢ is n > 0, then each individual, indepen-
dently of the others, does not survive to produce offspring (or is otherwise unable
to produce offspring) at time ¢ + 1 with probability 1 — exp(—bn), and produces
k offspring with probability e~*" p;, where po, p1, pa, ... is the given offspring
distribution. If the size of the population ever hits 0, the population is extinct.
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Note. The sole source of randomness is demographic stochasticity, the variation in the
actual offspring of individuals who are assumed identical in all other respects.

SO0

Denote by Z, the total number of individuals in the 7th generation. We can write
our model in the form

S g, ifZ, >0

Zi = j=1>7: tr=0,1,2,... .1
t+1 { 0’ lf Z[ — O O’ )~y k] (6 35)
where &;,&;,...,&z, are mutually independent identically distributed ran-
dom variables. The common distribution depends on Z;, however: P(§; =
k| Z =n) =exp(—=bn)pyfork =1,2,...,and P(§; =0 | Z, = n) =

1 —exp(—=bn)(1 — py). (Heren > 0and j =1,2,...,n.)
We see immediately that the process in Equation (6.135) has two salient features
(which are characteristic of a good population model according to Hassell 1974):

1. The population has the potential to increase exponentially for small popula-
tions;

2. but there is a density-dependent feedback that reduces the actual rate of increase
as the population grows.

To avoid non-essential technical difficulties we take 0 < p; < 1. In addition,
we assume throughout that the offspring distribution has an exponential moment,
that is, the moment generating function (MGF) E[¢*¢] is finite for some positive
s. (This implies, for example, that all moments E[& k] are finite.) The mean value
Y ieo kpr of the offspring distribution is denoted by m. We make the natural, but
important, assumption that m > 1.

The process in (6.135) is a Markov chain on the non-negative integers. 0 is
absorbing and the positive integers {1, 2,3, ...} form one communicating class
(because of our assumptions m > 1 and 0 < p; < 1). This means that all positive
integer values are, in principle, possible for Z,, no matter what initial value Zy > 0
is chosen.

For comparison purposes we prefer to work with the normed chain bZ;, with
state space the set of non-negative multiples of b. Denote with E the set of positive
multiples {b, 2b, ...}. Again, regardless of starting value in E, the process bZ,
may visit any other state in E. The transition probability matrix restricted to £ X E
is denoted by Q. The matrix Q depends on b, of course, but we usually suppress
the explicit reference to b. Q is substochastic, that is, the probability of staying
inside E is < 1. This is the same as saying that there is a positive probability of
extinction at each time step.

We use the notation P, [A] for the conditional probability of the event A given
that bZ, = x (i.e., the Markov chain is started at the value x).

We have, forx,y € E,

Quy=PlbE1; +&i+ - +Ez0=y | bZ,=x]=Pi[bZi=y].  (6.136)
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The conditional mean of bZ, |, given that bZ, = x, explains why it is appropriate
to call the model a stochastic Ricker model.

E[bZ41 | bZ, =x]=b- %E[gl,, | bZ, =x]=xe“m= f(x). (6.137)

It turns out that for an arbitrary, but fixed, time ¢, bZ, approaches the determin-
istic process of the form

Ziyy =mZiexp(=Z,) = f(Z) , (6.138)

as the environmental influence decreases (b here goes to 0). More precisely, the
limit of bZ, (with bZy = x) is f'(x), the tth iterate of f(x) = mxe ™ evaluated
at x.

This is very natural indeed: the conditional variance of bZ; given bZy = x is of
the order of bx exp(—x) so, for small b > 0, bZ is likely to lie close to its mean
f(x) [and, similarly, bZ, is close to the second iterate f2(x) = f(f(x)), etc.].

Remark. When the environmental parameter b is small, the process should be almost a
Galton—Watson branching process. This is true, but only as long as Z, remains small (and
the normed process bZ, is near zero). When bZ, becomes moderately large the inhibitive
influence asserts itself and the process no longer looks like a Galton—Watson process.

SO0

The row sums of Q are always strictly less than 1. In fact, the sum s, of the xth
row of Q is given by

=) 0n=1-(—e(U=po)i, xek (6.139)

yeE

(the conditional probability of bZ;,; # 0, given that bZ, = x). For large x,
Sy A %e’x(l — po). Hence the row sums stay at a positive distance from 1. This
implies that the chain is absorbed at 0 regardless of where it started. Clearly, the
only stationary probability distribution for the chain bZ, is &y, the point mass at
0. For a Markov chain, a stationary distribution, call it p, is sustainable or steady
state in the sense that if Zj is distributed according to p, so are Zy, Z, Z3, ... . In
other words, the whole Markov chain has distribution p.

While the short-term dynamics of bZ, are fairly well approximated by the deter-
ministic process of (6.138), the (very) long-term asymptotics are widely different:
the deterministic process never dies out and there is a large number of different
possible scenarios dependent only on the choice of initial value (see Box 6.3).

There is, however, a kind of medium-term description of the Markov chain bZ,
that fits neatly here. A remarkable feature of the deterministic dynamic system
(with m < m,, see Box 6.3) is that orbits from most starting points x eventually
end up in (an arbitrarily small neighborhood of) the unique attracting periodic cy-
cle. For small b the so-called quasi-stationary distribution, which may be viewed
as the limiting conditional distribution of bZ, under the condition that it is not
yet extinct, is a good approximation of the uniform distribution on the attracting
periodic cycle of Equation (6.138).
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Note. For population density models, properties 1 and 2 above lead to models of the form
Z,+1 = f(Z;) for unimodular functions f [“one-humped” functions, increasing from the
origin up to some point ¢ and decreasing on (¢, 0o0)]. In fisheries management, f is called a
stock-recruitment function. Examples of such models are the Ricker (1954) model, Z,,, =
mZ; exp(—bX,), and the Hassell (1974) model,

_ rZ,
S a+zyh
where m and r represent the intrinsic growth rate for small population densities and b rep-

resents the inhibitive density-dependent feedback, usually attributed to the environment. A
somewhat similar model is the much-studied logistic one

(6.140)

Zt+l

z
Zii =rz,(1—?’),0<r§4,0<z, <K, (6.141)

where the maximal value K is the carrying capacity.

The dynamic systems generated by unimodular functions f, as above, exhibit a rich
variety in their behavior (see Box 6.3). The short-term evolutions of these models are rather
similar, but unfortunately the asymptotic behavior depends strongly on detailed knowledge

of f.
SO0

A probability measure 7 on E is a quasi-stationary distribution for the Markov
chain bZ, absorbed at O if

2 xer Tx Oxy
ZzeE erE Tx QXZ

As indicated above, a probabilistic interpretation of the quasi-stationary distri-
bution 7 can also be given. If the initial distribution (the distribution of bZ ) is
7, then the conditional probability distribution after the first step, given that it is
non-zero, is also ,

, yekE. (6.142)

Ty =

P.[bZ), =x | bZ, #0] =mn,, x € E, (6.143)

where we use the notation P, to indicate that the initial distribution is 7z (see Fer-
rari et al. 1992). Thus, the quasi-stationary distribution has a probabilistically
(and biologically!) appealing interpretation: it is an equilibrium distribution con-
ditional on non-extinction.

Suppose that m is fixed and such that the deterministic Ricker model in Equa-
tion (6.138) admits an attracting periodic cycle (e.g., take m small, less than
m. ~ 14.76). Then there exists a quasi-stationary distribution  (b) for the Process
(6.135), the notation indicating that the quasi-stationary distribution, of course, de-
pends on b.

Then, as b — 0, the quasi-stationary distribution 7 (b) approaches the uniform
distribution on the unique attracting periodic cycle of the deterministic process of
Equation (6.138). Furthermore, the mean time to extinction (the lifetime of the
process) is exponential in %
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Box 6.3 Asymptotic behavior

We give here a description of the asymptotic behavior of the Ricker model, Equa-
tion (6.138); the behavior of the Hassell model is basically the same.

We first rewrite f in the form f(x) = xexp(r — x), commonly used in the
dynamic systems literature. We observe [see May (1976) and Devaney (1989) for
the terminology] that the asymptotics of the process given by Equation (6.138) is
then governed by the parameter r = In(m). If 1 < r < 2, there is a stable or
attracting fixed point, an attractor p ( =r), and all trajectories of the process in
Equation (6.135) converge geometrically fast to the fixed point. Atr; = 2 there is a
bifurcation into an attracting periodic cycle of length 2. For r = 2 the trajectories
continue to converge to the fixed point p, but slower than geometrically; p is said
to be weakly attracting. For r; < r < r, & 2.526 there is an attracting two-cycle,
which attracts all orbits except for those that lead in a finite number of steps to the
now repelling fixed point p. When r = r, we still have convergence, but slower, of
the “typical” trajectories to the two-cycle.

At r,, the two-cycle { P;, P,} becomes repelling and an attracting cycle of period
four appears. Again the trajectories converge to the attracting four-cycle, except
those that lead to the repelling cycles of periods 1 and 2 in a finite number of steps.

Numerical studies suggest (see May 1976) that the bifurcations continue and
produce, successively, periodic cycles of periods 8, 16,32, ... until at r. &~ 2.692
the system in (6.135) admits all periods of length 2", with n a non-negative integer.
[The corresponding m. = exp(r,.) is about 14.76.]

If r <« r. we note that:

There is exactly one attracting (or weakly attracting, if » happens to be exactly

at a bifurcation point) periodic cycle;

There are finitely many periodic cycles the lengths of which are 2, k =

0,1,2,...,n.

The trajectories all converge to the (weakly) attracting periodic cycle, except for
those that start from the inverse images of the repelling periodic points.

For r > r, there appear to be infinitely many periodic cycles, all of which may
be repelling. There are certain parameter intervals (periodic windows) for which the
system admits attracting periods. In these cases the prime period is not restricted to
multiples of 2.

Finally, we note that the arithmetic mean of all the periods, stable or unstable,
equals r, the fixed point for the mapping x exp(r — x).

If T = T (b) is the time to extinction, the latter statement means that there are
some positive constants ¢, C independent of b, so that

exp(c%) < E[T] < exp(C%) . (6.144)

Thus, even for moderately small b, the lifetime is very long, indeed.
Let us first examine the time to extinction of bZ;. By Equation (6.139) we see
that the probability of extinction from x in one step is

1—s, =1 —e (1~ py)i . (6.145)
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Figure 6.3 The quasi-stationary distributions of 5Z, with (a) m = 1.7 (r = 0.5306) and
(b) m = 10.0242 (r = 2.3050). The offspring distribution is concentrated on three points
(a) and an approximate geometric distribution (b). The values of b are 0.001 and 0.0016,
respectively. For r = 0.5306 the deterministic dynamic system, Equation (6.137), has a
stable fixed point at . For » = 2.3050 the deterministic system has a stable two-periodic
cycle {0.9314, 3.6786}.

To obtain an intuitive understanding of it, imagine that the process stays in a small
set, a small neighborhood of the attracting cycle, until extinction. Let d = (1 —
e “(1 — pp))¢ be the maximum of the function (1 — e™*(1 — py))* over this set.
Then we see that the time 7 to extinction is bounded above by a geometrically
distributed time with mean d . Likewise, we obtain a lower bound of the same
form.

It is remarkable that the process bZ; approaches the attracting periodic cycle,
even if it happens to start exactly on an unstable periodic point. The determin-
istic process that starts there is, of course, stuck in the unstable period, but the
demographic stochasticity “shakes bZ; loose” from the unstable period. The time
it remains close to the unstable period is of the order of ln(%) which, for small b,
is a very short instance compared to the time to extinction (Hognids 1997). The
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Figure 6.4 A small perturbation of a two-periodic deterministic system. Simulation of
Ziy1 = Z,exp(r — b,11Z,), where Inm = r = 2.3050 and b, is independent and uniform
on the interval [0.5,0.6]. The theoretical mean E[Z,] = m = 4.1909, Gyllenberg et al.

(1994). The deterministic system Z,,; = mZ, exp(—bZ,) has the attracting two-period
p, = 09314 p _ 36786
= b = -

distribution of bZ, is often very quickly close to the “conditional equilibrium dis-
tribution” 7 (b).

In this sense, the stochastic process bZ; is much smoother and more robust than
its deterministic counterpart.

Let us elaborate on Figure 6.3 further. For r = 0.5306 the deterministic model
of Equation (6.138) has an attracting fixed point at 0.53. If we observe the suc-
cessive values of Z;, they all eventually fall very close to 0.53. If we carry out
long-term statistics on Z,, we obtain a delta spike at 0.53. The quasi-stationary dis-
tribution of the stochastic model in Equation (6.135) is much broader than a point
mass, but, when b decreases, the quasi-stationary distribution becomes higher and
thinner, and increasingly concentrated around 0.53.

If r = 2.3050, the deterministic model of Equation (6.138) has an attract-
ing two-cycle, so asymptotically Z; oscillates between the two values 0.9314
and 3.6786. The stationary distribution is concentrated around these two points,
which gives them the mass % each. The corresponding frequency function dia-
gram consists of two delta spikes in 0.9314 and 3.6786. The stochastic model with
r = 2.3050 has a quasi-stationary distribution that may be seen as an approxima-
tion of this two-point distribution. If b is very small the two humps around 0.9314
and 3.6786 are very thin and very high. The heights of the two humps are approx-
imately the same and the probability mass under the two humps is very close to %
each.

Note. For fixed, moderate b > 0, the time to extinction decreases dramatically with in-
creasing m. In these cases the deterministic model oscillates wildly between very large
and near-zero densities. But as b — 0 we nevertheless obtain the same asymptotics [on
condition that m lies in a periodic window (Ramanan and Zeitouni 1999), see Box 6.3].

AR
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Figure 6.5 Growth—catastrophe behavior. Simulation of Z,; = Z, exp(r — b,41Z,), where
Inm = r = 2.3050 and b, is independent and uniform on the unit interval. (a) Natural scale
and (b) logarithmic scale.

The next modification is to introduce environmental stochasticity into our
branching model. The discussion above indicates that it might be worthwhile first
to look at what happens in the long run in density models with a random environ-
ment.

Models for population density with a random environmental parameter b were
investigated by Gyllenberg et al. (1994) and Vellekoop and Hognés (1997), where

Ziy1 =mZexp(—=b,1Z,) , (6.146)

and the sequences b, are independent and uniform on [0, c0).

If b is allowed to vary in a small closed interval that does not contain 0, the
behavior of the process in Equation (6.146) differs very little from that of the
deterministic system in (6.138) (see Figure 6.4).

The periodic behavior of the deterministic system is destroyed easily by mod-
erate variations in b, however. When the parameter varies widely (by orders of
magnitude) the growth—catastrophe phenomenon appears. This behavior is char-
acterized by rapid growth, followed by a huge decline in one step to near-zero
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Figure 6.6 Observed extinction times for simulated Z, as in Equation (6.147), with the
environmental parameter taking two values g;, g» with equal probability. The horizontal
axis gives the value of the smaller parameter g, while g, is held fixed at 0.07.

density. From this very low level the process recovers almost deterministically as
the inhibitive term b, X, in the exponent is much less than Inm (see Figure 6.5).
It was shown in Gyllenberg et al. (1994) and Vellekoop and Hognids (1997) that
if b, is strictly positive, the stochastic process of (6.146) is positive recurrent (i.e.,
there exists an invariant probability measure on the positive real line). This result
remains true even if b, may take the value O provided the probability is small (Gyl-
lenberg et al. 1994). Recall that b = 0 means that the environment is neutral, and
so exerts no inhibitive influence on the growth of the population density.

Let us return to the size-dependent branching model with the additional fea-
ture of independent environmental stochasticity expressed through an independent
sequence of parameters b;.

The full model is thus

A g, ifZ,>0

Ziy = j=15) =0,1,2,... 14
t+1 { 0’ lf Zr — 0 t 07 3~ ’ (6 7)
where &1 1, &, ... , £z, are mutually independent identically distributed random

variables. The common distribution depends on both Z; and b, :P[§; =k | Z; =
n,by1 =gl =exp(—gnm)prfork =1,2,... andP[§; =0 | Z, = n, by =
gl = 1 —exp(—gn)(1 — py),n > 0and j = 1,2,...,n. by is assumed
independent of Zy, Z, ..., Z,.

When the random variable b is confined to a closed interval that does not in-
clude 0, the qualitative results are similar to the case of fixed b. The process
(6.147) admits a quasi-stationary distribution and the extinction time is roughly
exponential in ﬁ. (A very large relative variation in b shortens the time, though;
see Figure 6.6).

At the other extreme we have the case in which » may take the value 0 with
a positive probability p, say. The process of Equation (6.147) exhibits a growth—
catastrophe behavior that leads to short extinction times, as a long period of growth
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Figure 6.7 Observed times of extinction 7 for simulated Z, as in Equation (6.147), with
the environmental parameter taking the values 0 and g with probability % each. T is plotted
against log, g.

makes the population too large, which results in extinction when the environmental
variable b happens to be a little larger. In such cases the time of extinction increases
very slowly, polynomially in ﬁ, as E[b] — O (see Figure 6.7). It is conjectured
that if p is large enough (> %?), then the process fails to admit a quasi-stationary
distribution altogether.



Specific Models

7.1 Coalescent Processes: Reversed Branching
P Jagers and S. Sagitov

7.1.1 Coalescence

Branching viewed backward is coalescence, the process of merging or clumping.
It arises naturally in the structuring or formation of dispersed matter of various
kinds and in various scales, from that of molecule aggregates in colloids (so-called
micelles) to galaxies. It has been studied by physicists through computer simula-
tion (e.g., Nilsson ef al. 2000) and in a series of interesting mathematical articles
by Aldous (1999).

Evolution can be viewed as a grand multi-type branching process, with new
species that arise through mutation (see Jagers 1991; Jagers et al. 1992; Taib
1992). The study of the origin of species is then time-reversed branching (i.e.,
coalescence). In genetics, the latter is also used to trace the roots of the genetic
composition of populations and its development. It was within this area that the
first pure coalescence model, the Kingman coalescent (1982a), was formulated as a
reverse counterpart to the diffusion approximation of the renowned Wright—Fisher
model (Fisher 1930; Wright 1931; see also Ewens 1979).

The object of genetic models is thus population composition rather than size.
Indeed, most population genetics even assumes that population size is completely
constant over generations. As we show later, the Wright—Fisher model can be
obtained as Galton—Watson branching with Poisson reproduction, conditioned at a
constant population size. In the same vein, most population genetics simplifies the
flow of time into generation counting. Instead, it is lineage that counts. What are
the relations among n individuals sampled out of a total population of size N?

For (diploid) genetics mating also cannot be disregarded. It is usually mod-
eled as random, that is, the two genes of an individual are selected independently
at random from any individual in the preceding generation. (The latter are thus,
implicitly or explicitly, thought of as hermaphroditic.) Most of the time genes
are passed unchanged, but sometimes new alleles appear through mutation. We
consider only neutral mutations, so that the reproduction law remains one and the
same throughout the process. In such cases, what is the distribution of alleles at a
locus?

If mating is thus assumed to be random and population size is thought to be
given, gene branching might be studied and simulated directly, with individual
reproduction behavior bypassed by means of a general exchangeable population

200
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model (to be further discussed in Section 7.1.4). A vector of random variables is
said to be exchangeable if any permutation of its components has the same distri-

bution. In symbols, if i1, is, ... , iy is any reordering (permutation) of the numbers
1,2,..., N,then the vector (v;,, v;,, . .. , v;,) has the same joint distribution func-
tion as has (vi, vy, ... , vy). In an exchangeable population model N is the size of

the reproducing generation and v; + v, + - - - + vy, which is usually also required
to equal N, is the size of the following generation.

7.1.2 The Wright-Fisher population model

The best-known exchangeable reproduction model is the Wright—Fisher popula-
tion. It depicts a population in (an imagined) equilibrium in which the population
size N (the number of genes) is constant over generations, time thus being dis-
crete. It is assumed that gene number i in the current generation is passed on to
the next generation in v; copies so that the joint distribution of gene offspring sizes
(vi, ..., vy) is symmetrically multinomial. In line with earlier notation, for bino-
mial, geometric, and Poisson random variables this can be denoted by the vector
being multinomial (N, %, e, ﬁ) (see the Appendix).

A remarkable feature of the Wright-Fisher model, which emphasizes its con-
centration upon lineage at the expense of size fluctuations, is the mentioned in-
terpretation of it as a Galton—Watson process with Poisson reproduction law, con-
ditioned to have constant population sizes. Indeed, if the offspring distribution is
Poisson(m) and &1, &, ... are the numbers of offspring of the individuals in the
nth generation (somehow numbered), then provided iy +i, +---+iy = N,

P($1:i1»$2=i21""§N:iN)
=P =i1,6=10,....n=inlE1+---+Ev=N)

ml p=miy m2 p—miy - mN ,—miy NI 1\V
l]! 12! ZN! N
. 7.1)

N

N - . . .
_(’”IC") e—mN iip!. .. iy!

Otherwise the probability is obviously equal to zero.

The reverse description of how Wright-Fisher populations evolved is particu-
larly simple: the N children are partitioned into sibships with multinomially dis-
tributed sizes (vy, ..., vy) by letting them select their parents independently at
random from among the N individuals that constitute the preceding generation.
This leads to a simple algorithm to simulate n alleles sampled from a Wright—
Fisher population:

1. Build an ancestral tree for n sampled genes that result from n coalescing random
walks over the set of N points;
2. Impose mutations on the ancestral tree.

The reverse approach renders simulation faster because it deals only with the fate
of direct ancestors of the sampled genes. Figure 7.1 depicts a possible outcome
of the reverse simulation algorithm with n = 6. Mutations are numbered in time
sequence and the resultant six alleles are labeled according to the mutations that
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Figure 7.1 An example of simulating six sequences using the Kingman coalescent. Dots
stand for mutations numbered in their order of occurrence.

created them. Mutations prior to the most recent common ancestor (MRCA) do
not contribute to the sample polymorphism.

As N — oo, the forward picture of the Wright—Fisher model can be simpli-
fied by a diffusion approximation. However, there is a reverse counterpart to this
diffusion approximation, called the Kingman coalescent (Kingman 1982a). It is
an asymptotic ancestral process and the subject of Section 7.1.3. It is a basic
coalescent process with several extensions that reflect such evolutionary and de-
mographic features as recombination, population subdivision, variable population
size, and selection. A reader interested in the theory of coalescent processes and
its applications in population genetics is referred to Chapters 6—8 of Balding et al.
(2001). A recent review by Rosenberg and Nordborg (2002) contains further refer-
ences. Important earlier surveys are Tavaré (1984), Hudson (1991), and Donnelly
and Tavaré (1995).

7.1.3 The Kingman coalescent

Consider the genealogical tree of n genes sampled at random from a Wright—Fisher
population with constant population size N. Let R,ﬁv be the number of branches in
the tree k generations before the generation sampled. For a fixed N the sequence
(R,iv )k=o0.1...., the ancestral process, has monotone trajectories that decrease from
R(’)V = n down to RlTV = 1 at the random time 7" = Tj;rca, When the tree reaches
the MRCA of the sampled genes. It is a Markov chain and it has been shown
(Watterson 1975) that its transition probabilities have the form

P(RYy = JIRY =D =cijN(N = 1)---(N = j + D)/N", (7.2)
where ¢; ; are combinatorial constants independent of N (actually, so-called Stir-

ling numbers of the second kind). In particular, ¢;; = 1 and ¢;;—; = (’2) =
ii—1)/2,s0
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P(RY,, =i |RY =i)=1(1—1/N)---(1 — (i — 1)/N)
=1-(1+42+---4i—1)/N+0o/N)

=1—i@{—1)/2N)+o(1/N), (7.3)
as N — oo. Similarly,
P(RY, =i—1|R) =i)=i( —1)/2N)+o(1/N), (7.4)
and the remaining probabilities
P(RY, =jIRY =i)=0(1/N),j<i-2. (1.5)

If N is large (as compared with n?), then Equation (7.3) means that the chain
R} stays in the same state for many generations, until it jumps to a new state.
The number of generations between two jumps should be comparable with the
population size N. If such a jump takes place, in view of Equation (7.5), the
probability is high that the number of branches in the gene tree reduces by just
one. This corresponds to a pairwise coalescent. Equations (7.3)—(7.5) imply the
following convergence result (cf. Kingman 1982a), which suggests a remarkably
convenient way to simulate the gene tree of a large Wright—Fisher population.

Theorem 7.1 [f R,iv is the number of branches in the gene tree of a Wright—Fisher
population with population size N, then as N — o0 the process

RNy — R, >0, N> o00. (7.6)

Here [Nt] means the integral part of Nt (i.e., the largest integer that does not
exceed Nt), and the limit process R,, to be described below, is the Kingman co-
alescent. The arrow stands for so-called weak convergence, which is actually a
fairly strong convergence concept in stochastic processes. For an introduction to
this, see more advanced probability literature (Billingsley 1968). Suffice it here to
say that it, usually, implies convergence of the distributions at a fixed ¢ (problems
possibly arise at values of ¢+ where the limit has a jump with positive probability).
However, it also implies convergence of distributions of vectors,

(RN Rivip -+ > Ring) = (Ry Ry, .. Ry, (7.7)

and even of functionals like the supremum of the process.

The Kingman coalescent is a Markov process that describes the asymptotic dis-
tribution of a gene tree for large Wright—Fisher populations. The process R; yields
the number of branches in the Kingman coalescent. The theorem shows that time
t in the limit tree corresponds to [N#] generations in the Wright-Fisher popula-
tion, counted backward in time. Equations (7.3)—(7.5) for the ancestral process are
transferred into the defining properties of the Kingman coalescent,

P(Riya =JjIR =10)=qij- A+o0(A), j#i, (7.8)
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and

P(Rya=i|R =i)=1—%-A+0(A), A—>0, (7.9)
where

_ G =it

4ij { 0 otherwise , (7.10)

and A; = Zj#i gij is equal to

A= (;) =ii—1)/2. (7.11)

These relations lead to a simple wait-and-jump description of the limit process
R;. First, according to Equation (7.9) the waiting time 7; spent by the limit process
at the state i is distributed exponentially with parameter A;, so that

2 4
E[T;]= —, Var[T}] = ————, i > 2. 7.12
[7:] T ar[T;] TP i (7.12)
Second, in view of Equations (7.10) and (7.11), the jump probabilities p;; = g;; /A,
satisfy

1 ifj=i—-1,

pij = { 0 otherwise . (7.13)
This means that the number of branches will be i — 1 immediately after it was i.
In other words, the limit process of Theorem 7.1 is what is known as a pure death
process, which consecutively visits all the states {n,n — 1, ..., 2, 1} with waiting
times as described.

7.1.4 Exchangeable population models

The Kingman coalescent was derived as a limit of a very special, albeit classic, ge-
netic model, the Wright—Fisher model. The convergence result of Theorem 7.1
can, however, be extended to a broad class of population models, which thus
widens the applicability of the coalescent far beyond Wright and Fisher’s frame-
work.

Exchangeable population models (cf. Cannings 1974) generalize the Wright—
Fisher setup by allowing the offspring sizes (v, ..., vy) to have any symmetric
(exchangeable) joint distribution. Exchangeability, as pointed out, means that the
joint distribution does not change if the family indices are permuted. This implies

that all offspring sizes vy, ..., vy have the same distribution and therefore the
same expectation and variance. Since

N=E[vi+ -+l =E[wv]+- - +E[v], (7.14)
the common expected offspring number must be E[v;] = 1. We denote the vari-
ance by o}.

Exchangeability of gene inheritance is natural under the assumption of only
neutral mutations. This class of population models also encompasses all Galton—
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Watson processes conditioned to have a constant population size N in all genera-
tions.
Kingman (1982b) presents two simple conditions, namely

o3 — 0% N— 00, 0<0? <00, (7.15)
and
supE[vF] < 00,k >3, (7.16)
N
which ensure a convergence to the coalescent,
R[’X,W 2 = Ri, N = o0, (7.17)

for the ancestral process R}’ of a population with exchangeable reproduction. The
limit process is again the Kingman ancestral process, while the ancestral process
of the exchangeable population is accelerated by a factor of o2, which reflects that
the ancestral lines merge faster in a population with greater variation in offspring
size.

Minimal conditions for convergence to the Kingman coalescent were found
by Mohle and Sagitov (1999). A simplified version of their result is given in
Theorem 7.2.

Theorem 7.2 Let R,iv, k =0,1,2,... be the number of branches in the gene
tree of an exchangeable population with constant population size N that satisfies
Condition (7.15). The convergence (7.17) to a Kingman coalescent holds if and
only if

[Vi]/N — 0, N — oco. (7.18)

Biologically, Theorem 7.2 says that in a large population of N individuals, the
ancestral process is of the Kingman type, which does not allow mergers of more
than two lines simultaneously, if and only if a single sibship attains a very large
size with a diminutive probability only (but see Box 7.1).

There are two types of natural follow-up questions:

1. How large does N need to be to ensure validity of the approximation (7.17)
(a million, a billion, or only 100 or 1000)?

2. In general, when the restriction (7.15) is removed, what are the reproduction
laws that lead to coalescent processes that allow triple mergers?

The answer to the first question is given in M6éhle (2000), in which the distributions
of two random vectors connected by

(R R\ o) = (R, Ry, Ry) (7.19)

[Nti/o?]” [Nt fo?]” " " * le /o

are compared. It was found that the corresponding probabilities differ at most by
the value

E[v}]1/N + c;E[viv3]/N 4 ¢3/N . (7.20)
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Here, the constants ¢y, ¢, and c¢3 depend, in a complicated way, on the sample
size n, the dimension &, and the variance o2. This implies, in particular, that under
the Kingman moment conditions the convergence rate in Equation (7.17) is ¢/N.
In general, the dominating term in the estimate is clE[vf] /N, in accordance with
Theorem 7.2.

The second item was analyzed recently by Sagitov (1999, 2003). It turns out
that the ancestral process allows mergers of more than two lines simultaneously if
the largest sibship vy in the generation exceeds Nx with a probability that satisfies
a smallness condition. We obtain convergence to the Kingman coalescent with a
more flexible scaling of time,

(RN oz )iz0 = (R)iz0. N — 00, (7.21)

if for any fixed number x > 0,
Noy*P(vgy > Nx) — 0. (7.22)

If there is a non-zero limit, we could easily obtain multiple mergers with three or
more branches that join at one node. If, furthermore, the second-largest sibship
V(o) satisfies

Noy?P(va) > Nx) — 0, (7.23)

for all x > O, it is impossible to encounter two large sibling groups in the same
generation among [N/ a,%,] consecutive generations, which effectively prohibits si-
multaneous mergers in a coalescence with multiple mergers.

Example 7.1 However, even though situations in which Equation (7.22) is not satisfied
seem impossible in the realm of mammals, they could certainly be thought of among e.g.,
reptiles, fish, or insects. As an illustration, assume that N = 100 is large enough for Theory
7.2 to apply. In such a small population of, say, turtles, it could certainly happen once in a
century that one of the turtles is the mother of, maybe, half the population. In other terms,
the probability of begetting 50 offspring or more does not seem to be less than 0.0001.

As a consequence, the probability that the maximal sibship exceeds 50 individuals may
well be larger than 0.01.

SO0

Schweinsberg (2003) considers an important family of the exchangeable repro-
duction models with fixed population size N that arise from supercritical Galton—
Watson processes starting with N individuals. If Xy, ..., Xy are the offspring
numbers in the initial generation with E(X|) = u, then assuming & > 1 we ex-
pect the total offspring number ¥ = X +- - - 4+ Xy to be much larger than N, with
a high probability.

The offspring numbers vy, ... , vy of the corresponding fixed-size model are
defined in a two-step procedure. The first step yields the Galton—Watson offspring
numbers Xi,..., Xy. The second step defines v; as the number of survivors
among X; siblings after N individuals have been sampled randomly to survive
from the Y offspring produced at the first step.
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Box 7.1 Non-negligible sibships

The more mathematical reader might like to know what happens if the restrictions
(7.15) and (7.18) are removed.

Theorem 7.3 Assume Equation (7.23). If for all 0 < x < 1
1
Noy?P(vgy > Nx) — / y2dF(y), N> oo, (a)
X
F being an arbitrary probability distribution function on the unit interval not con-
centrated at zero, the weak convergence (7.21) holds toward a coalescent with mul-

tiple mergers.

Given (a), the limit process R, has the transition rates

. 1
%j=(j’1>f.ﬂﬂ”u—wﬂ”dFu) ®)
- 0
and
11 (1 i s _ il
. 2/ 1—(1—x) lex(l X) dF(x) . ©
0

In particular, if F'(x) is concentrated at zero, the limit process R, corresponds to the
Kingman coalescent with the transition rates given by Equations (7.10) and (7.11).
Furthermore, the expectation that the intensity of merger slows down as the
number of branches in the gene tree decreases turns out to be correct, A, > A,_ >
-> A =1,and A; < (;) Thus, the Kingman coalescent brings about the fastest
merger for any given number of ancestral lines.

In the special case of the so-called Beta-coalescent, with F(x) being a
Beta(a, b) distribution function, the key quantities g;; and A; are easy to compute
using simple recursion relations that involve parameters @ > 0 and b > 0. As an ex-
ample of a coalescent pattern dramatically different from the Kingman coalescent,
consider the Beta(1, 1)-coalescent with F(x) = x that corresponds to the uniform
distribution over the (0,1) interval (Bolthausen and Sznitman 1998). In this case,
we have a linear relationship A; = i — 1 instead of the quadratic (7.11).

Theorem 7.3 suggests a simple way to model genealogies with rare multiple
mergers based on the Beta(a, 1)-coalescent with a small positive parameter a = 0:
if F(x) has density f(x) = ax“"', the transition rates become

(i) 1 "ia <z) 2a o 122 @
i(i— ~ - - 3 i(i—j ~ 0 _ lor j = 3
B=v= o k) =) GG+ Y

k=1

so that A; ~ (;)(1 — ad), where § = ;(;2, i — % + ﬁ

For a thorough mathematical treatment of the coalescent with the transition rates
as in Equation (b) consult Pitman (1999). A full classification of the coalescent
processes that arise in exchangeable populations is discussed in Mohle and Sagitov
(2001), which covers the possibility of simultaneous mergers of ancestral lines that
correspond to a non-zero limit in Equation (7.23). The coalescent with simultane-

ous mergers is further analyzed by Schweinsberg (2000).




208 Branching Processes: Variation, Growth, and Extinction of Populations

According to Theorem 4 in Schweinsberg (2003), if & > 1 and
P(X| > k) ~Ck™, k > o (7.24)

for some finite constants C > 0 and a > 0, then the weak convergence (7.21)
holds with the coalescent limit R, depending on the parameter value a:

If a > 2, the limit R, is the Kingman coalescent.

If 1 <a < 2, the limit is the Beta(2 — a, a)-coalescent and, in particular, if
a = 1, it is the Bolthausen—Sznitman coalescent already mentioned. If 1 <
a < 2, the timescale N/ 01%, is proportional to N*~!, and N/ 01%, ~ In N in the
case a = 1 (see Box 7.1).

If 0 < a < 1, the limit process belongs to a certain one-parameter class of
coalescent processes with simultaneous multiple mergers.

7.2 Ancestral Inference in Branching Processes
S. Tavaré

7.2.1 Introduction

The topic of inference for branching processes is classic and many articles and
books have been devoted to it. Common themes include estimation of the offspring
mean, the offspring distribution, and the age of the process (cf. Stigler 1970; Gut-
torp 1991, 1995). In this subsection we illustrate some computational approaches
to ancestral inference for branching processes when the effects of mutations among
individuals in the population are taken into account. Our examples are from pop-
ulation genetics (in which the timescale is of the order of thousands of years) and
from cancer biology (in which the timescale is of the order of years). The tech-
niques illustrated here are but the tip of the inferential iceberg, but they serve to
illustrate the crucial interplay between the simulation of a stochastic model and
any inference about its parameters.

7.2.2 Inference in the coalescent

Coalescent trees. In Section 7.1 the coalescent was introduced as a model for
ancestral relationships among a set of chromosomal segments sampled from an
evolving population. In the case of a population that has a constant but large
number N of chromosomal segments, we showed that when time is measured
in units of N generations, the coalescent tree of a sample of n segments can be
described as follows. We begin with 7 tips and wait for an amount of time 7,, that
has an exponential distribution with mean 2/n(n — 1) time units before choosing at
random two of the tips to coalesce. The coalescent tree now has n — 1 nodes (which
corresponds to n — 1 ancestors of the sample), and we then wait a further time 7,,—;
that has an exponential distribution with mean 2/(n — 1)(n — 2) time units until,
once again, choosing at random two of the nodes to coalesce. We can continue this
description using mutually independent exponential random variables, the waiting
time while there are j ancestors of the sample having a mean of 2/j(j — 1) time
units. Eventually, the segments in the sample can be traced back to a common
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(a) (b)

Figure 7.2 Coalescent trees for samples of size (a) 6 and (b) 32 from a population of
constant size.

ancestor. Figure 7.2 shows two simulated coalescent trees for samples of size
n=6andn = 32.

The height of the coalescent tree, which is the time to the most recent common
ancestor (Tyrca) of the sampled segments, is

Wo=T,+T,.1+ -+ 1T, (725)
and the length of the tree is
Ly=nT,+n—-DT—1+---+2011, (7.26)

the sum of the lengths of all the branches in the tree. The means of W, and L, are
given by

n—1
E[W,]=2 <1 - l) , E[L,]=2 E l , (7.27)
n — J
j=1

these being multiplied by N to convert coalescent time into generations.

Mutation in the coalescent. The variation observed in the chromosomal segments
in the sample is a consequence of mutation in the ancestry of the sample. There are
many models for the effects of such mutations, depending on the type of data under
consideration. In this subsection we use the so-called infinitely-many-sites model,
the simplest description of variation in a set of DNA sequences. We suppose that
mutations occur only at locations in the DNA segment at which mutations have not
occurred before. The sequences in the sample then exhibit a number of segregating
sites, positions in the DNA at which the members of the sample are not identical.
In modern parlance, such locations are called single nucleotide polymorphisms
(SNPs). A consequence of this description is that each mutation which occurs in
the ancestry of the sample results in a SNP.

The rate at which mutations occur in the region is determined by the compound
parameter 6, defined by

6 =2Nu, (7.28)

where u is the mutation probability in the region per segment per generation. Mu-
tations are superimposed on the coalescent tree of the sample according to Poisson
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processes of rate 6/2, independently in each branch. It follows that the number
S, of SNPs in the sample has a distribution determined by the length L, of the
coalescent tree; given L,, = [, S, has a Poisson distribution with mean

E[S, | L, =11=06l/2. (7.29)

Inference about 0 and W,. In this subsection we illustrate a computational tech-
nique to simulate observations from the posterior distribution of (6, W,), given

that S, = k. To do this, set T = (T,,, T,,_;, ... , T>) and note that
fO,T|S =k)ocP(S, =k|0,T)x(®,T)
=Po(6L,/2){k}m(0,T), (7.30)
where we define
)\k
Po(L){k} = e*kF (7.31)

with Po(0){0} = 1. In Equation (7.30), 7 (6, T) denotes the prior distribution of
(6, T), which is typically the product of the prior 7 for € and the “prior” for T,
determined by the coalescent model. The prior for 6 can be used to incorporate
known information about 6. For example, in many problems the size of the mu-
tation rate u in Equation (7.28) is known, at least approximately, as is that of N.
This information can be used to design the prior 7. A common alternative is to
use an uninformative prior for 6, in the form of a density uniform over an interval.

In practice, the density implicit in Equation (7.30) is hard to evaluate in a useful
form and it is much simpler to simulate observations from the distribution instead.
This is achieved readily by the rejection algorithm:

Al. Simulate 6 from 7 (0) and t = (t,, ... , t;) from the coalescent model, and
calculate [ = nt,, + - - - + 2t5;
A2. Accept (0, t) with probability

h =Po(01/2){k}, (7.32)
and return to Al.

Accepted observations clearly have the required density, as can be seen by simple
calculation. We make three observations about this approach.
First, it is more efficient to replace & in A2 by h/c where

¢ = max Po(01/2){k} = Po(k){k} , (7.33)
which can result in considerable gains of speed.

Second, it is not necessary to compute the probability 4 in A2. Instead, the
number of mutations &’ on the tree of length / can be simulated, and A2 replaced
with

A2'. Accept (0, 1) if k' = k.

In this example, 4 can be computed easily so this simulation-based approach is
not necessary. However, the alternative approach is far more general than the first
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Table 7.1 Inference about # and W for Yakima data based on 5000
simulated values.

Tyrca W Mutation rate 0
First quartile 1.05 0.019
Mean 1.68 0.024
Median 1.46 0.023
Third quartile 2.07 0.029

because the likelihood / does not need to be known (in theory or computationally)
to use the method. Note, though, that the gains in speed mentioned in the first
observation do not seem to be available in this approach.

Third, there is no need to restrict the algorithm to a coalescent with constant
size. All that is required to handle the case of deterministic fluctuations in pop-
ulation size is to simulate from the appropriate coalescent distribution for 7. In
a similar way, we can simulate observations from the posterior distribution of the
coalescent topology (and not just the branch lengths); all that is required is to sim-
ulate a coalescent tree and proceed as before. Many other applications of these and
related algorithms can be found in Tavaré et al. (1997).

Example 7.2 To illustrate these ideas, we use some molecular data obtained as part of a
larger study on mitochondrial variation observed in Amerindian populations in the USA
(Ward et al. 1991; Shields et al. 1993). Among the aims of this study was the development
of methods to infer population history from DNA sequence variation, and in particular to
gain an understanding of the way in which the Americas were settled. A convenient place
to read more about this field of research is the 2 March 2001 issue of Science.

The particular data we use for illustration here comprise a set of n = 42 Yakima mito-
chondrial DNA sequences, each of length 360 base pairs, given in Shields er al. (1993; see
also Markovtsova et al. 2000a, p. 404). The observed base frequencies in the sequences are

(mp, g, e, wp) = (0.328,0.113,0.342,0.217) , (7.34)

and there are 20 distinct sequences and 31 SNPs in the sample.

In the absence of other information, we chose a wide uniform prior for 8, and used a
constant population size coalescent to model 7. The results of 5000 accepted runs of the
algorithm are given in Table 7.1 and Figure 7.3. The posterior distribution of W does not
differ enormously from its prior determined by the coalescent model. The parameter N is
approximately 600, so if we assume a generation time of 20 years, the mean height of the
coalescent tree is about 20 000 years.

SO0

7.2.3 Approximate Bayesian computation

The Yakima data used in Example 7.2 have been discussed in a coalescent frame-
work by Markovtsova et al. (2000a, 2000b), where the posterior distributions of
6 and W, were found by Markov chain Monte Carlo methods using the full se-
quence data rather than the summary statistic S, = 31. One reason for basing our
inference on statistics such as S, rather than the full data, is a practical one: we
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Figure 7.3 Posterior density of 6 (a) and W, (b). Dotted lines show prior density.

hope to generate observations much more quickly than when using other stochastic
computation methods. In exchange, we are left with observations from the density
f(@,W | S, = k) as opposed to the full density f (6, W, | D), where D denotes
the complete sequence data. Approaches that use summary statistics for inference
are called approximate Bayesian computation (ABC). The consequences of such
reductions can be complicated and unexpected; see Beaumont et al. (2002) for a
number of related examples and other approaches, as well as historical references

on ABC.

7.2.4 Inference for tumor histories
In the next example we adapt the same type of approach to a discrete setting that

involves inferences about the history of a tumor.

The data and the problem. 1t is difficult to infer tumor histories by using direct
observation of a patient. Adenomas, thought to be precursors of cancer, are re-
moved if they are detected, and the amount of time required to observe the entire
progression of a cancer may be many decades. To overcome the limitations of
direct observation it is possible to exploit the pattern of mutations observed in an
adenoma or a cancer (Tsao et al. 2000). These mutations can be used to estimate
the age of the adenoma or cancer, in much the same way as we used variation in mi-
tochondrial sequences to infer aspects of the history of the Yakima. The timescale
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of the cancer example is of the order of years, in contrast to the Yakima example,
which is of the order of tens of thousands of years.

In this example, we study a class of colon cancers known as mutator phenotype
cancers. These colorectal cancers have lost DNA mismatch repair (MMR), so they
are less able to repair errors during DNA replication. These cancers also have
greatly elevated mutation rates. The consequences can be observed most easily in
microsatellite (MS) loci. These loci, which may be thought of as runs of a short
motif such as C A, show dramatic expansions and contractions in size over small
numbers of cell divisions.

It is these mutations that we use to track the history of a cancer. We are able
to measure the length variation in a series of such MS loci sampled from cells in
a tumor (Tsao et al. 2000). The problem is to estimate the time since MMR was
knocked out; that is, to estimate the age of the tumor.

Once MMR is lost in a parent cell, the descendant cells derived from it by
mitotic division eventually form a final clonal expansion that originates from a
single cell and results in a detectable tumor (which we assume has an average
size of about 1 cm?, or about 10° cells). Using the MS variation, we estimate the
number of divisions Y, between loss of MMR and the initiation of the final clonal
expansion, and the number of generations Y; from that event until the tumor is
observed at biopsy.

Once more, this is an “ancestral inference” problem, in which the desired pos-
terior is f(Yp, Y1 | D). The data £H come from L MS loci, the first of which
is measured in n; tumor chromosomes, the second from n, tumor chromosomes,
..., and the Lth from n; chromosomes. The total number of chromosomes used
is then

n=ny+---+ng. (7.35)

In the studies reported below, we sampled X chromosome MS loci from male
patients. As males have a single copy of their X chromosome, we can identify each
sampled X chromosome with a single cell. This simplifies the required analysis.

We know the somatic size of each locus (i.e., the number of repeats at each
locus prior to loss of MMR). All repeat lengths are measured relative to this base-
line size. For each MS locus, we are able to estimate the mean MS lengths,
miy, my, ..., my, and the variances of these lengths, s?,s3,...,s2. These data
are, in turn, summarized by the two statistics

2 _ 2 2.
Salleles = average of s, ..., 7 ;

§2 . = variance of my,...,mp . (7.36)

A model for tumor evolution. One question that has to be addressed is the model
used to describe the evolution of the tumor from loss of MMR until detection. The
relative sizes of %, ., and S2 . give a hint.

In Figure 7.4, taken from Figure 1 in Tsao et al. (2000), the results of 1000
simulations of L = 20 MS loci measured in n; = 25 chromosomes are summa-

rized (the method used to perform the simulations is given in Section 7.2.5). The
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Figure 7.4 Simulations of MS mutation. Different patterns of MS mutations are summa-
rized by the values of S2,.,., and SZ ;. All simulations use 2000 divisions, but different

alleles
tumor histories. Further details are given in the text. Modified from Tsao et al. (2000).

simulations assume a symmetric stepwise mutation model with the chance of the
addition and of the loss of one repeat being 0.0025, to give a total mutation rate of
0.005 per division. In each scenario a total of 2000 divisions is assumed, and the
final tumor size is, on average, one billion cells.

The results show that it is possible to infer, in broad terms, the form of the
tumor history by measuring its MS alleles and estimating aneles and Slzoci. In the
analysis that follows, we use the model that corresponds to scenarios (d) and (e)
in Figure 7.4: a single progenitor cell lineage that lasts for Y, divisions, and a
terminal expansion described by symmetric binary splitting for Y; generations with
parameters chosen to make the average size of the tumor a billion cells. Some
experimental justification for this model is given in Figure 2 of Tsao et al. (2000).

The genealogy of a sample from a branching process. The data we collect come
from a few hundred cells sampled from a tumor that contains about a billion cells.
To simulate observations on the MS loci observed in the tumors we could simulate
the entire tumor history and then subsample these cells, or we could generate the
history of the sample only. The latter approach is the one we used to describe the
coalescent: we generate the genealogical history of the cells in the sample, then
simulate the effects of mutations at the MS loci in this shared ancestry. This results
in a sample of MS loci in the cells in the sample.

Methods to generate the genealogical history of a sample from a branching
process are described in Weiss and von Haeseler (1997) in the context of the
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polymerase chain reaction (PCR), and in Tsao et al. (2000) in the present context.
Suppose we want to simulate the history of a sample taken after g generations,
going back to time 0. The basic idea is to use three passes to generate the MS
sample: in the first phase, the numbers of cells that have 0, 1, and 2 descendant
cells in generation 1, generation 2, . .. , generation g are simulated. This results in
a collection of family-size statistics (M;o, M;1, Mj3), j =0,1,..., g — 1, where
M;; is the number of families of size / born to cells in generation j. In a given
generation, j + 1 say, there are M; | = M;| + 2M;, cells. To generate M;,; re-
quires knowledge of the offspring distribution in each generation (which may differ
across generations). The branching property means that if the total number of cells
in generation j is M;, the number of cells that have 0, 1, and 2 descendants in the
next generation is multinomially distributed with parameters M; and po, pi, p2,
these being the probabilities of 0, 1, or 2 descendants, respectively, from a given
cell in generation j.

The second stage reconstructs the genealogy of the sample taken from genera-
tion g using the family sizes (Mo, M, Mj;) intheorder j = g—1,g-2,...,0.
If the sample has n cells at time g, we assign the n cells at random to ancestors
in generation g — 1, in accordance with the numbers M,_;; and M,_;,. Using
a “balls in urns” analogy, this is equivalent to choosing without replacement n
balls from My_; 1 + M,_; o urns, M,_; ; of which contain one ball, and M,_; »
of which contain two balls. This done, we count the number n,_; of distinct an-
cestors (i.e., the number of different urns sampled) in generation g — 1, and repeat
the assignment of these cells to their parental cells using the counts M,_»; and
M,_>>. Continuing back in this way to time 1 produces a genealogical tree of the
sample.

The third stage starts from the top of this genealogical tree by assigning MS
lengths to each of the ancestral cells at time 0, and then runs the mutation process
down the branches of the tree until arriving at the n cells in the sample at time g.
The mutation mechanism we use here is the simplest of a large number of models
that have been used in the literature: a MS locus inherits the same length as its
parent, plus the addition or deletion of a single motif caused by errors in MMR.

Before exploiting this approach to infer the age of a tumor, we note that the
algorithm used to generate the history of a sample of cells can be adapted to ar-
bitrary branching processes. The branching property is the only key assumption:
given the history of the process up to time j, the individuals in generation j pro-
duce offspring independently and with identical distributions (which may depend
on the history up to time j). In particular, the resultant branching process need not
even be Markovian. This provides plenty of flexibility to analyze samples from
extraordinarily complicated processes about which theoretical results are few and
far between. The approach can also be modified to generate genealogical histories
of samples from multi-type branching processes.
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7.2.5 Example

This example comes from data at 23 loci measured in an adenoma. The sample
sizes at each locus varied between 10 and 33, and the observed summary statistics
were ane]esq obs = 0.828, Sfoci’ obs = 0.229.

As described above, we assumed a simple symmetric step-wise mutation model
for each MS, with an overall mutation rate of 0.005 per replication. We used
uniform priors for Yy and Y}, with ranges (100, 2100) and (25, 400), respectively.

For the ABC approach we simulated observations from the priors for Y, and
Y1, and then simulated the history of the n cells that were sampled. Given this
genealogy we simulated L MS loci using the given mutation model, and calculated
the simulated values Sz%lleles, «im and Slzoci’ «im Of the statistics in Equation (7.36). The
values of Y and Y, were accepted if

Sz s2
1;)01, sim -1 + a;lleles, sim 1l <€ i (737)
Sloci, obs Salleles, obs

where € is a tuning parameter. Large values of € accept most values and so recon-
struct the prior, whereas as € — 0 only those values of Yy and Y; that reproduce
the data 2., and S ; exactly are accepted. The trade-off is in picking values of
€ that lead to a reasonable number of accepted values in a given time, as well as a
reasonable approximation to the required posterior. In the example below € is set
to 0.1, which corresponds to an acceptance rate of about 0.6%.

In Table 7.2 summary statistics for the posterior distributions of Yy, Y7, and the
age Y = Yy + Y; of the tumor are given. The corresponding posterior densities,
based on 1000 simulated observations, are given in Figure 7.5. The posterior den-
sity of Y is shown in Figure 7.6. A 95% credible interval for Y is (895, 2197)
divisions. Assuming one division per day, this translates into an interval of (2.5,
6.0) years, and a mean posterior age of 4.2 years.

In Tsao et al. (2000) a different statistical approach was used to assess variabil-
ity in the estimate of Y. Using data combined from two regions of the adenoma,
they found an estimated age of 1300 divisions (3.6 years), with an estimated 95%
confidence interval of (1.3, 5.2) years. Despite the different statistical approaches
these results are consistent with each other.

We remark that the approach outlined here can also be used to investigate the
robustness of the modeling assumptions. All that needs to be changed are the
details of the branching process being used and the mutation model; some of this
is described in Tsao ef al. (2000). Different statistical approaches can also be
explored in this way, such as by using different metrics in Equation (7.37) and
different summaries of the data.



Specific Models

217

Table 7.2 Inference about Y, and Y; for adenoma data based on 1000 accepted values.
Y =Y, + Y is the age of the tumor.

Yy Y Y
First quartile 1077.0 170.0 1255.0
Mean 1343.9 186.0 1529.8
Median 1325.0 184.0 1514.0
Third quartile 1614.3 200.0 1790.0
0.0012 1 (a)
0.0009 1
00006 { 4/ N
0.0003 1
100 600 1100 1600 2100
generations
0.020 1 (b)
0.015 1
0.010 1
0.005 1
25 125 225 325 400

Figure 7.5 Posterior density of ¥; (a) and Y; (b). Dotted lines show prior density.
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Figure 7.6 Posterior density at age ¥ of the tumor.
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7.3 The Cell Cycle

M. Alexandersson

7.3.1 Introduction

A cell is born, it grows for a while, and then it divides. Even though this is an
extremely simplified description, it captures the basic structure of the cell cycle,
and serves as a skeleton or a scaffold for more detailed models.

The cell cycle is a complex process with streams of signals and an elaborate suc-
cession of events through each stage. Also, because of an extensive control system
within and outside the cell, the cycle might be terminated prematurely (apoptosis),
or sometimes a cell may not even cycle (quiescence). All these details are im-
portant in a biological model, and essential to the understanding of the cell cycle.
However, when constructing a mathematical model of such a complex system, it
is important to bear in mind what biological questions we want to investigate, and
what is observed and measured in real experiments.

One purpose of mathematical modeling of the cell cycle is to provide a way to
compare theories of cell kinetics and cell growth at the individual level, with ob-
servations at the population level. Another is to predict the development and future
of the population. As we show later, the theory of multi-type branching processes
is unusually well suited to models and analysis of cell populations. The rules of
cell proliferation are based clearly on local processes in and around the cells, and
branching process models are constructed by defining the reproduction pattern for
a typical individual in the population. With an informal Law of Large Numbers
argument, we relate individual properties to the development of the population.

In a general branching process every individual in the population is character-
ized by a property called its fype. This is a label inherited at birth that determines
the range of choices the individual has during its life, more specifically what prob-
ability laws its life career will follow. For instance, the type can be the age of the
individual at a given time, its size at birth, or its growth rate. Just as birth types
characterize individuals, so the birth-type distribution characterizes the entire pop-
ulation; all other population properties, such as age and size distributions, can be
derived from this. In the model considered we assume that all cells proliferate, and
that there is no cell death or quiescence. Consequently, the population size grows
to infinity, and branching process theory tells us that its composition stabilizes
(see Chapter 6), whatever the initial state of the population. This is an important
property in cell populations, since it means that it is possible to generate a large
population from a single cell.

Population dynamics originates in the study of human populations, in which the
fertility is clearly age dependent, and age structure is a natural choice in demog-
raphy. However, when considering cell populations it seems more appropriate to
take the size (e.g., mass, volume, or DNA content) of the individuals into account.
We assume our cell population to be size structured, which means that the life of
a cell depends upon its size rather than on, for instance, its age. In other words,
the type of a cell is its size. One of the most influential articles on size-structured
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cell populations is Bell and Anderson (1967), which introduced what is now called
the Bell-Anderson model. In a branching process context this is a single-type pro-
cess with binary splitting, and clearly follows the basic structure described above.
The model we concentrate on in this section is an extension of the Bell-Anderson
model, and similar to a class of models sometimes called transition probability
models. Transition probability models use the idea that the cell cycle consists of a
completely deterministic B-phase, and an indeterminate or stochastic A-phase. We
assume that there is a critical size m,, such that a newborn cell always has size less
than m,, and then it grows beyond m, before it divides. The critical size divides
the cell cycle into two independent phases, A and B say, and when the B-phase
is deterministic our model coincides with a transition probability model. We also
introduce a microheterogeneity in growth: the growth control is supramitotic in
the sense that a newborn cell continues to grow with the same growth rate as its
mother until it reaches the critical size, at which it chooses a new growth function.

Size-structured models are sometimes criticized because they lead to negative
mother—daughter life length correlations, whereas this correlation is often observed
to be zero or positive, especially in mammalian cells. In our model this problem
does not occur. By dividing the cell cycle into two independent phases, the only
dependence between mothers and daughters is through their common growth func-
tion, that is through the second (B) phase of the mother and the first (A) phase of
the daughter. The size structure means that slow growth leads to longer life lengths
and fast growth leads to shorter life lengths, for both the mother and her daughters,
and their life length correlation is non-negative.

Our aim here is to give an informal description of a general cell population
model, one complex enough to capture many important biological features with-
out having too many parameters. We show some of the ways in which general
branching process theory helps us derive facts about our model and conclude with
a fuller description of the mother—daughter correlation issue mentioned above. As
it turns out, we obtain explicit analytical expressions of the quantities we wish to
investigate, and we obtain numerical plots of the composition of the population.

7.3.2 A biological model

The cell model considered here is a version of the two-subcycle model, described
and analyzed in Sennerstam and Stromberg (1995), and based on a cell line of mul-
tipotent embryonal carcinoma cells (PCC3). In this section we define the model
biologically, and in Section 7.3.3 we use the branching process framework to de-
fine and analyze it mathematically.

The cell cycle is usually defined to be the period between two consecutive mi-
totic events (i.e., between two cell divisions). During its life length the cell is
thought to progress through four, sometimes five, different phases, Gy, S, G,, and
M, where S is the DNA synthesis phase in which the genome is duplicated, M is
the mitotic phase, and G; and G, are preparation phases or “gaps.” The cell cycle
is sometimes expanded with a fifth stage, Gy, which is a resting phase between
mitosis and G, and from which cells are recruited randomly into G;. In transition



220 Branching Processes: Variation, Growth, and Extinction of Populations

CGC
DDC

EGS S G
mo{; 1/O: + 2; 2my

M
Figure 7.7 The DNA division cycle (DDC) and cell growth cycle (CGC) span the same
time interval.
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Figure 7.8 (a) When the growth rate is slow, the CGC extends past mitosis. (b) When the
growth rate is fast, the cell reaches size 2m before mitosis.
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probability models the A-phase contains Gy, when introduced, and the first part of
G, and the B-phase consists of the remainder of Gy, as well as S, G, and M.

The idea in the two-subcycle model is that the cell cycle consists of two mu-
tually dissociated, simultaneously running subcycles: the DNA division cycle
(DDC), which causes a doubling of the genome, and the cell growth cycle (CGC),
in which the cell doubles its size. The DDC is assumed to have a fairly constant
duration and covers the S, G, and M phases and a pre-S phase. The pre-S phase is
postulated to be a temporally constant (cf. Sennerstam and Stromberg 1995) late
G period (G pS) when a cell is committed to enter the S phase. In the simplest
case the CGC spans over the same time interval as the DDC, beginning at some cell
size my, and cells divide equally (Figure 7.7). This is the Bell-Anderson model
and is treated in Taib (1999) and Jagers (2001).

However, the cell may vary considerably in growth rate during its CGC, the
most common situation being when the cell grows rather slowly and the CGC ex-
tends past mitosis (Figure 7.8a). The cell then divides unequally, and each daughter
cell continues to grow to complete its mother’s CGC in what is called the post-M
phase (G; pM). When the cell reaches the critical size m,, whenever that occurs
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Figure 7.9 Each individual gives birth to a number of children, and the births occur as
random points in time.
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Figure 7.10 (a) A general birth process, in which children are born with different types
at different ages of the mother. (b) For cells the number of children is always two, and the
daughters are born at the same time, but are assigned different types. A denotes an arbitrary
set of types.

in the G-period, a “start” event is triggered, and the cell is committed to enter its
own DDC and its pre-S phase begins.

A third case is when the cell grows rapidly from “start” and the CGC is com-
pleted both before the DDC is and before the mitosis is activated (Figure 7.8b).
The cell is then thought to enter a new S phase, which generates a tetraploid cell
(i.e., a cell with four sets of chromosomes instead of the normal two).

A cell grows with the same growth rate as its mother until it reaches the critical
size, where it chooses a new growth function. Two daughter cells are assumed to
have similar, but not identical, growth functions through some inheritance from the
mother. We give an example of a mathematical representation of this inheritance
in the next subsection.

7.3.3 The branching process model

A branching process model is based on the reproduction of a typical individual in
the population (Figure 7.9). Births occur at random points in time, and each newly
born individual is assigned a type.

Of particular interest is the reproduction of a typical cell, given as the average
number of children of certain types of an individual with a given type and age
(Figure 7.10).

Once the reproduction pattern of the population has been specified, we can use
it to determine the stable composition. The proportions of cells that have certain
properties, such as being alive, with certain division sizes, or certain ages, can be
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determined by counting the number of cells that have the property, and dividing by
the total number of cells. Branching process theory tells us that these proportions
converge to limits when time goes to infinity (and hence the composition has sta-
bilized). In cell populations what are known as the «- and S-curves are especially
important. These are defined as follows:

a(a) is the proportion of cells that survives past age a, and B;(a) is the pro-
portion of sister cell pairs whose life lengths differ by more than a time units,
while
Ba(a), B3(a), ... are the same proportions for cousin, second cousin, ... cell
pairs.

Omitting all mathematical details (which can be found in Alexandersson 2000) we
assume the following:

1. The type is the birth size, and all other distributions (see below) depend on this.

2. Length of life is a random variable, the distribution of which depends on birth
size. Hence, a cell’s propensity to divide depends on how large it is rather than
on how old it is.

3. The cell divides unequally into two fractions, § and 1 — §, where 0 < 6 < 1 is
arandom variable with distribution symmetric around % (i.e., the cell divides in
two equal parts on average).

4. There is a critical size m, such that all cells are born smaller than m,, and then
grow past m, before division.

5. Individual growth is exponential with a growth rate that consists of two parts: a
latent factor handed down by the mother, which represents inheritance, and an
individual contribution. Hence, the growth rate for a cell is of the form

growth rate = inherited component + individual component

where the inherited component is common for both daughters, and the inherited
and the individual components are independent.
6. The DDC is constant.

With these assumptions, branching process theory enables us to form an analyti-
cal expression for the stable birth-type distribution, and hence also for quantities
such as the «- and B-curves. When the model is simulated, as in Sennerstam and
Stromberg (1995), we obtain explicit mathematical functions that can be plotted
numerically.

We use the parameter values defined in Sennerstam and Stromberg (1995):

Critical cell size (m,) 7 (relative size units)
DDC 8 (hours)

Inherited component N (0.06, 0.005%)
Individual component N (0, 0.015%)
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Figure 7.12 The B;-curve.

where N (m, v) stands for the normal distribution with mean m and variance v.
Plots of the «- and B;-curves, the densities of the stable birth-size distribution and
the stable division-size distribution are shown in Figures 7.11-7.14.

7.3.4 Mother-daughter cell cycle time correlation

As mentioned in Section 7.3.1, size-structured models are sometimes criticized
because they predict a negative mother—daughter life-length correlation. That the
correlation becomes negative is easy to see since, for a cell population in which all
the cells have the same growth rate, a long cell cycle leads to a larger division size,
and therefore larger daughters. Since life length depends on size, the daughters’
life lengths become shorter, and hence the negative correlation. In mammalian
cells, however, this correlation is observed to be zero or positive.

In the two-subcycle model, the cells change growth rate, as pointed out, at the
critical size, and a new growth rate is chosen independently of the old one. This
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Figure 7.15 The life lengths of the mother and the daughters are dependent through their
common growth rate g».
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means that the length of the G| phase of the mother is independent of the length of
the G, phase of the daughter. By dividing the life length of a cell into two indepen-
dent parts, separated by the critical size m,, as shown in Figure 7.15, we see that
the mother and daughter are dependent only through the period when they share
a growth function (g, in Figure 7.15). Slow growth or fast growth affects both
mother and daughters in the same way, which leads to a non-negative correlation.
For the special case in which the DDC is considered constant, we obtain that the
life lengths of the daughters are independent of the mother’s life, and the correla-
tion becomes zero. Thus, in this case the mother—daughter correlation is zero as
a consequence of constant DDC rather than because of the microheterogeneity in
growth. Note that in this case the correlation is zero even if all cells have the same
growth rate. A proof of this can be found in Alexandersson (2000).

7.4 Telomere Shortening: An Overview
P Olofsson and M. Kimmel

7.4.1 Introduction

Shortening of telomeres is one of the supposed mechanisms of cellular aging and
death. The hypothesis is that each time a cell divides it loses pieces of its chro-
mosome ends. These ends are called telomeres and consist of repeated sequences
of nucleotides (telomere units). When a critical number of telomere units are lost,
the cell stops dividing. There is an extensive biological literature on the subject; a
good reference for the basic facts and an intuitively appealing explanation of the
deletion process is Levy et al. (1992). This also seems to be the first article to for-
mulate the problem mathematically, and its essentially deterministic model serves
as the basis for all subsequent mathematical models in the literature.

Telomeres are assumed to consist of telomere units, repeated sequences of nu-
cleotides. When a chromosome replicates, each newly synthesized strand loses
one telomere unit at one of its ends. This means that the pair of daughter chromo-
somes each has one old, unchanged strand and one new strand, one unit shorter
(see Figure 7.16). Once a critical number of telomere units are lost, a so-called
Hayflick checkpoint is reached and the cell stops dividing. Under this assumption,
only the length of the shortest telomere matters and thus a chromosome is said to
be of type j if its shortest telomere has j remaining units. This leads to a model
in which a type j chromosome has two offspring, one of type j and one of type
Jj — 1. Cells of type 0 do not divide.

In this section, the attempts to model and analyze this process with mathemat-
ical methods are reviewed. The emphasis is put on multi-type branching process
models, in which the main features turn out to be reducibility and polynomial
growth.

7.4.2 Branching process model

We now describe the telomere loss process as a multi-type branching process. For
the generalities of such processes, see, for example, Mode (1971). The type of a
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Figure 7.16 Two replication rounds in the simple model for telomere shortening. Note how
5" ends are replicated completely, whereas 3’ ends have overhangs because of the incomplete
replication. The number under the chromosome is the number of remaining telomere units.

chromosome is, as described above, the number of remaining telomere units on its
shortest end. Fix one particular chromosome and let the type of the cell be the type
of that chromosome. A cell of type j divides into two daughter cells of types j and
j — 1if j > 1;acell of type 0 does not divide, but stays in the population forever
(is immortal). Dividing cells have life lengths that are independent and uniform
random variables. Start with one cell of type k and let M;(¢) denote the expected
number of cells of type j at time #. The main feature of the resultant multi-type
branching process is reducibility, meaning that types do not communicate. As a
result of this, the asymptotics are polynomial rather than exponential. The main
results of Arino et al. (1995) are given in Theorems 7.4 and 7.5.

Theorem 7.4 Assume that life lengths are independent exponential with mean
1/a. Then

()t
(k= P!
forj=0,1,... k.

M;(t) = (7.38)

and

Theorem 7.5 Assume that life lengths are bounded and continuous independent
random variables with mean . Then, ast — 00,

k—j
(k= )k
forj=0,1,... k.

M;(t) ~ (7.39)

In Olofsson and Kimmel (1999) and Olofsson (2000), probabilistic methods are
used to prove these and more general results, which are presented in Section 7.4.3.

7.4.3 Incorporating cell death

In Olofsson and Kimmel (1999), new probabilistic methods of proof are intro-
duced. The model is the same as that above, but the methods of proof are simpler,
clearer, and easier to generalize.
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Let the ancestor be of type k throughout. The basic idea is to relate the real-time
process to the process counted by generation. Recall M;(z), the expected number
of j-type cells at time ¢, and let m](.") be the expected number of j-type cells in the
nth generation. The two relate in the following way:

M) = > m{’(G" () - G V), (7.40)

n=k—j

where G is the distribution function of the life length and G** its n-fold con-
volution, the distribution of the sum of n independent identically distributed life
lengths. To understand this formula, note that at time ¢ cells from any generation
may be present. Since there are m;") individuals in the nth generation and each of
these is alive at time 7 with probability G** () — G*®*+1(¢) (born before ¢, but not
yet dead at ¢), the expected number of cells from the nth generation present at time
t is simply m;”)(G*” (t) — G*"FD(¢)). Summing over all the generations gives us
M;(t). The identity may be derived formally as the unique solution to a certain
renewal equation; for a more general version of this, see Jagers (1989).
In particular, if life lengths are exp(w), it can be shown that

n—1

Gty =e Y (at) (741)

i!
i=0

is, indeed, the Gamma distribution with parameters n and «, and hence

oo

t n

M= 3 m ek (7.42)
n=k—j '

If there is no cell death, m;") = (kfj) and hence

e e (n (@) (@
M;(t) =e Z(k )m VL

n=k—j -J

00 n—(k—j) k—j
= (@)’ _ (e (7.43)
—k—

(n— (k=) (k=)

n J

which is Theorem 7.4.

The first generalization is to introduce possible cell death. As before, let life
lengths of proliferating cells be independent exponential random variables with
mean 1/«. Suppose that cells of type O live for a time that is exponential with
mean 1/t where T < «. Another way to think of this is that O-cells live for a time
that is exponential with mean 1/«, just like all other cells, and then “try to divide”
and either die or live on. If the probability of survival is p, we have the relation
T =oa(l - p).

The formula for M;(¢) remains unchanged for I < j < k, and for j = 0 we
obtain the asymptotic result in Theorem 7.6.
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Theorem 7.6 Ast — oo,

1 )k
A@@)~Tj;“2).

(7.44)

In the model with immortal cells, the O-cells dominate, since their growth rate
is the fastest. In the model with cell death, the 1-cells have the same growth rate,
so asymptotically they dominate together with the O-cells in the proportions 1 to
1/(1 — p). Already, this is a qualitative difference between the two models.

Next, we introduce possible death also for the non-zero cells. Thus, let p be the
probability of survival for O-cells and g the corresponding probability for non-zero
cells. The asymptotics now depend on the relation between p and g, as the result
in Theorem 7.7 shows.

Theorem 7.7 For 1 < j <k,

@' i

Mi(t) = - (7.45)
! (k — )
For j = O there are three cases. If p = q, then
)k
Mo(r) = %e‘“(l_")’ . (7.46)
If p < q then
k—1
My(t) ~ L%e*a(lfq)t . (7.47)
qg—p (k=D!
Finally, if p > q, then
k
Mo (1) ~ <L> ema=pr (7.48)
q—7p

Note that the polynomial growth is now asymptotically killed by an exponential
decay factor, determined by the larger of the two survival probabilities p and q.

A second important generalization of the model that results from Arino et al.
(1995) is to relax the exponential assumption and let the life-length distribution be
arbitrary. Section 7.4.4 is devoted to this.

7.4.4 General life-length distributions

In Olofsson and Kimmel (1999), the results from Arino et al. (1995) were also
extended to general life-length distributions. We state Theorem 7.8 with proof.

Theorem 7.8 Suppose the life lengths are independent with common distribution

function G and common mean (1. Then, ast — 0o,
k—j

Wk =

for0 < j <k

M) ~ (7.49)
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The proof is based on the following so-called Tauberian theorem (Feller 1971).

Theorem 7.9 Let H be a non-decreasing function such that the Laplace—Stieltjes
transform H(s) = fooo e *"H (du) < oo for s > 0. Then for anyr > 0

~ A
H(s) ~— ass —> 0 (7.50)
SV
if and only if
H(t) 7Aﬂ t (7.51)
~ — . .
re+n SF7

Proof of Theorem 7.8 Firstlet k = 1. Then

M) =Y n(l=G)*G™(1) =Y _n(G™(t) — G (1))
n=1 n=1
— Z Z(G*n(t) _ G*(n+1)(l)) — ZZ(GM (t) _ G*()Hrl)(l))
n=1 j=1 j=1 n=j
Z G (t) ~ — (7.52)

ast — 00, by the renewal theorem (Asmussen 1987). That this theorem applies can be
realized directly: the k-type cells split according to a renewal process and at each renewal
an infinite line of (k — 1)-type cells is initiated, since there is no death. Hence, the number
of (k — 1)-type cells at time 7 is exactly the number of such renewals up to time .

In the absence of cell death, clearly M, (¢) is non-decreasing and

Ml (s) = /ooeﬂ'sz| (du) = Z/oo e G (du)
0 0

3 . G(s)
ZG(S) oo~ 0 (7.53)

n=1

for s > O unless G(0) = 1. Hence, Theorem 7.8 above applies and
— 1
Mi(s) ~ — (7.54)
s

ass — 0.
Now, consider M, (t) for an arbitrary k. We obtain

o0

M (s) = / e "My (du) = Z <Z> / e*"(1 = G) *G"(du)
0 0

n=k

P . ~ G(s)k -
=(1-G()) Zk (Z)G(s)” =(1- G(s))% = M, (s)". (7.55)



230 Branching Processes: Variation, Growth, and Extinction of Populations

Hence,

1
M (s) ~ — (7.56)
uks
as s — 0 and applying Theorem 7.8 again yields

k

M (1) ~ Zk—k‘ (7.57)
as t — oo. Note that Theorem 7.5 follows as a special case.

The models and main results in Arino et al. (1997) and Olofsson (2000) are essentially
the same and extend the previous model by allowing for loss of a random number of telom-
ere units in each division. The methods in the first article are deterministic, mainly using
differential equations. The second article uses variants of the probabilistic methods intro-
duced above and involves standard results from renewal theory. We state the main result
from Olofsson (2000).

SO0

Theorem 7.10 Assume that a cell of type j gives birth to a cell of type j and a cell
of type i with probability p;; fori =0, ..., j — 1. Let a cell of type j have the
life-length distribution function G;. Start fmm a cell of type k and let M (“)(t) be
the expected number of j-type cells of age less than a at time t. Then, as t — o0,

k=i
MO ~ / (1= G;(»)dy- , (7.58)
- k=Nl
M@t ~ Cro-a- LA . (7.59)
0 ’ k —1)!
The constant Cy_; is
Cr, = ]_[ Piizi (7.60)

i=j+1 Hi

7.4.5 Discussion

As pointed out above, the type of a cell is the length of the telomere of one single
chromosome. This may be reasonable if one particular chromosome is responsible
for stopping cell division [or if there only is one chromosome, such as is the case
for the protozoan Tetrahymena thermophila (see Larson et al. 1987)]. If, however,
cell division is stopped whenever any of several chromosomes reaches the critical
telomere length, the situation is different. We then consider a minimum of several
processes and the dynamics is not the same.

For a simple illustration of this, assume a cell has two chromosomes and that
the type of the cell is (j, k), where these are the remaining numbers of telomere
units on the respective chromosomes. As soon as one of the chromosomes hits 0,
the cell stops dividing.
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Now suppose the cell is of type (1, 1). Then the two type 1 chromosomes
each produce two daughter chromosomes, one of type O and one of type 1. If
chromosomes are allocated randomly to daughter cells, the two daughter cells may
thus be either of types (0, 0) and (1, 1) or of types (0, 1) and (1, 0), with equal
probabilities. In the second case, both cells stop dividing, and in the first case the
(1, 1)-type continues to divide. Clearly, there is only a finite number of divisions
in this model (the total number of cells is a geometric random variable) and the
population no longer exhibits polynomial growth.

In humans, theoretically any number between 1 and 46 chromosomes could be
involved in stopping cell division. There are, so far, three articles that address
these problems, two of which use computer-simulation approaches.

In Arino et al. (1995), the number of chromosomes involved is taken to be 40
and the model is compared to the data from Levy et al. (1992). The 40 chro-
mosomes are assumed to evolve according to independent branching processes,
an assumption that simplifies the analysis and gives a good fit, but that does not
address the problems mentioned above with observing the minimum.

In Tan (1999), the number of chromosomes that best fits the data of Jones et al.
(1985) is investigated. The model allows for random lengths of the deletions and
the conclusion is that only a few, most likely only two, chromosomes are respon-
sible for sending the initial signal to stop cell division.

In contrast, Rubelj and Vondracek (1999) find a good fit to the same data using
all 46 chromosomes and a model that includes what they call “abrupt telomere
shortening.” This means that the telomeres decrease in unit steps, but once they
have reached a certain length n(, they may lose anything from 1 to n( units accord-
ing to some specified probability distribution on {1, 2, ... , np}.

A comparison of the simulations shows that Tan (1999) mimics the cloning
of the laboratory by letting cells reproduce to a certain number, then harvesting
half the cells at random, letting them reproduce again, and so on until all the cells
have stopped dividing. The procedure in Rubelj and Vondracek (1999) is to start
from one cell, choose one of the two daughter cells at random, and continue in
this fashion a specified number D, of times. This gives a good fit to the bimodal
distributions observed in the experiments of Jones et al. (1985).

7.5 The Polymerase Chain Reaction
P. Jagers

One of the most powerful tools of modern molecular biology is the polymerase
chain reaction, commonly referred to as PCR, a technology that can generate a test
sample out of a minuscule amount of DNA. In guantitative (also called real-time
or kinetic) PCR the successive growth of the amount of DNA is followed from a
threshold of observation up to large molecule numbers. In ordinary PCR, the focus
is on the end product, which is sufficiently large to detect viruses or mutations, and
also for many other uses, such as in paternity testing or forensic matters.
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Figure 7.17 The polymerase chain reaction.

The first PCR step is denaturation (i.e., heating up to 90°C so that DNA strands
separate). In the subsequent annealing phase, at around 50°C, short synthetic so-
called primers of single-stranded DNA bind to the separated PCR sequences. Tem-
perature is raised and an enzyme, the polymerase, promotes the synthesis process
at the region marked by the primers, the primer extending into a complementary
DNA string. Thus, a double-stranded DNA string is obtained, and the number of
DNA molecules would be doubled if it were not for stochasticity: primers may
fail to attach or other things may go awry. In short, the molecule replicates with a
probability p, which is usually called the efficiency of the reaction in the present
context. The procedure is repeated over and over again, and in a short time a
substantial amount can be obtained from just a few DNA strings. The process is
illustrated in Figure 7.17. (This is a simplified description, but adequate for our
purposes.)

After some possible hesitation in the very first iterations, because of impurities,
the amount of DNA amplifies at a seemingly exponential rate. This later slows
down into linear growth, but during the most important growth phase, efficiency
(i.e., the probability of successful replication) is usually viewed as constant, around
0.95 or even higher.

7.5.1 PCR as a Galton-Watson process

The most natural, albeit simplified, model of PCR describes the exponential
growth phase. Thus, the numbers of molecules after iterationn = 0, 1, 2, ... con-
stitute a binary Galton—Watson process with the reproduction (or rather, in these
circumstances, replication) law

PéE=2)=p, PE=1)=1—p. (7.61)
This means that m = 1 4+ p and 6> = p(1 — p). The starting number Z, = 7
may be an unknown parameter to be estimated or a random variable (e.g., with a
Poisson distribution arising out of dilution). In such cases it may be of interest to
estimate the Poisson parameter.

The process transition probability is

i . o
P(Ztl+1 = ]|Zn = l) = <] >P]l(1 - p)Zlij ’ (762)

since if k < i molecules replicate successfully, the result is j = i — k + 2k
molecules in the next round, and k = j — i. It follows that the likelihood of a
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whole quantitative PCR observation from the threshold ¢ of observation up to the
last measurement at the nth iteration is

2k

P(Zk—l <c< Zk — Zk|Z() — Z)( >ka+]Zk(1 _ p)ZZk*ZkJrl X oo

Zk+1 — 2k

Zn— P
) ( " )pznz""(l —p) T =P(Zyy < ¢ < Zr=%1Zo=2)
in — Zn—1

n—1
l—[ < Zj >(L)Z,,Zk(1_p)ynly1<l , (7.63)

P Zj+1—Zj 1-p

where k is the (unobserved) iteration number until the threshold is reached,

Zk, - - - » Zn are the observed molecule numbers, and y; =z +z1 + -+ 2, J =
1,2, 3, ... denotes the accumulated number of molecules. Note that y, — yi_1,
depends only upon the observable molecule numbers zx, zxk—1, - .. , Zn-

This has a number of interesting consequences. First, the number of iterations
until the threshold is passed, usually denoted C7 or CT in PCR literature, together
with the first observation form a sufficient statistic (see any basic statistics text-
book) to infer the starting number of molecules. Given C; = k, Z; = z, the
pair

(Zy — Zi, Yoo — Vi) (7.64)
is sufficient and yields the maximum likelihood estimator

A Zn - Zk (7 65)
P=3——~— )
Y1 — Y
of the efficiency. This is also a consequence of the maximum likelihood estimator
of the reproduction mean in a Galton—Watson process generally being given by
(see Jagers 1975, p. 47)

Y, — Zo

= 7.66
m - (7.66)
The starting number of molecules is then estimated naively by
c/(L+ P, (7.67)

and it turns out that a more refined analysis does not alter much. Dilution by a
factor of, say, d = 10, so that the starting number of cells changes from z to z/d,
results in a logarithmic increase of Cr, since

wm€" =~ (z/d)ymCT (7.68)

where C’ denotes the number of iterations until the threshold is reached, if the
start was from z/d molecules. However, variance will increase more drastically,
actually by d times (op. cit.).
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7.5.2 Variable efficiency

Actually, efficiency is influenced by a whole range of factors, such as the amount
of target DNA, of primers, polymerase, deoxynucleic triphosphate, magnesium
chloride, etc. However, many enzymatic reactions are described well by the sim-
plified so-called Michaelis—Menten kinetics (e.g., Cornish-Bowden 1979), and so
are the DNA polymerase reactions, as claimed by Schnell and Mendoza (1997a,
1997b); however, also see Lalam et al. (2004).

The Michaelis—Menten formula says that reaction velocity is proportional to the
free substrate concentration divided by the same plus the (very large) Michaelis—
Menten constant K. In a PCR round, the crucial substrates are the target molecules
(the other building blocks being present in abundance), so that the rate should be
proportional to

s

K+s’
if the number of molecules equals s. If the rate is assumed constant during one
PCR iteration, and the durations have the same length, the (expected) number of
new molecules produced during one iteration must be proportional to the rate.
However, it also equals sp(s), the efficiency p now taken as a function of 5. Solv-
ing yields

(7.69)

K+s

for some constant A. Since p(s) = 1, for little s, A should equal K.

In this manner we arrive at a near critical Galton—Watson process dependent on
population size. Such processes are discussed in Sections 2.6, 4.3.2, and 5.8, and
PCR is mentioned as an application: the “offspring” number per molecule is

K

m(s)=1x 1 —=pE)+2xp@)=1+ps)=1+ X5 (7.71)
Hence, at the beginning of the reaction

E[Zy|Zp1] = Zn_1 + K21 0y (7.72)

nlén—11 = £Ln—1 K + Z’171 n—1 > .
or at least > 1.95Z,_,, which gives the well-known exponential style growth of
{Z,}. However, as n — oo so does Z,, and therefore
E[Z\Zy1 ]~ Zy-1 + K . (7.73)

Iterations give

KZn—l
E[Z,] =E[Z,-1] +E|: i|

K+an

n—1

KZ

1+ °F L 1~ Kkn, (7.74)
P K+ 7
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as n — oo. This shows that ultimately we should expect linear growth, but even
more holds true.

Indeed, when the total molecule number is s, the variance of the offspring dis-
tribution of any single individual is

0?(s) = 4p(s) + 1 — p(s) —m*(s) = p(s)(1 — p(s)) = (7.75)

(K +5)%°
Thus, the variance of the number Z,, of molecules at the nth cycle (see the variance
decomposition formula of the Appendix) turns into

Var[Z,] = E[Var[Z,|Z, 1] + Var[E[Z,|Z,—1]

KZ2_, KZ,_
=E m + Var|Z,_; + rzl . (7.76)

In this, the first term converges toward K from below, as n passes, since then
Z, — oo. The second expression is ~ Var[Z,_], for basically the same reason,

KZH,1

ol LK. (7.77)
K + Zn—l

It follows that
Var[Z,] ~ Kn,n — o0, (7.78)

which yields the mean square convergence of Z, /n toward K,
E[(Z,/n — K)*] = Var[Z,1/n* + (E[Z,]1/n — K)*> - 0. (7.79)

However, there is also almost certain convergence, that is, with probability one
the sequence Z,/n — K (see Jagers and Klebaner 2003). This is important, as
it means that we can follow the successive molecule numbers of any one exper-
iment, and be assured about the convergence. Thus, in spite of their crudeness,
Michaelis—Menten kinetics yield branching processes that manage to reproduce
the qualitative behavior of PCR: an exponential increase followed by linear growth
in molecule numbers. However, this cannot be more than a first step toward a
more detailed analysis of how probabilities are determined by circumstances; the
Michaelis—Menten approach in itself is not only approximate, but also it is macro-
scopic rather than probabilistic in essence. In one model (see Lalam et al. 2004),
a purely exponential growth phase is supposed to be followed by one governed
by Michaelis—Menten kinetics, as above. Another generalization is to regard the
Michaelis—Menten constant as summarizing the experimental conditions, and thus
subject to random variation. This is pursued in Jagers and Klebaner (2004).
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7.6 Modeling Measles Outbreaks
V.A.A. Jansen and N. Stollenwerk

7.6.1 Introduction

Epidemiology is one of the areas in biology to which mathematical modeling has
been applied most successfully. It was through the mathematical concept of basic
reproductive number that Ronald Ross gained the insight that malaria could be
controlled if the mosquito population was sufficiently suppressed (Heesterbeek
2002). Later, similar concepts were applied to the eradication of smallpox and the
control of many viral diseases through vaccination campaigns (Anderson and May
1991). To date, mathematical models remain an important tool.

Epidemiology studies the distribution of a disease within a host population.
Most models used for infectious diseases are based on partitioning the host popu-
lation into different classes that correspond to the different stages of the infectious
process (e.g., susceptible, infectious, and recovered) and the transitions between
these classes. Such models work particularly well for diseases caused by micropar-
asites, a class of pathogens that comprises viruses and bacteria and that are char-
acterized by an infection normally accomplished with a single dose that consists
of a relatively small number of infective particles (Anderson and May 1991).

Mathematical epidemiology has concentrated on cases for which the disease
is endemic or in which large epidemics occur. In this context the reproductive
number is an important parameter. It is defined as the average number of sec-
ondary infections caused by an infected host over the lifetime of the infection. In a
completely susceptible population, this number is known as the basic reproductive
number, Ry. If the reproductive number is larger than one, a single infection can
lead to a chain reaction of infections and, eventually, to an epidemic or an endemic
state. If the reproductive number is smaller than one, large epidemics do not occur
and the pathogen is bound to disappear from the population.

If the basic reproductive number is less than one, the numbers of infected in-
dividuals hardly ever become truly large and stochastic effects prevail. If this is
the case the disease manifests itself in the form of outbreaks that follow the intro-
duction of the disease into the population. The size and duration of an outbreak
can vary enormously through chance events. To capture these dynamics a stochas-
tic formalism is needed. In this section we illustrate how the theory of branching
processes can be used to describe the epidemiology of pathogens with a reproduc-
tive number smaller than one, using the epidemiology of measles as an example.
We use this to explain the distribution of disease outbreaks in small island popula-
tions, and the effect of a recent decline in vaccination in the UK after a scare about
vaccine safety.

7.6.2 The epidemiology of measles

Measles is caused by the measles virus. It is transmitted on close contact via
airborne propagules. Infection leads to the development of a typical rash. The
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infectious period is in the order of a week, after which the hosts recover and de-
velop lifelong immunity. Hosts, therefore, are normally infected only once in their
lifetime and, if the force of infection is sufficiently large, this happens at a young
age, and hence measles is a childhood disease. Although in unvaccinated popula-
tions measles is a common disease, infection is not without danger. In developed
countries infection with measles leads to complications in one out of seven cases
and is fatal in about one in 5000 cases (Ramsay et al. 1994; Carabin et al. 2002).

The basic reproductive number of measles lies between 10 and 18 (Anderson
and May 1991). In large, unvaccinated populations measles is endemic, and a
course of measles is a normal part of childhood. Before mass vaccination was
introduced, measles used to follow a cyclic pattern, with a period of about 2 years
in Europe and North America. Mathematical models have shown that the annual
variation in the transmission together with the disease dynamics can result in a
2-year cycle or more complex dynamics (Bolker and Grenfell 1993; Drepper et al.
1994). Since mass vaccination was introduced in the UK in the 1970s, measles
has lost its periodic character. Over the past decade the vaccine coverage in most
parts of Europe was above 90% (de Melker et al. 2001) and measles currently only
occurs following introduction of the disease.

In small, isolated populations an outbreak of measles can immunize a large part
of the population, so the disease disappears even if the reproductive number was
larger than one initially. Therefore, measles cannot persist in small populations
(Bartlett 1957). In small island populations this is, indeed, the case and measles is
not endemic, but comes in the form of outbreaks after importation of the disease
(Rhodes and Anderson 1996; Rhodes et al. 1997). In a number of small islands
these outbreaks have been documented meticulously, which provides an unparal-
leled record of outbreak patterns.

In the UK, the safety of the combined measles, mumps, and rubella (MMR)
vaccine recently became the focus of a heated debate following concerns over the
safety of the vaccine (Wakefield et al. 1998). None of the claims regarding the
safety of the vaccine have been confirmed (Donald and Muhtu 2002; Consumer’s
Association 2003), but nevertheless this scare resulted in a decreased uptake of
the MMR vaccine. As a result, measles outbreaks have increased in size (Ram-
say 2003). We use a branching process to describe the epidemiology of measles
in a vaccinated population and demonstrate how this model can be used to esti-
mate the reproductive number in the UK population. Such information is of vital
importance in public health policy.

7.6.3 A general model for measles

A basic model for the epidemiology of measles outbreaks is founded on a subdi-
vision of the host population into classes. The allocation of individuals to classes
is not static: hosts can move from one class to another. Whenever this happens we
speak of a transition. Examples of transitions are infection, which moves a host
from the susceptible to the infected class, and recovery, which moves a host from
the infected to the recovered class.
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Table 7.3 Transition rates for the continuous-time epidemic process.

Event Type of transition Rate
Infection S—>S—-1,I—>T1+1 BSI/N
Recovery I—-I—-1,R—R+1 yl
Death of infected I—->1—-1,8S—>S+1 wl
Death of recovered R—-R—-1,§—> S+1 UR
Vaccination S—>S—1,R—>R+1 vS

We make one important assumption, that the transition rate (i.e., the probability
of a host moving from one class to another per unit of time) depends only on the
current state of the system and not on the system’s history. The state of the system
is defined by the numbers of hosts in the different classes (the Markov property
discussed in Section 2.3). This assumption is less restrictive than it sounds. It
effectively requires us to choose classes in such a way that they contain all the
information necessary to predict changes at the current point in time.

We consider three classes: susceptible hosts, infected, and recovered. Suscep-
tible hosts have never been in contact with the virus and have not been vaccinated.
The number of susceptible hosts is denoted by S. Upon infection susceptible hosts
enter the infected class. The number of infected individuals is given by /. Hosts
that acquire immunity to measles, either through exposure to the virus or vaccina-
tion, move into the recovered class. The number of recovered hosts is given by R.
Models of this type are called SIR models.

The average length of the infectious period for measles is about a week. As this
is very short compared to the average lifetime of the human host we assume that
the total host population is constant on the timescale of a measles outbreak. The
size of the host population is N = S + I 4 R. Susceptible hosts become infected
with the virus upon contact with an infected individual. The force of infection
(the probability that an individual host acquires the infection per unit of time) is
given by BI/N, where B is the transmission parameter. The force of infection
is proportional to the fraction of infected people, //N, because the number of
potential infectious contacts tends to be independent of the population size. The
rate at which the number of infected individuals grows is B1S/N.

An infected host has a probability y of recovering from the infection per unit of
time. The rate at which the number of infected individuals decreases through re-
covery is thus y /. In addition, birth, death, and vaccination are taken into account.
All individuals have a probability p of dying per time unit. As we wish to keep
the population size constant, we replace dead individuals by newborn susceptible
individuals. Finally, we model vaccination as a fixed probability per unit of time,
v, of a susceptible host being moved to the recovered class. These transitions are
summarized in Table 7.3.

The average duration of /}Islfection in this model is 1/y. The average number

of secondary infections is N In a completely susceptible population S = N,

and hence the basic reproductive number is Ry = g In a population in which a
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Figure 7.18 Stochastic simulations of the SIR system above and below criticality. For
these simulations we used § = 500.1333, © = 1/75, and y = 50 (corresponding to an
average recovery time of about 1 week). (a) For v = 0.108: if the vaccination dynamics has
equilibrated these values correspond to R, = 1.099 and the system is supercritical. After an
initial random phase the epidemic looks essentially deterministic (i.e., the graph is smooth)
and is well described by the ordinary differential equation system in Section 7.6. In this
figure 100 simulations are shown. Most epidemics have faded out and are therefore not
visible. (b) For v = 0.1215: the system has R, = 0.989 after equilibration and the system
is subcritical. As can be seen, the outbreaks have a strong stochastic component. In this
figure 500 simulations are shown.

fraction ¢ of the individuals is vaccinated and in which the virus is not present
the number of susceptible hosts is § = (1 — ¢)N and the reproductive number is
R. = % = Ro(1 —¢).

7.6.4 A deterministic model for endemic measles

If the reproductive number exceeds one an epidemic can start after the introduction
of the disease in the population, when it frequently becomes endemic, and affects
many people. Once the infection rate has become sufficiently large, stochastic
effects play a minor role and changes in the number of hosts in the different classes
are largely deterministic (see Figure 7.18a). If this is the case, the dynamics of a
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well-mixed population can be described by the differential equations

ds BIS
— =uN — —— — S 7.80
o =M N (n+v) (7.80)
I _ BIS (y+wl (7.81)
dt~ N YT ’
dR

where the densities S, I, and R are differentiable real-valued functions of time.
This is the classic deterministic SIR differential equation model for the dynamics
of endemic measles.

Figure 7.18b shows the number of infected individuals over time after intro-
duction into a vaccinated population with a reproductive number smaller than one.
These simulations differ from those in Figure 7.18a in that the disease always dis-
appears from the population and that the outbreak size does not become truly large
(note the difference in the scales), so that stochastic effects dominate the dynamics.
To capture the stochastic nature, we simplify our model further.

7.6.5 A stochastic model for measles outbreaks

For the formulation of a simple stochastic model, we first observe that outbreaks
take place on a relatively short timescale, in the order of weeks or months. Demo-
graphic processes in humans generally take place at much slower timescales. We
can therefore assume that at the timescale of a measles outbreak, birth and death do
not have a major impact on the disease dynamics, and we set birth and death rates
to zero. Similarly, the process of vaccination only changes the fraction of suscepti-
ble hosts relatively slowly and we also set the vaccination rate to zero. Vaccination
enters the simplified model through the fraction initially immunized, c.

If the reproductive number is smaller than one the disease disappears from the
population and hardly ever infects a substantial part of it. As a further simplifi-
cation, we assume that the population is very large, and that the presence of the
disease does not have an impact on the fraction of susceptible hosts. The frac-
tion of susceptible hosts is constant and remains at 1 — ¢ throughout the outbreak.
A second consequence of this assumption is that we only need to keep track of
the number of infected people. Under these assumptions, the disease dynamics
reduces to a linear birth-and-death process (see Table 7.4), as introduced in Sec-
tion 3.2. Its birth rate is b = B(1 — ¢) = y R, and the death rate isd = y. It
follows from Equation (3.10) that

E[I(1)] = M(t) = " Re=D" (7.83)

if the process started from one single case. This can, of course, also be derived
directly from the differential equation for the mean, much as done in Section 3.2.
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Table 7.4 Transition rates for the simplified continuous-time Markov
process.

Event Type of transition Rate
Infection I —->1+1 Bl —o)l
Recovery I —-1-1 yl

The differential equation argument also applies to the variance of Markov
branching processes V (¢) = Var[I (¢)]. In the present case

dv

o= y(R.+ 1M —2y(1 —R)V, (7.84)
which yields exact solutions that, if R, < 1, increase initially, but in the limit
of large ¢ decrease as e’ !1=R)’ gorow linearly in the critical case R, = 1, and,
if R, > 1, in the limit of large ¢ increase as e?”®~D!_ This is in analogy with
the asymptotic formulas for more general branching processes in Section 3.2, and
exactly as in the discrete Markov (i.e., Galton—Watson) case (Section 2.2). We
see that only in the subcritical situations does the variance vanish with time and,
indeed, if the reproductive number is close to one, realizations are not at all close
to the mean (Figure 7.19). To investigate the behavior near criticality we derive
the distribution of outbreak sizes.

7.6.6 The size distribution of outbreaks

In the subepidemic case, outbreaks are sparked by the introduction of the disease
into the population. To derive the distribution of their size, we apply the branching
process interpretation used to generate the realizations in Figures 7.18 and 7.19.
In stochastic simulations the system remains unchanged most of the time and only
changes because of transitions: jumps in which the numbers in the model classes
change by one. The probability of change per unit time is constant between jumps
and therefore the times between successive jumps are distributed exponentially,
with a mean equal to the reciprocal of the total rate of leaving the state the system
is in. For our simulations the time to the next jump is drawn from an exponential
distribution. The probability of leaving the initial state and ending in a particular
state is given by the rate that corresponds to this transition, divided by the total
rate of leaving the initial state. This procedure, which follows directly from the
probabilistic structure of the process, is known as the Gillespie algorithm (Gille-
spie 1976, 1978; Feistel 1977). It is a computationally efficient way to generate
realizations of continuous-time Markov processes.

Let us apply this procedure to the system if it has I infected individuals. The
rate of leaving that state is given by (b + d)I = y (R, + 1)1, as previously intro-
duced, and the average waiting time is 1/ (y (R, 4+ 1)I). Upon leaving this state
the system can either go to the state I 4 1 if the most recent event was an infection
or to the state I — 1 if it was a recovery. The next event is an infection with prob-
ability ﬁ = R and a recovery with probability ﬁ = ﬁ (Table 7.5). Note

Re+1
that these probabilities do not depend on the number of infected individuals.
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Figure 7.19 The left panels show the different realizations and the right panels show the
observed ensemble mean (continuous) and variances (dotted) and predicted ensemble mean
(dashed and dotted) and predicted ensemble variance (dashed). For (a) and (b) 10 000 simu-
lations were used, for (¢) and (d) 500 simulations. The lower curves almost coincide, which
indicates a good approximation. Parameters: (a, b) v = 0.132, (b, ¢) v = 0.1215.

Table 7.5 Transition rates for the simplified event based discrete-time
Markov process.

Event Type of transition Probability
- Re

Infection I—->1+1 Rerl

Recovery I —-1-1 Torl

To calculate the distribution of the number of cases that result from a single
introduction we need not know when these cases occurred. We therefore discard
the part of the algorithm in which the waiting time is computed, and follow the
process from event to event, events being infection or recovery. This transforms
the continuous-time branching process into a discrete-time branching process with
constant transition probabilities, a simple random walk.
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The number of events that have passed is indicated by the variable T. Let
p(1, T) be the probability that there are I infected individuals after T events. The
algorithm outlined gives the transition probabilities from event to event. If I > 1,
this probability satisfies the recursion

c

I, T+1) = I1—-1,T I1+1,7), 7.85
pI, T+1) Rc+1p( )+Rc+lp( +1,7) (7.85)
and otherwise
1,T+1) = 2, T 7.86
p( +1 Rc+lp( ) (7.86)
and
pO, T+1)=p0O,T)+ p(1,T); (7.87)

R.+1

at T = 0 all probabilities are 0 except p(1,0) = 1.

By transforming to a discrete branching process we have lost some information
(when events happen), but we gain a tremendous simplification in that the transi-
tion probabilities have become constants. The recursion above has the solution

(R + 1)~ TRZTHD
)

GT+T+)GT -1+

ifT—I—1>0andif T —I — liseven,and p(I, T) = 0 otherwise. It is easy to
check that this solution is correct by substituting it into Equations (7.85)—(7.87).

We use this to find the probability that an outbreak with a total of x cases occurs.
Suppose that the outbreak stops after 7' events, when the individual infected last
recovers. Therefore, at 7 — 1 the number of infected individuals has to be one
and (T — 1)/2 of the past events must have been infections (otherwise the process
cannot have returned to / = 1). The total number of cases in the outbreak is
x =14 (T — 1)/2 (half of the events must have been infections, one infection is
added to account for the infected individual present at 7 = 0), from which follows
T = 2x — 1. Let g(x) be the probability that the final size of the outbreak is x.
For the outbreak to stop after 2x — 1 events the last event has to be a recovery and
hence this probability is

p(I,T)=T!I (7.88)

RS (2x =2)!
p(1,2x —2) = .
R.+1 (Re + D> 1 x1(x — 1)!

Alternatively, the moment generating function of the outbreak size distribu-
tion of the embedded Galton—Watson process could be derived, as described in
Section 3.1 (see Section 7.6.9). Although this method is systematic it has the dis-
advantage that the probability distribution is found in terms of a series that is not
easy to interpret. We therefore prefer the method given above, as it leads directly
to the probability distribution. In case the moments rather than the distribution are
of interest, the generating function procedure is readily applicable.

q(x) = (7.89)
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Often the probability of a certain outbreak size or larger is of practical use. This
probability is given by > 72 ¢(x). Before deriving an expression for this quantity
we first observe that if the reproductive number is smaller than one the disease
always disappears from the population and hence Y .- | g(x) = 1. However, if
R, > 1, the disease can disappear by chance from the population. This happens
with probability Y >2  ¢g(x) = 1/R.. In our model the disease goes to infinity
with probability 1 — 1/R,, which corresponds to an outbreak that affects a large
fraction of the population in a large finite population. Using this we find that the
probability of an outbreak of a certain size or larger is given by

> 1
> g (x) = max (0, 1— R_c>

n—1 _ 1
(4R.) T(n—1 - ( 1 4R,

1’ )
T U R ! ot

gl m) (790

where ;, F is the hypergeometric function (Abramowitz and Stegun 1964).

7.6.7 Measles outbreaks in small islands

Historical records of measles outbreaks in small islands show tremendous variation
in outbreak size: most are small, but sometimes a substantial part of the island
population becomes infected. It has been shown that the size distribution of the
outbreaks can be described by a power law (Rhodes and Anderson 1996). Power
laws are fingerprints of critical systems (Stanley 1971; Jensen 1998), and it has
been suggested that the dynamic behavior of measles in small islands is an example
of criticality (Rhodes et al. 1997). This has been supported by individual-based
models in which this behavior was replicated (Rhodes and Anderson 1996; Rhodes
etal. 1997).

Another characteristic property of critical systems is the divergence of the vari-
ance (Stanley 1971; Yeomans 1992). This phenomenon is shown in Figure 7.19
for reproductive numbers close to one. In the critical case the frequency distri-
bution of events can be described by a power law. Figure 7.20a illustrates how
the distribution of outbreak sizes approaches a straight line in a log—log plot if the
reproductive number goes to one. Indeed, in the limit of the reproductive number
tending to one, we find

Qx—2)! _x7

li =212 ~ , 7.91
Alm, q(x) Xlx—D! 2J7 (7.91)
and the probability to find an outbreak of size n or larger tends to
oo
. o (2n—2)! n=172
1 =2% ~ 7.92
Rlexgn:q(x) (n—DY?  Jx ' 792

where we used Stirling’s formula for the approximation and hence it holds for large
n (Stollenwerk and Jansen 2003). We have thus found that our branching process
model predicts a power law in the frequency of outbreaks with an exponent of



Specific Models 245

—3/2, and the frequency of an outbreak of a particular minimum size with expo-
nent —1/2. This is close to the value found in the data for the Faeroe Islands, which
was —0.27 £ 0.014 (95% confidence interval; Rhodes et al. 1997). For whooping
cough (pertussis) and mumps similar exponents were found. This suggests that
the reproductive number in these small island populations for all these diseases
is close to one. In these populations the number of susceptible hosts builds up
between outbreaks, which increases the reproductive number. Every outbreak im-
munizes a part of the population and thus reduces the reproductive number. This
process keeps the reproductive number, on average, at unity. The deviation in the
exponent from —1/2 in the Faeroe data could result from additional effects, such
as spatial structure (Jensen 1998).

The occurrence of power laws in the outbreaks of measles has been explained
previously by the spatial structure in the population. Here we show that power
laws arise in a simple branching process without any spatial structure. This fact
has long been known (see, e.g., Harris 1963; Jensen 1998), but previously has
received little attention in the biological literature. Simple branching processes
provide a simple and parsimonious explanation for the occurrence of power laws
in epidemiological data.

7.6.8 The basic reproductive number following the MMR scare

The reduced vaccine uptake in the UK after the MMR scare has coincided with
a large number of measles outbreaks. These outbreaks can be reconstructed from
epidemiological data by grouping all the cases that have had epidemiological con-
tact. This requires a detailed investigation and the resultant clusters are, to an
extent, subjective. The distribution of the outbreak sizes can be used to infer im-
portant epidemiological information, in particular it can be used to estimate the
reproductive number (De Serres et al. 2000; Farrington et al. 2003). We use data
on outbreak size to show how the reproductive number in the UK population has
changed in response to the MMR scare.

Using the outbreak size distribution derived in this chapter, a maximum likeli-
hood estimate can be found. The rationale behind likelihood estimates is that one
tries to identify the most likely estimate for R, given a set of observed outbreak
sizes. To do so, consider a set of n observed outbreaks of size (xi, ..., x,). The
likelihood of the data (i.e., the probability of observing these data given that the
reproductive number is R,) is proportional to

R, L 2x = 2)!
I1 : (7.93)

Eq(xi) T (Re £ 1)2mnn bl = D!

n

where we use m = % >°F_, x; to denote the mean outbreak size. We want to know
for what value of R, the likelihood is maximized. By differentiation with respect
to R, we find that the maximum likelihood is found for

(m—l)Ri—(Zm—l)Al _o. (7.94)

c e+ 1
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Figure 7.20 (a) The distribution of outbreak sizes. The distribution approaches a straight
line with a gradient of —3/2 in a log—log plot if the reproductive number goes to one.
(b) The distribution of the probability of an outbreak of a certain size or larger [P(x > n)].
This distribution approaches a straight line with a gradient of —1/2 in a log—log plot if the
reproductive number goes to one.

and hence for R, = 1 — 1 /m. Note that the predicted mean outbreak size is given
by

D xa(0) = —
x=1

The resultant estimates for the UK were R, = 0.35 for the period 1995-1998 and
R. = 0.70 for 1999-2002, which indicates a clear increase.

ifR. <1. (7.95)
c
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Figure 7.21 The frequency of an outbreak of measles of a particular size or larger in the UK
in the years 1995-1998 and 1999-2002. Isolated cases and Steiner outbreaks are excluded.
The continuous lines are the expected distributions. The dashed line is the distribution for
R. = 1. Modified from Jansen et al. (2003).

So far we have used all the reported cases of measles in the UK in the years
1995-2002, grouped over outbreaks. In such data sets isolated cases tend to be
misrepresented for several reasons. First, one can expect that the introducing indi-
viduals would normally spend less than their entire infectious period in the coun-
try they are importing the infection into. This results in an under-representation of
isolated cases. A more serious source of error is that sometimes epidemiological
analysis fails to connect infections to the outbreak they are part of. This tends to
over-represent isolated cases. Indeed, for the data 1999-2002 the model that used
all data points can be rejected through a Kolmogorov—Smirnov test.

A more reliable estimate of the reproductive number is found by excluding
isolated cases. This can be done as follows. The probability of an isolated case is
q(l) = ﬁ. The distribution of outbreaks of size x > 2 is given by g(x)/(1 —
q(1)). We now find the maximum likelihood estimator to be R, = 1 — 2/m.
The resultant estimates are 0.47 for the period 1995-1998 and 0.82 for 1999-
2002. These agree well with observed data (Figure 7.21). The conclusion that
the reproductive number has increased was further corroborated by a bootstrap
argument in Jansen et al. (2003).

Clearly, the reproductive number increased after the reduction in vaccine uptake
decreased following the MMR scare (Jansen er al. 2003). Vaccine uptake has
reached the lowest point for 10 years. The consequence of this is a further accrual
of unvaccinated individuals and, inevitably, a further increase in the reproductive
number. If the vaccine uptake does not increase, this will eventually lead to a re-
emergence of measles as an endemic disease in the UK. An indication that the
measles epidemiology in the UK is approaching the critical point at which the
reproductive number equals one is provided by the distribution of outbreak sizes.
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By comparing the distribution of outbreak sizes before 1999 with the distribution
for the years 1999-2002 a progression toward criticality can be seen (Figure 7.21).

Currently, about 200 cases of measles are reported in the UK per year. The
risk of a child actually suffering measles complications is negligible because of the
low incidence. If the reproductive number increases above unity, this situation will
change and unvaccinated individuals will have a substantial chance of contracting
the disease. Although the risk of serious complications is small, this risk certainly
outweighs the risk associated with vaccination (Carabin et al. 2002). To put this
risk in context, before mass vaccination was introduced measles caused about 100
deaths per year in the UK (Gay et al. 1995). The decision not to vaccinate one’s
child so as to avoid a perceived risk can have the ironical consequence that the
child is exposed to a much larger risk if this behavior is taken up by the population
at large.

7.6.9 The moment generating function of the embedded process

Consider the embedded Galton—Watson process of Section 3.1, which defines the
outbreak initiator as the ancestor and all those directly infected by the initiator as
its direct offspring, which thus constitute the first generation. Those infected by
members of the latter make up the second generation, and so forth. If we write
Z, for the number of members of the nth generation thus defined and Z;, = 1
(i.e., one initiator) this constitutes a Galton—Watson process, whose reproduction
distribution is easily seen to be geometric with the parameter R./(R. + 1). Since
an infection occurs with probability %, the probability of infecting k or more
individuals during the individual’s period of infection is

R. k
P(Szk)=<R +1> . (7.96)

The mean number of individuals directly infected by any single person is thus
E[£] = R., and the size of the outbreak is the accumulated total size of the em-
bedded Galton—Watson process,

Y = Z Z . (7.97)
k=0

We note immediately that Y is finite if R, < 1, the expected total size of the
outbreak being

E[Y] = { Ozolfio RE=1/(1-R.), ifR <1,

A

iR =1. (7.98)
If R, > 1,7 is finite if and only if the embedded Galton—Watson process dies out.
Since the reproduction generating function is

1

T =TT Ra—»

(7.99)
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the probability Q of this, being as always the smallest non-negative root of Q =
f(Q),is 1/R, for R. > 1 (see Section 5.3).

To find the distribution of the outbreak size, note that Y, = Zo + Z; + --- +
Z,, starting from one individual, has a generating function, %, (s) = E[s"], that
satisfies the recursive relation

hypi1(s) = E[sE[s“ Tt 201 Z11] = E[sE[s' T T%1%] = sf (h,(s)) . (7.100)

Passage to the limit n — oo yields a functional equation, 4 (s) = sf (h(s)), which
can be solved in the present case, since it reduces to a second-degree equation.
The generating function then yields the probability distribution after an inverse
transformation as a series. See, e.g., Jagers 1975, pp. 39 ff; this and other textbooks
also contain the intriguing consequence of the so-called Ballot theorem, that the
total size of a branching process or, in this case, an infection outbreak satisfies

P(Y =k =P(Z =k —1|Zy=k)/k, (7.101)

from which the form of the outbreak size probability distributions, in theory, can
be found (Jagers 1975, p. 42).

For a detailed description of the use of branching processes in epidemiology
see Farrington et al. (2003).
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7.7 Metapopulations
M. Gyllenberg

7.7.1 Introduction

Most population models, both deterministic and stochastic, assume that all indi-
viduals of the population live in the same habitat and interact homogeneously with
each other. Models of this type have been used successfully to describe, explain,
and predict the local dynamics of one or several interacting species.

Natural populations of most species have a spatial structure, with several ge-
ographically distributed habitat patches that can support local populations. Such
a population of populations is called a metapopulation. Local populations in a
metapopulation are connected by migration. A local population may become ex-
tinct while the metapopulation persists. An empty patch may be colonized by mi-
grants from other patches. Extinction and recolonization are the essential features
of metapopulation dynamics. Hanski and Gilpin (1991) even characterized the
study of metapopulation dynamics as the study of conditions under which these
two processes are in balance and the consequences of this balance to associated
processes.

Many important questions in ecology, genetics, and evolution require the
metapopulation concept to be analyzed appropriately. For instance, conservation
biology is an important area in which metapopulation dynamics plays a prominent
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role [see the book by Hanski (1999) and the books edited by Gilpin and Hanski
(1991) and Hanski and Gilpin (1997) for many other examples].

The simplest deterministic patch model, one in which the time evolution of the
fraction p(t) of occupied patches is modeled, was introduced by Levins (1969,
1970) and has the form

dp(1)

T cp@)(1 = p(t)) —ep(@) . (7.102)

Here, ¢ and e are the colonization and extinction parameters, respectively. A model
very closely related to Equation (7.102) is the mainland-island model,
dp(1)

TR c(l—=p@) —ep(), (7.103)

which is a single-species version of a model by MacArthur and Wilson (1967). In
Equation (7.103), colonization is assumed to occur as a result of migration from
the mainland and the colonization rate is thus directly proportional to the fraction
of empty patches, whereas in Equation (7.102) empty patches are colonized by
migrants from the occupied patches and so the colonization rate is assumed to be
proportional to the product of the fractions of empty and occupied patches.

Equations (7.102) and (7.103) make several simplifying assumptions. First of
all, since they are deterministic, it is assumed tacitly that the number of patches is
infinite. Second, all patches are assumed to be identical, whereas in nature there
is always variation in patch size and quality. Third, the spatial arrangement of the
habitat patches is completely ignored: an isolated patch located far away from the
mainland or the other patches has the same probability of being colonized as a
patch close to the mainland or in the middle of a cluster of patches. Moreover,
in the Levins model [Equation (7.102)] the colonization rate depends only on the
fraction of occupied patches and not on the specific patches that are occupied. It
is clear that in real life an empty patch surrounded by nearby occupied patches
is more likely to be colonized than a patch with neighboring patches that are all
empty. Finally, local dynamics is ignored and the models therefore neglect the
effects of migration upon local dynamics.

To relax Levins’ assumptions that all patches are identical and that local dynam-
ics is not affected by migration one has to turn to the structured metapopulation
models treated in Section 4.3. These models are completely analogous to “ordi-
nary” structured population models (Metz and Diekmann 1986; Diekmann et al.
1993, 1998, 2001), in which local populations play the role of individuals and the
metapopulation corresponds to the population. This conforms to the general view
in this book that “individual” is understood, in a broad sense, to include, among
other things, local populations (see Section 1.3).

When modeling structured metapopulations, the starting point is to model local
dynamics. Local populations grow or decline as a consequence of reproduction,
death, emigration, and immigration. Patches may change in size and quality and
may be destroyed (Gyllenberg and Hanski 1997). These processes at the local
level correspond to processes such as growth and aging at the individual level in
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“ordinary” population dynamics. We refer to them as local state development.
There is also an obvious analog of reproduction: empty patches may be recolo-
nized by migrants that arrive from extant local populations, and thus give rise to
or, if you wish, give birth to a new local population, and so new patches may be
formed.

Gyllenberg et al. (1997) modeled local state development and survival as a
Markov process with local extinction and/or patch destruction as the transition to
an absorbing state. The “birth” process (formation of new populations and patches)
was modeled by prescribing a colonization kernel to keep track of how many, and
of what local state, new populations will be “born” to a local population of a given
local state during the course of time. One should keep in mind that the transition
probabilities of the Markov process that describes local state development and the
colonization kernel depend on the state of the metapopulation. This is clear since,
for instance, the immigration rate, which affects local dynamics, depends on the
size of the metapopulation and, since only empty patches can be colonized, no
new populations are born if all patches happen to be occupied. In a fully stochastic
model the colonization kernel should be a probability that depends on the state
of the metapopulation. However, Gyllenberg et al. (1997) made the model deter-
ministic by letting the colonization kernel express the expectation of the number
of offspring with state at birth in a given set. This enabled a comparatively easy
treatment of non-linear feedback mechanisms (Diekmann et al. 2001), which seem
intractable in a fully stochastic model.

As they are deterministic, the structured metapopulation models described
above are still based on the assumption of a very large number (effectively infinite)
of patches. They also neglect the explicit spatial structure of the habitat patches
and information about which patches are actually occupied. Another drawback is
that models which take the effect of immigration upon local dynamics into account
predict that there cannot be any empty patches. This is because in a determinis-
tic model there is a continuous non-zero influx of individuals into every patch,
so if a population becomes extinct through a local catastrophe, the patch is re-
colonized instantaneously by this stream of immigrants. To arrive at a consistent
deterministic model that allows empty patches one has to model colonization in a
non-mechanistic way, which seems hard to justify biologically (Gyllenberg et al.
1997).

Empty patches do occur in nature. When a migrant arrives at an empty patch it
has to adapt to the new environment, survive for a sufficiently long time to be able
to found a new clan, and so on. This strongly suggests that successful colonization
should be modeled as a sfochastic event. In this section we present a simple,
stochastic metapopulation model that is spatially explicit with a finite number of
patches. To keep the exposition simple we neglect local dynamics, but this could
be incorporated easily in the model. We illustrate the usefulness of the model by
addressing three biologically relevant questions.

The first question relates to conservation biology and viability of metapopula-
tions. When will a small metapopulation grow initially (the supercritical case)? If



252 Branching Processes: Variation, Growth, and Extinction of Populations

it does not grow (subcritical case) the metapopulation rapidly becomes extinct, but
even in the supercritical case the metapopulation eventually becomes extinct. In
such cases the viability can be measured by the expected time to extinction. In this
section, we present a formula for the distribution of extinction times in a certain
limiting case.

A concept of fundamental importance in stochastic metapopulation models is
that of incidence (of occupancy). The incidence of a given patch is defined by
Hanski (1994; see also Gilpin and Diamond 1981) as the stationary probability that
the patch is occupied. Incidence functions describe how the incidence depends on
patch size or some other patch characteristic (Diamond 1975). Later, we provide
formulas for the incidence in different cases.

Finally, the distribution of a species is measured by the expected number of oc-
cupied patches. In this section we derive a formula for the probability distribution
of the number of occupied patches.

We do not present any proofs. Full proofs of all the results can be found in
Gyllenberg and Silvestrov (1994).

7.7.2 The model

We consider a collection of n patches that at the discrete-time instants r =
0,1,2,... can be either occupied or empty. The state of patch i at time ¢
is given by the random indicator variable n;(z), which takes on the value 1
if patch i is occupied and O if patch i is empty at time z. The state of the
metapopulation is described by the vector random process with discrete time
n) = (m@),...,n,(@),t = 0,1, .... The state space of the process 7(t) is
X ={X=(x1,...,x,) :x;: € {0, 1}}. It has 2" states. The state 0 = (0,0, ... , 0)
corresponds to metapopulation extinction.

The local dynamics is modeled by preassigning the n by n interaction matrix
0 = (gji). Here, gj;, i = 1,2,...,n is the probability that, in the absence of
migration, the population that inhabits patch i becomes extinct in one time step,
gji is the probability that patch i is not colonized in one time step by a migrant that
originates from patch j. Typically, g;; depends on at least the distance between
the patches i and j and the area of patch j. Since g;; are probabilities we have
0 < gji < 1. We assume that the local extinction processes and the colonization
attempts from different local populations are all independent. As a consequence
of this independence the conditional probabilities g; (x) for patch i to be empty at
moment ¢ 4 1 under the condition that at moment # the metapopulation is in a state
X = (x1,...,Xx,) are given by the product

a®=[]q, i=12...n, (7.104)
j=1

where we have used the convention 0° = 1.

Notice that our model incorporates the rescue effect (a decreasing extinction
rate with increasing fraction of occupied patches). The overall extinction proba-
bility of the local population that inhabits patch i may be considerably less than
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the “internal” extinction probability g;; if there are many large occupied patches in
the vicinity (many small g;;).

Having described the local patch dynamics, we can deduce the law that governs
the time evolution of the process 7(¢) that gives the state of the metapopulation.
The process 7j(¢) is a homogeneous Markov chain with state space X and transition
probabilities

PEH=][a®@" " 0-q®), 5 57eX. (7.105)

i=1

Note that the process 7(¢) is determined completely by the interaction matrix Q.
Throughout the section, we assume that the interaction matrix satisfies the con-
ditions:

Al gy >0, j #i;

A2. qii < l,l € {1, ,n},
A3. For each pair (j, i) of patches, j, i € {1,...,n}, there exist an integer m
and a chain of indices j = i, ... , i,, = i such that [}, (1 — g;_,;) > 0.

Condition Al means that no local population is able to colonize another patch
in one time step with probability 1. Condition A2 means that even in the absence
of migration (rescue effect) no local population has an extinction probability of
1. Finally, condition A3 means that every local population is able to colonize any
other patch either directly or through a chain of patches (stepping-stone dispersal).

7.7.3 The pure mainland-island case

We consider a constellation of a mainland (patch number 1) and n — 1 islands. In
the pure mainland—island model, we assume that the mainland is inhabited initially,
that the mainland population never becomes extinct, and that there is no migration
between the islands. However, an empty island is colonized by migrants from the
mainland with a certain probability in the next time step. These assumptions mean
that the islands are completely decoupled and that the full system with 2" states
is reduced to n — 1 independent Markov chains with only two states (empty or
occupied).
Mathematically, the mainland—island assumption amounts to

qH:O; qli>0,i=2,3,...,l’l; qllzl,]#l,l;ﬁ] (7106)
The probability that patch i transits from state 1 (occupied) to O (empty) is then
given by

e = qiiqti » (7.107)

which is the product of the probability that the population becomes extinct and
is not recolonized immediately by migrants from the mainland. Similarly, the
colonization probability of patch i is

Ci = 1 —q1i - (7108)
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The transition matrix of the two-state Markov chain that describes the dynamics
—Ci Ci
€; 1-— €;

The incidence of patch i (the stationary probability that patch i is occupied) is
therefore

of patch i is thus < !

¢ 1 —qu
¢ +e; 1 —qii + qiiqui’

1=2,3,...,n. (7.109)

The incidence of the mainland is, of course,
Ji=1. (7.110)

The stationary probability that precisely k patches are occupied is

pky =Y Jidi o di (L= J) (1= Ji,) - (1= J,) (7.111)

where the sum has ( n-l ) terms that represent different ways to choose the
indices {iy, iz, ..., ik_l}_from {2,3,...,n}. Note that we do not have to bother
about the index 1 because J; = 1 by Equation (7.110).

To illustrate the concepts introduced in this section, consider a simple example
with only three patches, numbered 1, 2, and 3. We return to modified versions of
this example in later sections.

Patch number 1 represents the mainland. We assume that patch number 2 is a
small island and therefore prone to extinction, but situated close to the mainland
and therefore frequently rescued or recolonized by migrants from the mainland.
This is formalized by choosing ¢, large, say, g»» = 0.9, and g, small, say, g;» =
0.1. Patch number 3 is a large island and therefore has a small value of g33. We take
g3 = 0.1, but we assume it is located far away from the mainland and therefore
q13 is large, ¢13 = 0.8. The interaction matrix for this system is thus given by

0 0.1 0.8
o=|10 09 O . (7.112)
0 0 0.1
Using Equation (7.109) we find that
5 =~09, J=07T7. (7.113)

This shows clearly the rescue effect. The small island with a high “natural” extinc-
tion probability has a higher incidence than the large island because of the frequent
immigration from the mainland.

Next we calculate the stationary probabilities p(k) of exactly k patches being
occupied for k = 1, 2, 3. This also illustrates the content of formula (7.111). If
only one patch is occupied it is necessarily the mainland, which forces the two
other patches to be empty. This happens with probability

p(1) = (1 — L)1 — J3) ~0.03. (7.114)
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If precisely two patches are occupied, one of the islands is empty and the other is
occupied. There are two ways in which this can happen. Adding up the probabili-
ties of these two events gives

p2) =0 —J3)+ J3(1 —J) =032, (7.115)
Finally, the probability that all three patches are occupied is

p@3) = JrJ3 = 0.65. (7.116)
Observe that p(1) + p(2) + p(3) = 1, as it should.

7.7.4 The mainland-island model with migration between islands

In this subsection we consider the case in which we still have a mainland (patch
1) in which the population does not go extinct, but now we allow for a possible
migration between the islands and also from the islands to the mainland. The
condition given by Equation (7.106) is therefore replaced by

q”:O; qii>0, i=2,3,...,l’l. (7117)

Denote by D, the set of states x = (1, x5, ..., x,) with the first coordinate
equal to 1 and arbitrary values of the other coordinates and let Dy be the set of
states X = (0, x, ..., x,,) with the first coordinate equal to 0 and x; # 0 for at
least one j = 2,3,...,n. The state space X is thus decomposed into a disjoint
union of Dy, Dy, and {(_)}.

If Condition (7.117) holds, then starting from any state x € D, the system does
not exit D; and does not reach the absorbing state 0 (i.e., the metapopulation does
not become extinct). We call this an ergodic condition and the set D, the ergodic
class.

We denote by i(x, B) the probability that the metapopulation state reaches the
subset B of the metapopulation state space, given that the initial state is x. The
term £ is called the hitting probability. We now have

h(x, D))+ h(x,0) =1 (7.118)

for x € Dy. Therefore, starting from any state x € Dy the system exits Dy in a fi-
nite time with probability 1, and either enters the ergodic class D, or the absorbing
state 0. We call the set Dy the transient class.

An initial state in the ergodic class means that the mainland is inhabited initially,
which is, of course, the normal situation that corresponds to the very idea of a
mainland. However, when migration from the islands to the mainland is possible,
the metapopulation may persist even if the mainland is not inhabited initially.

If the mainland is inhabited initially, the metapopulation approaches a station-
ary distribution 7 as time tends to infinity. For all the initial states x € D;

n(y) ifye Dy,

_ 11
0 if 5 € Do {0} . (7.119)

lim Pe{ii(n) = 5} =
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Here, and in the sequel, Pz (B) stands for the probability that the event B occurs,
given that the process started at x, that is, Pz(B) = P(B|n(0) = x.

In mathematical terms the stationary distribution 7 is the left eigenvector (nor-
malized to a probability distribution) that corresponds to the dominant eigenvalue
1 of the transition matrix given by Equation (7.105) restricted to the ergodic class
D;. Explicitly,

n(y) = Z 7(X)P(X,7), y € Dy, Z T@) =1. (7.120)

)EGDl )EEDI

If the mainland is not initially inhabited (X € D), sooner or later it becomes
inhabited with a probability i (x, D;). How will this happen? Either the mainland
becomes inhabited in one time step or the system remains in the transient class
for at least the first time step and then transits to the ergodic class at some later
time. Translating this consistency relation from the verbal description to math-
ematical language, one finds that /4 (x, D) must satisfy the following system of
linear equations

h(¥, D) =Y PE 2+ Y PE MG, Dy), %€ Dy. (7.121)

zeD YyeDy

The probability i (x, D) is obtained as the unique solution of Equation (7.121).

Using the hitting probability A (x, D), we can write down a formula that de-
scribes the long-term behavior of a metapopulation when initially the mainland is
not inhabited. For all initial states x € Dy

h(x,D)n(y) ifye Dy,
lim Py (1) = 5} = {0 if5 €Dy, (7.122)
— 00 - -

h(z.0) if5=0,

where the stationary probabilities 77 (y) and the probabilities 2 (x, D) are given by
Equations (7.120) and (7.121), respectively. The interpretation of Equation (7.122)
is clear. To end up in state y € D, the metapopulation state first has to hit the
set Dy [which happens with probability #(x, D;)] and, once there, it remains in
state y with the stationary probability 7 (y). At this point the need to treat the
initial conditions with uninhabited mainland may seem strange, but it is essential
to understand the pure metapopulation model without a mainland (Section 7.7.6).

We can now derive expressions for biologically important quantities. We are
content here with expressions for the incidence of the ith patch (the stationary
probability that this patch is occupied) and the stationary distribution of the number
of occupied patches. These quantities are defined by

J = Z”@) (7.123)

yi=l
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Table 7.6 The probabilities g; (X) that patch number i is empty given the
metapopulation state x at the previous time step for the metapopulation
characterized by the interaction matrix Q in Equation (7.127).

State X q1 (%) q2(x) q3(x)
1 (0,0,0) 1 1 1
2 0,0,1) 0.95 0.8 0.1
3 0,1,0) 0.95 0.9 0.95
4 0,1,1) 0.9025 0.72 0.095
5 (1,0,0) 0 0.1 0.8
6 (1,0,1) 0 0.08 0.08
7 (1,1,0) 0 0.09 0.76
8 (1,1,1) 0 0.072 0.076
and

pky= > 7). (7.124)

yite+ya=k

respectively. The summation in Equation (7.123) is taken over all metapopulation
states y with the ith coordinate equal to 1 and the summation in Equation (7.124)
over all states y with the sum of the coordinates equal to k. We have

Ji ifx € Dy,

lim P; {ni(t) =1} ={"" _ if x e
A Peim®) = 1) <h(x,Dl)J,- ifx € Do, o

p(k) ifx e D,

- o (7.126)
h(x, Dy)pk) ifx € Dy .

Jim Pe (i (6) + -+ ma () =k} = {

We now illustrate the theory developed in this section with an example. Since
we now allow for migration between the islands we modify the matrix Q in Equa-
tion (7.112) by replacing the zero entries with positive entries (the entry g;; re-
mains, of course, zero because the first patch is the mainland),

0 0.1 08
0= 095 09 095 |. (7.127)
095 0.8 0.1

The choice of the large values g2; = g3 = 0.95 reflects that even if patch num-
ber 2 is close both to the mainland and to the other island it has, because of its
smallness, a low probability of colonizing the other patches. The large island
(patch number 3) has a low probability of colonizing the mainland (because of the
long distance involved) and a high probability of colonizing the other island. To
compute the transition matrix we first use Equation (7.104) to calculate the proba-
bilities of the patches being empty, given the previous state of the metapopulation.
We number the eight metapopulation states according to the binary ordering, that
is, (0, 0, 0), (0,0, 1), (0, 1,0), ..., (1, 1, 1). We present the result in Table 7.6.
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We now obtain the transition matrix P by plugging the values of g;(x) in Ta-
ble 7.6 into Equation (7.105),

1 0 0 0 0 0 0 0
0.076 0.684 0.019 0.171 0.004 0.036 0.001 0.009
0.812 0.043 0.090 0.005 0.043 0.002 0.005 0.000
0.062 0.588 0.024 0.229 0.006 0.063 0.003 0.025

P= 0 0 0 0 0.08 0.02 072 0.18 - (7.128)
0 0 0 0 0.006 0.074 0.074 0.846
0 0 0 0 0.068 0.022 0.692 0.218
0 0 0 0 0.005 0.067 0.071 0.857

According to our numbering of the metapopulation states, the state 1 is the ab-
sorbing state that corresponds to metapopulation extinction, Dy = {2, 3, 4} is the
transient class, and D; = {5, 6, 7, 8} is the ergodic class. The stationary distribu-
tion 7 is therefore the normalized left eigenvector that corresponds to the eigen-
value 1 of the 4 x 4 submatrix in the lower right corner of P. An easy (numerical)
calculation gives

7 =(0.02 0.06 0.22 0.70). (7.129)

Note that in Equation (7.129), the first entry is the stationary probability of state
number 5, the second of state number 6, and so on. This is consistent with our
convention, Equation (7.119), of defining 7 (y) only for states y in the ergodic
class.

We now turn our attention to the incidence and the stationary distribution of the
number of occupied patches as defined by Equations (7.123) and (7.124), respec-
tively. As patch number 2 is occupied in states 7 and 8, we obtain

LHh=a()+n8) =0.22+0.70=0.92, (7.130)
and for patch number 3, in the same manner,
J3 =m(6) +7(8) =0.06+0.70 =0.76 . (7.131)

Comparison of these incidence values with those given by Equation (7.113) for the
pure mainland—island model shows a slight increase which, of course, results from
the added rescue effect caused by immigration from the other island.

State 5 is the only ergodic state with precisely one patch occupied (the main-
land, of course). Therefore

p(1) =n(5) =0.02. (7.132)
Similarly, we obtain

p(2) =7(6) + 7 (7) = 0.06 + 0.22 = 0.28 (7.133)
and

p3) =nr(8) =0.70. (7.134)
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Finally, we calculate the hitting probabilities 4 (x, D) for the three states x
in the transient class Dy. Let i be the column vector that contains the hitting
probabilities

h(2, Dy)
h=\| h@3, D)) (7.135)
h(4, Dy)

and let Py be the 3 x 3 submatrix obtained by taking the rows and columns 2
to 4 from P. P, describes transitions within the transient class. Let f be the
column vector with components f(x) = Zgzs P(x,z) forx = 2,3,4. f(x)is
the probability that the metapopulation enters the ergodic class in one time step
starting from state x. The System (7.121) now takes the form

(I —P)h=f, (7.136)

where [ is the identity matrix (ones in the diagonal, zeros elsewhere). The solution
of Equation (7.136) is

h(2, D;) = 0.40, h(3,D;) =0.08, h(4, D) =0.43. (7.137)

7.7.5 Pure metapopulation case and quasi-stationary distribution

We now assume that there is no mainland, that is, all local populations have a
positive probability of extinction in one time step,

i >0, i=12,...,n. (7.138)

We first consider the question as to under what condition a set of empty patches
can be invaded. Such a condition should be formulated in terms of the interaction
matrix Q, which completely determines the dynamics of the metapopulation. The
interaction matrix contains information about, on the one hand, the patches (such
as their mutual distances and their quality) and, on the other hand, the species
(such as its migration and colonization capacities).

A set of empty patches can be invaded if a “typical” local population put into
an otherwise population-free constellation of patches initially leads to a growing
metapopulation. This corresponds to the supercritical case of branching processes.
This point of view actually has more to it than a mere analogy. Indeed, the initial
phase of the metapopulation dynamics can be viewed as a multi-type branching
process, in which the local populations play the roles of individuals and the type
is simply the number of the patch the population inhabits. A local population is
assumed to live for exactly one time step (if it survives, we say that it gives birth
to a new local population of the same type). If migrants from the local population
succeed in colonizing patch number i, the local population has given birth to a
new local population of type i. Using the model ingredient O, we can formulate
the reproduction process by saying that the probability that a local population of
type j gives birth to a local population of type i in an otherwise population-free
environment is 1 —¢;;. The reproduction kernel mentioned in Section 7.7.1 reduces
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to a matrix (because there are only finitely many types) and takes the form
1-0, (7.139)

where 1 is the matrix with all entries equal to 1. The dominant eigenvalue Ry
is called the basic reproduction ratio. The corresponding left eigenvector S is
the stationary type-distribution of “new-born” populations. This gives us an exact
mathematical definition of what is meant by a “typical” local population: it is
a population sampled from 8. As a consequence, Ry can be interpreted as the
expected number of new local populations produced by one typical population in
an otherwise population-free environment. Therefore, invasion takes place if and
only if Ry > 1.

Since there is a finite number of patches, this means that sooner or later all
extant populations simultaneously become extinct and the whole metapopulation
is wiped out. Mathematically speaking, the metapopulation becomes extinct with
probability 1. There is no ergodic class and the transient class Dy now consists
of all states except the absorption state 0, which corresponds to metapopulation
extinction. Instead of Equation (7.118) we have

h(x,0)=1 (7.140)
for all initial states ¥ € X
0 ifyeX\{0},

- 7.141
1 ifj=0. (7-141)

lim P {ii(1) = 5} =

In the pure metapopulation case there is, of course, no stationary distribution
except the trivial one that corresponds to metapopulation extinction. However, we
can define a so-called quasi-stationary distribution (Darroch and Seneta 1965),
which is the stationary distribution conditioned on the metapopulation not becom-
ing extinct (see also Sections 6.8 and 6.9).

In this setting, the quasi-stationary distribution 7 is the left eigenvector (nor-
malized to a probability distribution) that corresponds to the dominant eigenvalue
p of the transition matrix given by Equation (7.105) restricted to the transient class
Dy,

() =p Z 7(X)P(%,¥), ¥y € Dy, Z 7)) =1. (7.142)
xeDy xeDy
The dominant eigenvalue p has a clear-cut interpretation: it is the probability that
a metapopulation sampled from the quasi-stationary distribution does not become
extinct in one time step.

Suppose that the metapopulation does not become extinct, so the state distri-
bution approaches the quasi-stationary distribution . It therefore makes sense to
view the dynamics of the metapopulation as a two-state Markov process, the states
being metapopulation extinction 0 and the quasi-stationary distribution 7r. The

. . . . 1 0
transition matrix of this process is .
I—=p p
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We next calculate the distribution of the time to extinction. Let the stochastic
variable 7' denote the time to extinction, given that the state of the metapopulation
is sampled from the quasi-stationary distribution. Then

PT=1)=1-p, (7.143)
P(T =2)=pd—-p), (7.144)
and, in general, we obtain the distribution of the extinction time
P(T =k)=pc'(1-p). (7.145)
From Equation (7.145) we obtain the expected extinction time
= 1
E(T)=) kP(T =k)=——. (7.146)
k=1 I-p

Equation (7.146) gives an exact expression for the expected time to extinction,
provided the metapopulation is initially at the quasi-stationary distribution. How-
ever, the calculation of p (the eigenvalue of a 2" — 1 by 2" — 1 matrix) becomes
computationally prohibitive as the number of patches n grows. We refer to Etienne
and Heesterbeek (2001) for examples of how Equation (7.146) can be applied to
reach practical conclusions about, for instance, how changes in the connectivity of
patches (changing g;;) affect the viability of the metapopulation.

Let us again return to our simple three-patch model. As we are here considering
a pure metapopulation model, patch number 1 is no longer a mainland, but has a
positive extinction probability ¢ > 0. The interaction matrix becomes

e 0.1 0.8
o= 095 09 095 | . (7.147)
095 0.8 0.1

The entries in Table 7.6 remain unchanged with the exception of the four zeros
in the g1 (x) column, which change to &, 0.95¢, 0.95¢, and 0.9025¢, respectively.
The first four rows of the transition matrix P do not change, and the other entries,
of course, depend on ¢. We calculated numerically the dominant eigenvalue p of
the 7 x 7 submatrix that corresponds to the transient class for 0 < ¢ < 0.5, and
used Equation (7.146) to compute the expected time to extinction. The result is
presented in Figure 7.22.

7.7.6 The quasi-mainland-island model

In Section 7.7.5 we considered the case of a pure metapopulation model and,
among other things, derived an exact formula for the expected time to extinction,
provided that the initial metapopulation state is sampled from the quasi-stationary
distribution. That formula is of practical importance only if the time to extinc-
tion is long enough for the metapopulation to settle down to the quasi-stationary
distribution.
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Figure 7.22 The expected time to metapopulation extinction as a function of & for the
model defined by Equation (7.147).

One situation in which it is intuitively clear that the metapopulation survives
for a “sufficiently long time” is when there is one patch with a very low (e, say)
extinction probability. In this subsection we consider this case and derive exact
formulas for biologically important quantities in the limiting case when ¢ tends
to zero. These formulas are given in terms of the stationary distribution 7 for the
mainland-island model with migration between islands, that is, 7 is obtained from
Equation (7.120). Throughout this subsection & has this meaning. That we have
used the same symbol for the quasi-stationary distribution of Section 7.7.5 is not
accidental. We return to the relation between the two uses of 7 at the end of this
subsection.

We assume that patch number 1 has extinction probability qﬁ) = ¢, and call
this patch the quasi-mainland. All other entries g;; of the interaction matrix are as
in Section 7.7.4, that is, we replace Condition (7.117) by

qﬁ) =e: qi(f) =¢q;>0,i=273,...,n, qi(;.?) =gqij, €>0. (7.148)
The corresponding interaction matrix is denoted by Q® and the resultant Markov
process by 7®.

Much more general perturbations of the mainland—island model with migration
between islands (or, for that matter, of general ergodic interaction matrices) are
treated in detail by Gyllenberg and Silvestrov (1994, 1997, 1999, 2000).

The quantities

a®=qi]]ag, i#1 a®=4qu]]q] (7.149)
j# j#1
have clear-cut interpretations. g; (x) is the probability that patch i is not colonized

in the next time step, given that the quasi-mainland is inhabited. g;(X) is the
probability that the quasi-mainland is not colonized in the next time step. We
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denote the transition probability matrix that corresponds to the interaction matrix
QO by P, that is,

PEH=a®]]am® ™ (1-4@)" . (7.150)
i#l
Finally, we define the constant A as the probability of extinction when the
initial metapopulation state is sampled from the stationary distribution 7 of the
mainland-island model [z is obtained from Equation (7.120)] and the metapopu-
lation evolves according to the process determined by P,

A=Y 7@ [PE.0+ Y P Hh(G.0)] . (7.151)

xeDy yeDy

We are interested in the long-run behavior of the metapopulation. The exact
notion of “long run” turns out to be crucial for the results. As long as the quasi-
mainland remains occupied we can expect the system to behave as in the ergodic
situation, that is, as if we had a mainland—island system with migration between
the islands. When the local population on the quasi-mainland becomes extinct,
the quasi-mainland can either be recolonized or the whole metapopulation be-
comes extinct. The number of such recolonizations of the quasi-mainland before
metapopulation extinction is a random variable with a distribution that resembles
the geometrical distribution. As the expected lifetime of the quasi-mainland pop-
ulation is of the order 1/¢, the expected lifetime of the metapopulation is of the
same order and we anticipate that the asymptotic behavior depends on whether a
“long time” is considerably less than or greater than 1/e.

We next investigate the behavior of the ¢-step transition probabilities
P:(7® () = y}ase — 0 and t — oo simultaneously. To make the above in-
tuitive ideas precise we assume that time ¢ = . is also a function of the parameter
€, so as to satisfy the condition

te—>00ase—>0, andet, > sase —> 0, where 0 <s <o0. (7.152)

‘We have the important result in Theorem 7.11.

Theorem 7.11 (i) For any initial state x € D,

e Mx(y) ifyeDp,

lin}) P {7 =5} =10 if y € Dy, (7.153)
E—> -

l—e™ ifj=0.

(ii) For any initial state x € Dy

e™h(x, D)n(y) ifye Dy,

111% P {7 t) =5} =10 if y € Dy, (7.154)
E—> -

l—e™h(x, D)) ify=0.
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From Theorem 7.11 we immediately obtain expressions for the incidence and
the asymptotic distribution of the number of occupied patches.

Corollary 7.1 For any initial state x € D; we have
lim P {ni(a)(ts) = 1} —e ™), ie{l,... . n}, (7.155)
£—

and

—As 1
' _ © © B _ e p(k), lfke{l,o-'vn}7
!E;I’(I)Px{nl (ts)+"'+nn6(t5)_k}_Il_e_)‘s 1fk=07
(7.156)

where J; and p(k) are given by Equations (7.123) and (7.124), respectively.

Theorem 7.11 calls for some explanation. As expected, the parameter s has a
decisive influence on the asymptotic behavior.

When s = 0 the time 7, grows slowly compared with 1/¢, that is, #, is asymp-
totically considerably less (on a different timescale) than the expected lifetime of
the quasi-mainland population. We therefore expect the metapopulation to be-
have as a mainland-island system with migration between the patches. Indeed,
in this case the factor e=* takes on the value 1 and the limiting expressions in
Equations (7.153) and (7.154) coincide with the limiting expressions in Equa-
tions (7.119) and (7.122), respectively.

When s = oo the time ¢, is also on a different timescale from the expected
lifetime of the quasi-mainland population, but now it is much larger. The fac-
tor e~** vanishes and consequently the limiting expressions in Equations (7.153)
and (7.154) coincide with the limiting expression in Equation (7.141) for the pure
metapopulation model.

The intermediate quasi-stationary case 0 < s < oo is the most interesting. It
corresponds to the situation in which the rates of growth of ¢, and 1/¢ are of the
same order; in other words, extinction of the quasi-mainland population happens
on the timescale of 7,. The asymptotic behavior of the metapopulation therefore
exhibits components typical of both the mainland—island (with migration between
islands) and the pure metapopulation situations. This is reflected in the formulas
through the factor e =S,

Next we consider the random variable 7®, which by definition is the metapop-
ulation extinction time for the system in which the quasi-mainland population has
extinction probability &. It is clear that T® — oo as & — 0. We show that the
order of this growth is e~!. Actually, we do more and show that the metapopula-
tion extinction time normalized by ¢ has a limiting distribution. We also give an
explicit formula for this distribution.

Theorem 7.12, which gives an expression for the limiting distribution of the
metapopulation extinction time, is a corollary of Theorem 7.11.
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Theorem 7.12 Let X be given by Equation (7.151). Then for all u € (0, 00)

lim P; {ET(S) > u} =

—Au f = D ,
) :e e (7.157)
e—

e Mn(x, D) ifx e Dyg.

Notice that in the case © = 0, x € Dy, the right-hand side of Equation (7.157) is
trivially equal to 1.

When the initial state x is in the ergodic class Dy, the limiting distribution is ex-
ponential. When x € Dy, it is the distribution of the random variable xzc;, which
is a product of two independent random variables y;, which takes on the values 1
and 0 with probabilities z(x, D;) and h(x, 0) =1 —h(x, Dy, respectively, and
o, which is exponentially distributed with parameter A.

In Section 7.7.5 we introduced the quasi-stationary distribution as the stationary
distribution conditioned on that extinction has not yet taken place. In the present
subsection we have derived formulas for the long-term behavior of the metapopula-
tion using the stationary distribution of the corresponding mainland—island system
with migration between the islands, together with a limiting procedure in which
one patch tends toward a mainland (more precisely, the extinction probability of
its population tends to zero). We denoted the quasi-stationary distribution of the
pure metapopulation model and the stationary distribution of the mainland—island
model with migration between the islands by the same symbol 7. This suggests
that the two distributions are, in some sense, the same. We close this section by
giving an exact meaning of this sameness.

Taking u = s [the parameter in Condition (7.152)] in Theorem 7.12 and recall-
ing that asymptotically ¢, = s /¢, we see from Equation (7.157) that the correction
factors e~ and e~*h(X, D), which occur in Equations (7.153) and (7.154), re-
spectively, are the probabilities that metapopulation extinction has not yet taken
place. This observation suggests that the probabilities 7 (y) may be interpreted as
conditional stationary probabilities, given that metapopulation extinction has not
yet occurred. To formulate this intuitive idea in a precise way, we introduce the
conditional probabilities

P; {ﬁ(g)(ts) = )_’7 T® > ts}

P79 t) =5IT® > .} = 7.158
{79 @s) = 3 } P (T = 1] (7.158)
We then have Theorem 7.13.
Theorem 7.13 Let 0 < s < 00. Then for any initial state X € Dy | ] Dy
y) ify € Dy,
lim Pe {7€ (1) = 5|T® > 1.} = 7(y) ify e Dy (7.159)
e—>0 0 lfy (S] D().

If x € Dy, then Equation (7.159) holds in the case s = 0, too.
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From Theorem 7.13, we immediately obtain the characterization in Corollary
7.2 of the incidence and the distribution of the number of occupied patches under
the condition that the metapopulation has not yet gone extinct.

Corollary 7.2 Let 0 < s < 0o. Then for any initial state X € Dy | Do

lin})P; i) =1UT® >t} =1, ie{l,....n}, (7.160)
e—>
and
lim P; [;ﬁ”(m o Ot = kT > te} =pk), kell,...,n},
e—>
(7.161)

where J; and p(k) are given by Equations (7.123) and (7.124), respectively.

7.8 Multi-type Branching Processes and Adaptive Dynamics of
Structured Populations

M. Durinx and Johan A.). Metz

7.8.1 Introduction

Adaptive dynamics deals with the consequences of the repeated establishment of
rare mutants in environments set by large equilibrium populations of residents. It
studies which mutants can potentially invade, which successful invasions lead to
the demise of the original residents, and what the evolutionary outcome could be
of a prolonged series of such substitution events (Metz et al. 1996). The main
assumptions are:

Rare mutations. The community dynamics settles on an attractor between muta-
tion events, and hence the ecological and evolutionary timescales are separated.
Initially rare mutants. The well-mixed resident populations have a large size,
while the mutant’s population starts up from a single mutant. The assumed
magnitude of the resident population makes its dynamics deterministic, whereas
the rarity of the invading mutant induces a strong stochastic effect.

Small mutational steps. To allow sensible topological and geometrical infer-
ences, mutants must be similar to one of the residents.

In this section, we restrict the postulate of deterministic resident dynamics even
further, to the case in which its attractors are fixed points. Combined with the
timescale supposition, this allows the residents to be regarded as stationary on the
ecological timescale.

The main attraction of this restrictive set of assumptions is that it allows the con-
struction of a mathematically consistent framework within which to study the pos-
sible patterns of evolutionary outcomes, based on a precise if not always equally
realistic foundation of mechanistic biological reasoning.

The traits under evolutionary control through mutation and selection must be
thought of as parameters that govern the life history of individuals. Each resident
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population consists of a large number of individuals that share a characteristic trait.
Several such populations, with different traits or trait values, make up the commu-
nity of residents. In this environment, a single newborn individual may have an
advantageous mutation, which gives rise to an initially small mutant population.
In the long run, the presence of the newcomers affects the fitness and thereby, pos-
sibly, the persistence of the resident populations; this interplay lets evolution shape
the species of the community.

Study of the evolutionary dynamics can be divided broadly into two categories.
First, away from special points called singularities (as defined in Section 7.8.2), di-
rectional selection acts. Then the dictum “invasion implies fixation” holds, which
means that any persistent mutant drives its ancestral resident to extinction. This
property is proved in Geritz et al. (2002), given the assumption that the popula-
tion dynamic attractors are sufficiently well-behaved. Through this mechanism,
the amount of diversity remains the same, since the emergence of a successful new
type implies the disappearance of an older type. One way of failing to be well-
behaved is to have a qualitative change in the pattern of the population dynamics
(known in dynamic systems theory as a bifurcation). The appearance of a mutant
may then lead to the demise of not only the resident that spawned it, but also of
other resident types, and thereby reduce the diversity present in the community.
The more extreme cases involve evolutionary suicide, in which a sequence of sub-
stitution events can drive the entire community to extinction (e.g., Gyllenberg and
Parvinen 2001).

Second, at singularities the attractiveness of adaptive dynamics as an evolution-
ary framework is revealed. One of the categories a singularity can belong to is
that of the classic, but inappropriately named, evolutionarily stable strategy (ESS)
known from evolutionary game theory (Maynard Smith 1982). However, there are
other naturally occurring types of singularities. Foremost is the branching point,
an attracting singularity in the proximity of which the population dynamics ex-
erts disruptive selection. This selection acts such that a newly established mutant
does not send its progenitor to kingdom come. Instead, the two coexisting types
diverge further and further, so that after a short time they are on opposite sides of
the singularity. When plotting the resident strategies against evolutionary time, the
“branches” that gave the singularity its name become clear. This splitting of ge-
netic lines has an obvious appeal as a model for (the initiation of) speciation. For
a deeper understanding, we refer to the book on adaptive speciation (Dieckmann
et al. 2004) in this series.

In this section, we consider evolution at a distance from singularities only. Un-
der such a regime of directional selection, the rate of trait substitutions can be
estimated as Dieckmann and Law (1996) did, formulating the “canonical equa-
tion of adaptive dynamics.” We show here how Durinx ef al. (unpublished) extend
this equation to physiologically structured populations. In particular, we sketch
how the speed of evolution is assessed from the underlying branching process of
the invasion dynamics.
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7.8.2 Invasion fitness

The main tool of adaptive dynamics is the invasion fitness function. By definition
this is the long-term average per capita growth rate of a rare type (the invader) in
an equilibrium community of a given set of types (the residents). Thus, it is the
Malthusian parameter of the invader. Any resident typecast in the role of invader
always has zero invasion fitness, since, on average, it neither grows nor diminishes
in abundance. An invader with a negative fitness does not gain a foothold in the
given community, whereas a positive fitness implies a positive probability of es-
tablishment. As this concerns a stochastic process with a very small number of
invaders, even a positive average growth rate does not prevent extinction in a fair
number of cases: establishment must be studied as the outcome of a branching
process.

The assumption of small mutational steps means the mutants differ only slightly
from one of the resident types. The tacit biological suggestion is that any mutation
with a large effect is detrimental because of pleiotropy, which thus guarantees a
truncation of the effective mutation distribution.

When a mutant has a positive invasion fitness, but because of stochasticity its
attempt at establishment fails, this is not the end of the process. Evolution can
bide its time and a later occurrence of a similar mutation may become established
with better luck. In the simplest setting, the probability of success of individual
invasion attempts affects only the speed of evolution rather than its endpoint. How-
ever, in polymorphic populations or higher dimensional strategy spaces, the speed,
direction, and outcome can all be affected.

The strategy, trait value, or simply trait of an individual denotes its particular
set of values for the parameters that are under evolutionary control; this can be a
vector or just a single scalar value. A polymorphic community has individuals with
different traits. We only consider cases in which the number of strategies present
is finite. If we lump together all individuals with an identical strategy, they are
referred to collectively as a type, population, or species. Clearly, this last term is
very loose at this point, and does not imply any well-defined concept of biological
species. For simplicity, we consider populations to be clonal. The term community
refers to the collection of all resident populations.

We denote a resident’s strategy as X and an invader’s as Y. Hence, a community
with N different strategies present consists of the types 1, 2, ... , N, distinguished
by their strategies Xj, X, ..., Xy. The community as a whole is indicated by
X:= {Xl, XQ, ey XN}

The invasion fitness function as defined above is referred to as the s-function;
this choice of notation underlines its heritage as a conceptual extension of the
selection coefficient of population genetics. A monomorphic s-function sx(Y)
describes the invasion fitness of a mutant with type Y in an environment set by
a population of X-type residents. In the case of a community of N populations,
we similarly speak of a polymorphic s-function and denote it by sy, x,,.. x, (Y) or
sx(Y) to show which N strategies are present.



Specific Models 269

A further function of central concern is the invasion gradient. The invasion
gradient at a given strategy X; is the derivative of s in the mutant direction at that
trait value: dasx(Y)/0 Y‘Y:X_. Trait values for which the invasion gradient is zero are
called evolutionarily singular strategies; these are particularly interesting as they
are possible evolutionary endpoints (attracting, non-invadable points), or sources
of diversity (branching points).

For mathematical reasons, the existence of a unique, fixed-point attractor for
the community as a whole is usually assumed. We restrict ourselves in this section
to attractors composed of positive equilibrium densities for the N types that make
up the community. The basic assumption of rare mutations implies that between
two mutation events the population dynamics settles at its attractor. So in an N-
species community at equilibrium in which there is a mutation in the ith species,
amutant ¥ & X; is introduced. After some time, the community again reaches
an equilibrium state. The N strategies that make up this new attractor depend on
whether the mutant has disappeared or driven its ancestor to extinction: we deal in
this section only with situations away from singularities, so that “invasion implies
fixation” holds.

Time is always scaled such that it reflects slow, evolutionary time and not the
much faster ecological timescale. Then the population dynamics is so rapid that
the community always seems to be at its attractor, at densities determined by the
unique equilibrium for the set of strategies present. In this way, the N strategies
present fully describe the community at each point in time.

7.8.3 The deterministic path

The canonical equation is a first-order prediction for the speed of trait evolution.
This estimate of the rate at which strategy substitutions happen is valid under a
regime of directional selection; that is to say, away from evolutionarily singular
strategies, so that the fitness gradient dsy, x,,.. x, (¥Y)/9Y is non-zero.

As given in the assumptions, the resident community is very large and hence
can be described by a deterministic model. Furthermore, we can regard the pop-
ulation dynamics as stationary because of the assumption that it has a fixed-point
attractor. However, the appearance of mutants and their eventual success or failure
at establishment are both inherently stochastic processes. This makes the trait val-
ues themselves stochastic and time dependent. As we are dealing with a Markov
process, the community has a probability IT1(X, ¢) of being in state X at time ¢ > 0.
This probability can be calculated from the state at + = 0, together with all transi-
tion rates (B, A) from state A into B.

As we consider rare mutations here, any transition must be a mutation that
affects a single strategy vector, which simplifies w (A, B): all the action arises
from the terms 7, (X/, X;, X), which are the rates at which the ith species (known
by its strategy X;) in community X is replaced by one with strategy X;.

Application of the Kolmogorov backward equations to the right-hand side of
%E [X] = f X% dX shows, after some algebra, that the expected rate of
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evolutionary change is
GEX] = ELJX)] (7.162)

where J(X) is an NxN matrix with as the ith column [ (X} —X;)7,(X}, X;,X)d X .
The unique solution that satisfies a given initial condition is called the mean path,
starting from that given state. If J happens to be a linear function of X, or if the
distribution of X is concentrated at a point, we have the self-contained equation

SE[X] = JE[X]) . (7.163)

The solution to this simplified problem is called the deterministic path. The valid-
ity of this approximation has been argued, based on considerations in van Kampen
(1981) and on simulations, in Dieckmann and Law (1996). It hinges on whether
the solution to Equation (7.162) is dominated by the first-order part of the equation
or not. Intuitively, one can expect this to happen, as the path proceeds, in time, by
very many very small steps. In such a case some effect similar to the Law of Large
Numbers leads to a concentrated distribution of X and hence to the applicability
of the approximation (7.163). This heuristic idea is explored in a mathematically
rigorous fashion in Champagnat et al. (2001), based on convergence theorems in
Ethier and Kurtz (1986).

We follow the assumption that a deterministic approximation is valid, and
henceforward focus on the attendant path. To lighten the notation, we write X;
instead of E[X;] for each resident and similarly for X, as these are the expected
values from here onward (not so for invaders ¥ or mutants X;). Our concrete aim
is thus to derive analytical expressions for the right-hand side of

d
o= /(X; — X)m,(X], X, X) dX] , (7.164)

for all species i in the community. The first step is to separate the factors that make
up the transition probability m,. Seeing that mutation and selection are indepen-
dent processes, it must be the product of the appearance rate of mutants with their
establishment probability,

nO(Xi/’ A]l ) X)

= (rate of mutations X; — X/ given X) (establishment chance)

—_——
= (birth rate of X; types) (mutation chance X; — X/) P(X{,X)

= MX;, X) A w(X) MX; - X, X) PX,X). (7.165)

At this point we stress that above we are treating expected values, but with sim-
plified notation; 7; denotes the equilibrium density of the ith species. The chance
P of establishment warrants a separate computation, but the other factors are in-
tuitive. The verbal reasoning is that the production rate of mutants that descend
from an X;-type parent is simply the total production of X;-type offspring times
the mutation chance. The production rate of X; strategists is the per capita birth
rate A times the equilibrium density 7; = n(X;; X1, Xz, ..., Xy) in the given
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community. Which and how many mutants appear (as a fraction of the newborns)
is the product of the mutation probability u per birth event with the mutational dis-
tribution M (V, X;), that is, the probability that the mutation changes a trait value
from X; to X; + V.

Under very general conditions, the per capita birth rate in a closed, critical sys-
tem is the inverse of the expected life span. The argument is called the microcosm
principle in Mollison (1995) and runs as follows: in a large population that ergod-
ically fluctuates around its attracting density,

El[density] = E[influx of individuals per area] E[duration of stay]
= E[per capita birth rate] E[density] E[life span]
n; = A(X;, X) n; E[life span] . (7.166)

Hence the life expectancy
T=T7TX,X) =2"1X, X) (7.167)

for any resident. This assumes closed populations, so that influx is only caused by
reproduction, and an individual’s stay is ended by death only.

The chance of establishment P depends on the underlying population model.
As presented by Dieckmann and Law (1996), the canonical equation traditionally
considers unstructured populations in continuous time. In this case, a linear birth-
and-death process determines the fate of the mutants. We, however, want to allow
populations to be structured (e.g., by size or by sexual differences). For this, we
introduce the concepts of structured population models as far as are needed to
estimate P.

7.8.4 Physiologically structured population models

The two best-known classes of demographic models are probably Lotka—Volterra
and stage- (or age-) structured matrix models. Both have their shortcomings: ma-
trix models can deal only with finite numbers of discrete stages, and time must be
discrete too. In Lotka—Volterra models all the individuals are born equal and their
death rates are independent of age or reproductive state; the whole population is
essentially a soup of identical creatures.

We therefore consider the class of physiologically structured population mod-
els, which has both Lotka—Volterra and matrix models as subclasses. Section 4.3
gives a more detailed, mathematical description of this class, but the biological
considerations that shape the formalism are

Size does matter. A large fish may happily eat a smaller conspecific, but will
refrain from attacking a healthy individual of similar size; a healthy fat insect
will lay more eggs, and a big baby has a head start in life.

Furthermore, reaching a given size may trigger a stage transition. A life cycle
diagram for any insect shows that these are important events. Thinking further
along these lines, this life cycle may depend equally drastically on the sex of
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the individual or similar characteristics. Populations could also live on several
patches in which the resource availability differs.

All these features together form the states an individual can be in, whether they
are described as continuous (like size or age), or discrete (like stage or sex). We
attempt to show later on that we can focus on only the birth states, those states
that individuals could possibly start their life in. Examples could be the size
of a plant seed, the mass of the yolk in an egg, or the gender or morph of an
individual.

Conditional linearity. A key insight to disentangle the interactions between
individuals in a community is the separation of individual and environment.
One has to conceive of a formal environment that influences individuals and
vice versa through a feedback loop. The implicit definition is that, given an
environment, all individuals are independent.

The environmental condition must contain all the information to predict what
will happen at the next moment to each individual. In other words, given the
environment, an individual’s fate is a Markov process (see Section 2.5). The
feedback loop is closed by the simple fact that each individual is accounted for
when calculating the condition of the environment. The reader is referred to the
discussion in Sections 2.9 and 5.10 to relate this concept of environment to the
view in branching processes.

For example, if gender matters and competition acts differently within age
classes rather than across them, then the environment has components that show
densities and sex ratios in each class separately. Furthermore, the environment
logically also has components that describe relevant external parameters, such
as temperature, influx of resources, or harvesting, which may have their own
dynamics.

The idea that such an environment can be constructed is justified in large pop-
ulations: any two individuals, being exceedingly rare as a proportion of the total
population, will experience the same world populated by the same types, states,
and quantities of “others,” even if their expected reaction to it may differ, depend-
ing on the individual state and strategy. This decoupling of individual and envi-
ronment is a helpful step in the systematic understanding of structured population
models (see Metz and Diekmann 1986; Diekmann et al. 2003) and linearizes the
equations when the environment is given as a function of time. To derive the cor-
rect description of the environment may involve a lot of work in specific situations,
but most models are presented in such a way that the derivation is trivial.

At this point, it is important to distinguish strategies and birth states: both are
parameters an individual starts its life with, and some states, like sex, might not
change during an individual’s lifetime. One requires a priori that the life history of
all individuals with a given strategy can be sketched in one indecomposable life-
cycle graph. If not, isolated groups could be separated into species by adding a
parameter to the strategy. This consideration provides a strict distinction between
traits and birth states in models in which individuals with different strategies can-
not reproduce together, which we have guaranteed trivially by assuming clonal
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reproduction. An intuitive example of the distinction between strategy and birth
state is seed size in plants (Geritz et al. 1999). Part of a plant’s strategy may be the
decision to allocate its energy reserve into many small seeds with a low survival
chance, few large seeds with a good chance, or a given mixture of these; while a
plant’s birth state can be the size it has as a seed.

That birth states suffice to study invasion demographics follows from uncou-
pling the feedback loop. If it is assumed that the environment is given, the proba-
bility of being in each possible state at each later moment can be calculated for any
given newborn. Similarly, for an individual in a given state, the chance of having
any number of newborns in any birth state can be computed for any later point
in time. By combining these for any given newborn, the environment-dependent
probabilities of having any amount of offspring in any birth state at any later mo-
ment can be established. From this generational viewpoint, birth states are the only
things that have to be kept track of. This is an important observation that forms the
basis of multi-type branching processes.

Furthermore, for a deterministic population to be at equilibrium must mean that
in each generation there are born an exact quantity of young in each birth state,
such that the individuals have, on average, precisely one offspring over their life-
time, and the new generation has the same distribution of birth states as the former.
In short, we do not have to keep track of offspring production in all possible states;
it suffices to follow lifetime offspring production of the individuals in all possible
birth states.

We denote by I = I(X, X;, ..., Xy) the environment as set by the resident
community and consider a given invader with strategy Y. For any structured popu-
lation model, there must necessarily exist a reproduction kernel, which we formu-
late here as a matrix function with entries (A(Y, I, a));;, which is the expected
number of Y-type invaders born in state j to an invader newly born in state 4,
before it reaches age a if the environment is in state I. Here we remark that
A(Y, I, da) corresponds to u(r,ds x da) as introduced in Section 3.3, and that
the connection to the mean matrix is seen from

El£,] = A(Y, I, 00) (7.168)

where the strategy and environment must be the same on both sides of the equality.
We conform here to branching processes notation, insofar that A is usually defined
as its transpose in structured populations literature.

According to the definition we give, the (generally unique) solution for ¢ of
Lotka’s equation

o0
Dominant Eigenvalue of [f e VA, I, da)] =1 (7.169)
0

is the invasion fitness sx, x,,....x, (Y). Alternatively, it is called the instantaneous
growth rate r in life-history theory, or the Malthusian parameter « in branching
processes.
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If ¥ = 0 is fixed, the integral on the left-hand side corresponds to the mean
matrix as used throughout this book, and its dominant eigenvalue is the lifetime
reproductive output Ry, which is denoted by p in branching processes. The nota-
tion Ry is traditional in both life-history theory and epidemiology, where it is the
expected number of secondary infections caused by an infective individual [see the
snappily titled thesis of Hans Heesterbeek (1992)].

Durinx et al. (unpublished) show, by a Taylor expansion of the left-hand side
around ¥ = 0, that for any mutant ¥, we have the relationship

In RO
B0)

where the average age at giving birth $(0) is that of the mutant’s progenitor, cal-
culated from the reproduction kernel as

sx(Y) =

+o(In Ry) , (7.170)

BO) = B(X;, I) = u(0)" UooaA(Xi, I, da):| v(0) , (7.171)
0

with u(0) the “stable type distribution” of the ith resident, which in our context is
its stable birth state distribution, and v(0) its reproductive value.

7.8.5 Establishment probability

The first paragraph on invasion fitness verbally states that, under very general con-
ditions, a positive chance of establishment is equivalent to a positive s-value,

PY,X)>0%sx(Y)>0. (7.172)

We must now seek a quantitative relationship between these terms.

Consider an invader that differs but slightly from one of the resident species;

each of these residents has zero growth rate in the community, as it is assumed to
be stationary. Hence the d-type branching process that describes the fate of this
mutant is slightly supercritical, Ry = 1 + ¢ for a small ¢ > 0. As explained
in Section 5.6, Athreya (1993) proved that, under very general conditions, the
establishment probability of a single X;-type mutant with birth state & can therefore
be approximated as
R() -1 2111 R()
B &) v(e)y +o(e) = Be)
where v(¢e) denotes the mutant’s reproductive value. This complies with our ear-
lier notation as the ith resident naturally has ¢ = 0, and the same applies to the
parameters u(¢) and &(¢g),;. The factor B(¢) may be interpreted as a variance (see
Durinx et al., unpublished),

B(e) = u(e);Var[y_v(e)E(e);] +o(1) . (7.174)
j !

Py(Xi,X) =2

v(e), +o(e), (7.173)

The initial mutant has a probability #(0), of being born in state /4, since u(0) is
the stationary offspring distribution of its parent. As the eigenvectors for residents
and mutants differ at most by the order ¢, we can here approximate v(g), by v(0);,
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and so forth, and show that

P(X/,X) = Y u(0), Py(X/, X)
h

=23 w00, In Ro +o(e)
p > u(0);Var[ 3, v(0),£(0);;]
21n RO
= +o(e), (7.175)

> w(0); Var[}, v(0),5(0);]

since the scalar product of the eigenvectors sums to 1 (see Section 2.3).

This means we can wrap up the formulation of the establishment probability by
substituting the relation found between s and Ry [Equation (7.170)] and, finally,
by linearly approximating sx (X;) as close to sx(X;) = 0,

/ 28(0) sx (X))
PO = 7.176
(X, X) Zju(O)jVaI[ZlU(O)ZS(O)lj]+0(8) e
_ 2p(0) (XIZ_XI,)TaSX(Xi) +o(e) .(7.177)

> u(0); Var}, v(0),6(0);] oY

Note that we use values derived for X; for all but the mutation step (X! — X;). More
importantly, the above approximation only holds if it returns a positive value, as
we started by assuming ¢ > 0.

7.8.6 The canonical equation for structured populations

The calculated transition rates [Equation (7.165)], combined with the microcosm
principle [Equation (7.167)] and the estimated chance of establishment [Equa-
tion (7.177)], show that the evolutionary movement along the deterministic path
given by Equation (7.164) is generated by

d A (X
X /(X{ XM g x; - X, X0 PX, %) X
_ B i u(X)

T ) ujVarly ) vig;]
i k(X 3Sx(X)"
= PrimX)  ppox)95xED T (7.178)
T Zj u;Var[) ", v,&;1 Y
with M(X;) := f VIRV, X;)VT dV the mutational covariance matrix at X;.
The second remark after Equation (7.177) explains the disappearance of fac-
tor 2 in the ﬁTrst equality above: for each strategy V that returns a positive value
for VT%, the strategy —V returns a negative value, and vice versa since we
are away from singular strategies. Hence, we have to replace exactly half of the
estimates by zero. The value under the integral is not influenced by this, as V
and —V return the same value under the second integral if the distribution 9 is
symmetrical.

dSx(Xi) '
T dV + 0(8)

/vzm(v,x,»)vT
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This allows us to finalize the canonical equation for structured populations as
the first-order prediction

d (X Sx(X)"
Ay~ B nin&) g 95T (7.179)
dt T Zj u;Var[) ", v,&;1 Y

Keep in mind that these are all expected values for each of the parameters and

strategies, and most parameters that relate to a species i depend also on the other
strategies in the community X.

7.8.7 Discussion

A fundamental open problem in evolutionary biology is the development of a
straightforward, systematic way to study long-term evolutionary trajectories. Over
the years, some of the issues have been addressed.

How selection can change morphological traits was first described by Lande
(1979), based on the breeder’s equation as found in animal sciences. In what has
become known in evolutionary biology as Lande’s equation, we have a formula
that is remarkably similar to the canonical equation. The major difference is that
the population density does not appear as a factor (the other differences amount to
a different interpretation of the parameters). What it essentially describes is how a
population changes through selection on standing genetic variation. Such variation
accumulates when a species’ strategy is close to the evolutionary optimum in a
stable environment, especially if the optimum is relatively weak. Selection on the
diversity then occurs when external environmental parameters change. A typical
example of this is the introduction of a wild population into a laboratory setup
that has directional selection applied, which accounts for the good fit of Lande’s
equation with laboratory data. With none of the wild variants optimal for the
laboratory, the winner of the laboratory race does not represent an evolutionary
endpoint. After the initial relatively rapid modification of the traits in reaction
to external changes, further innovations and long-term evolution must come from
mutations. Haldane (1927) was the first to realize this and to argue that mutation-
limited evolution is slower than initially suspected, because many advantageous
mutants fail to become established. The canonical equation builds on these ideas
to derive a quantitative relation between the factors involved and, in particular,
how the ecology determines the selective pressures.

It is clear that the assumptions we have worked with amount to a crude over-
simplification, but the question is important: how can we link ecology with pale-
ontology? The Modern Synthesis went no further than to show that the two are
compatible. Lande’s equation and the canonical equation are the best (being the
only) tools we have so far with which to reason about the connection.

This section illustrates how branching processes underlie mutation-limited evo-
lution and hence their fundamental importance to adaptive dynamics theory. The
calculations are meant to be heuristic and biological, at the cost of mathematical
precision and exhaustiveness. For a more mathematical treatment of the canon-
ical equation, consult Champagnat et al. (2001). The restriction to finitely many
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possible birth states means we can fall back on established theory, but limits the ap-
plicability. To overcome this requires an extension of the theorem of Section 5.6.2
(Athreya 1993) to branching processes with infinitely many types. If the resident
attractor is not a fixed point, but a limit cycle, every individual can be assigned a
birth state that depends on where in the cycle the individual is born. In discrete
time this allows the attractor to be treated analogously to a fixed point, so that
our analysis immediately applies. In continuous time the suggested extension of
Athreya’s proof is applied similarly.

Analytically, no extension of the canonical equation to non-periodic attractors
has been found yet. The first heuristic explorations for ergodically fluctuating
environments with invader dynamics that follow a linear birth-and-death process
suggest that the canonical equation is robust against such extension. Dieckmann
(personal communication) shows, by approximating the process as formulated in
Kendall (1948), that the establishment probability is approximately proportional
to the fitness [as in Equation (7.177)], so that a similar result holds.

The analysis as presented applies to spatial models with finite numbers of
patches, if the residents are locally sufficiently numerous and well mixed. The
patch an individual inhabits is expressed as a component of its state. For some
more complicated spatial models an equation similar to the canonical equation
may well apply. The crucial part is that the chance of success on invading must
scale linearly with changes in strategy. This is an area in which more research is
badly needed.

We have assumed an unbiased mutation distribution. Mutation bias arises from
the non-linearity of the genotype/phenotype mapping, and becomes prominent
when high mutational variance is combined with a highly curved mapping. How-
ever, since we assume small mutational steps, we follow the biological literature
in neglecting this effect. Champagnat ez al. (2001) discuss the relevance of bias in
the context of the canonical equation.

A far more complicated issue underlies timescale separation. There are several
latent limits: large resident populations (or the limit é — 0 where Q2 is the system
size), small mutations (or € — 0), and rare mutations (or w(X;)2 — 0). These
limits are not a priori commutative, and so, depending on the order in which the
details of mechanistic, individual-based parameters are scaled away, a different
limit process is obtained. An initial discussion of these issues, in particular of the
necessity to stay away from singularities, is given in Metz et al. (1996).
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Appendix

A.1 Expectation and Variance
A.1.1 Expectation

Let X be a random variable that can take on a finite number of values xq, ... , x,.
The expectation of X is defined as

E[X] = Zka(x =x) . (A1)
k=1
If X takes on a countable number of values x;, x5, ... , x,, ..., the expectation of
X is
o0
E[X] =) xP(X =x0), (A2)
k=1

provided that the sum exists and is finite, that is,

oo
Z | P(X = x;) < 00 (A.3)
k=1
The latter condition is added to make the value of the infinite sum uniquely defined.
In most applications X only takes values 0, 1, . .., so we obtain
E[X]=) kP(X =k). (A4)
k=0

A random variable X is called discrete if it can take a finite or a countable number
of values. It is called continuous if there exists a non-negative function p(y),
y € (—00, 00), such that for any number x

P(X <x) = / p(y)dy. (A.5)
—00
The function p(x) is called the density of X. Clearly,
+o00
p(x) > 0and / p(y)dy=1. (A.6)
-0
If X is a continuous random variable, the expectation of X is

E[X] = /OO xp(x)dx, (A.7)

oo

278



Appendix 279

provided that

/00 [x] p(x) dx < o0 . (A.8)

[e¢]

From these definitions it is not difficult to derive the following properties:

1. If ¢ is a constant then E [¢] = ¢, E[cX] = cE[X].
22 EX+Y]=E[X]+E[Y].
3. If X is a non-negative random variable (X > 0), then E[X] > 0.

If X takes only integer values O, 1, 2, ..., then [E [X] can also be calculated by
the formula

oo
= Z]P’(X > k). (A.9)
k=1
Indeed, in this case

X1=) KP(X =k =) k(X =k —P(X =k+1)
k=0

k=1

=Y kP(X = k) — Y kP(X = k+ 1)

k=1 k=1

Z kKP(X > k) — Z(k—])IP’(X>k)

k=1

P(X > k). (A.10)

I
Me T

»
Il

1

A.1.2 Variance
The variance of X is defined as

Var[X] = E[(X — E[X])? Z(xk —E[X])’P(X = xp) (A.11)

if X is a discrete random variable, and as
oo
Var[X] =E[(X —E[X])*] = / (x —E[X])? p(x) dx , (A.12)
—0oQ

if X is continuous.

It is not difficult to check that

Var[X] =E [X*] — (E[X])? (A.13)
and that

Var[cX] = ¢*Var[X] . (A.14)
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The covariance between two random variables X and Y is defined as

Cov[X,Y]=E[X-E[XDXY —E[YD]I=E[XY]-E[X]E[Y] . (A.15)
Hence Cov[X, X] = Var[X] and

Var[X + Y] = Var[X] 4 Var[Y] 4+ 2Cov[X, Y] . (A.16)

Two random variables X and Y are said to be independent if for all numbers x
and y,

P(X <x,Y <y)=PX <x)PY <y). (A.17)

The covariance of independent random variables vanishes (but the converse is not
generally true). Hence, for independent variables, variance is additive,

Var[X + Y] = Var[X] + Var[Y] . (A.18)
The correlation coefficient R between X and Y is defined as
Cov[X,Y]
~ JVar[X] Var[Y]

One can check that R = 0 if X and Y are independent, R = 1 if X = cY, for some
c>0,andR=—-1if X =cY,c <O.

(A.19)

A.2 Useful Equalities and Inequalities
A.2.1 Asimple inequality

For non-negative integers k and 0 < x < 1,

k(k —1
1= (1 —x)f > kx — %ﬁ (A.20)
or, equivalently,
k(k —1
kx —(1—=(1=x)% < gx2 ) (A.21)

2
Indeed, for k = 0 and k = 1 this is obvious, whereas for k > 2 it follows from

kx—(1—(1 -0 =kk — 1)/X du/u(l — 2 dy
<k(k—1)/ du/ k(k D x2. (A.22)

A.2.2 Indicators

The indicator 14 of an event A is a function that equals 1 if the event A occurs
and O otherwise. More generally, for any set A, like, for instance, an interval,
= [a, b],

1 ifxeA,

0 otherwise . (A.23)

Lax) = {
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For a fixed event A, 14(u) is thus viewed as a function of the outcome u. It is not
difficult to check the following:

1. lAﬁB = 1,4 X 13.

2. If A is the event complementary to A (i.e., A occurs if and only if A does not
occur), then 1; =1 — 14.

3. Let B=A, U A, U---U A, be the union of the events A, A,, ..., A,, that
is, the event that occurs if and only if at least one of the events Ay, A, ..., A,
occurs. The event B, which is complementary to B, is the intersection of the

events A, Az_, LA, thgt isB=ANA,N---NA,. It occurs if and only

if the events Ay, A,, ..., A, occur simultaneously.
Clearly,
E[la]=0xPs4=0+1xP(s=1)
=P, =1)=PA). (A.24)

A.2.3 Inclusion—exclusion

The equality
P(AU B) =P(A) + P(B) — P(AB) (A.25)
has an extension to unions of an arbitrary sequence A;, A,, ..., A, of events. (We

write AB for A N B, etc.)

PAJUA,U---UA,) =P(A) +P(Ay) +-- - +P(A,)
—P(A1A)) —P(A1A3) — -+ - — P(A1A,) —P(A1A2)
— = P(A2A,) — - = P(A1A,) + P(A1A243) + P(A1A2Ay)
+ -+ P(A1A2A,) + P(A1A3Ay) + -+ - + P(Ap2A,-140)
e +(=D"'P(A A, ... Ay . (A.26)

In particular,

P(A;1 UA, U A3z) =P(A)) +P(A2) +P(A3) —P(A1Ay)
—P(A1A3) — P(A243) + P(A142A3) . (A.27)

Proof. For simplicity we prove only the last case (n = 3).
Lauguc =1 = laugoe = 1 — Lize
=1—-113le6=1—=(0 =10 =1p)(1—1¢)
=la+1p+1c—1alp—1alec = 1plc + 1415lc
=la+1lg+1lc—1ap—lac—1pc+ lasc- (A.28)

The expectation of this is the desired formula.

SO0
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A.2.4 Classic inequalities

In the text we make repeated use of the following inequalities, which we state here
without proof. Proofs can be found in any probability theory textbook.

1. Markov’s inequality. Let X be a non-negative random variable, then for any
x >0,

P(X >x) <E[X]/x. (A.29)

2. Chebyshev’s inequality. Let Y be a random variable with finite variance, then
for any € > 0,

P(|)Y —E[Y]| > €) < Var[Y]/e>. (A.30)
3. Lyapunov’s inequality. Let X be a non-negative random variable with
E[X?] < o0,
then
P(X > 0) > (E[X])?/E[X?]. (A.31)

4. Jensen’s inequality. Let u(x) be a function defined for x € D C (—o0, +00).
Assume that D is a finite or infinite interval and let u(x) be differentiable. The
function is called concave if for any fixedm € D and all x € D

u(x) <u@m) +u'(m)(x —m), (A.32)
and convex if for any fixed m € D and all x € D
u(x) > u(m) +u'(m)(x —m) . (A.33)

This means that a graph of the function lies under (concave) or over (convex) its
tangent at any point m. If it has a second derivative the following simple criterion
works: if u’ (x) > 0 for all x € D, then u(x) is convex in D; if u’ (x) < 0, then
u(x) is concave in D.

Let X be a random variable with values in D. If u(x) is concave in D, then

Elu(X)] < u(E[X]), (A.34)
and if it is convex in D, then
Elu(X)] > u(E[X]) . (A.35)

Examples. The function Inx,x > 0, is concave. Therefore, for any positive random
variable X,

E[ln X] < InE[X] . (A.36)

The function e* is convex for x € D = (—o00, +00) and, therefore, for any random variable

E[e¥] = M. (A.37)
OO0
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A.3 Conditioning
A.3.1 Conditional expectation

Let X and Y be two discrete random variables, the latter with the possible values
Yis--vs Yu,-...,and the former with a well-defined expectation. (Recall that this
means E[|X|] < oo.) The conditional expectation of X, given a fixed value ¥ =yj,
is defined as

E[X|Y=y]= ZkuP’(X = x| =)
k
2 aualPX =xgY =)
PY =y;) '

The conditional expectation of X given Y, E[X|Y], is a random variable defined to
equal E[X|Y = y;] when Y = y;. Itis thus a function of Y, as the name indicates.
If we take the expectation of the conditional expectation,

(A.38)

E[E[X | Y]] = ZE[X Y =y IP(Y =y)
J
= ZZXkP(X =xi;Y =y))
J ok
= ZkaP(X =xi;Y =y))
k Jj

= Z wP(X =x) =E[X] , (A.39)
k

we obtain the original expectation. This is called the rule of double expectation,
E[E[X|Y]] = E[X]. (A.40)

It was derived here for discrete variables, but in fact Equation (A.40) is valid for
any random variables X and Y, such that E[X] is well defined.

A.3.2 Wald’s equation

Let &,...,&,,... be a sequence of independent identically distributed random
variables with m = E[£;] < oo, and let Y be a non-negative integer-valued random
variable, independent of all §,,. Set X = & + &, + - - - 4+ &y. Then,

E[X]=mE[Y] . (A4l
This follows immediately from
EX]=E[E[X|Y]] =E[mY], (A42)

by the additivity of expectation and independence of &; and Y.
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A.3.3 Conditional variance
The conditional variance of X givenY = y; is
Var[X|Y = y;] = E[(X — E[X|Y = yj])2|Y =yl. (A.43)

Again, the conditional variance of X given Y is a random variable, usually denoted
Var[X|Y], such that if ¥ = y; it equals Var[X|Y = y;]. In particular,

Var[X|Y] = E[X?|Y] — (E[X|Y])?, (A.44)
and clearly
Var[X] =E[X*] - E[X )’ =E[E[X*|Y]] - E[E[X [Y]])?
=E[E[X [Y])’] - E[E[X|Y])* +E[E[X?Y]]
— E[ELX[Y])?]
= Var[E[X|Y]] + E[Var[X|Y]] . (A.45)
This proves the variance partitioning formula,
Var[X] = Var [E[X|Y]] + E [Var[X|Y]] . (A.46)

The following is a useful application of this to sums of a random number of
random variables. Let X = &, + &, + - - - + &y, where Y is a non-negative integer-
valued random variable with finite variance and independent of &;,...,&,, ...,
which are in their turn independent and identically distributed among themselves.
Write m = E[£;] < oo and o2 = Var[£] < oo, then

Var[X] = 6?E[Y] + m*Var[Y] . (A47)

Proof. Since &; are independent and identically distributed, and independent of Y,

Var[X|Y] = Var[§; + & + - - - + &y [Y]

= YVar[§] = Yo?, (A.48)
and therefore,
E[Var[X|Y]] = ¢’E[Y]. (A.49)
Since E[X|Y] = mY,
Var[E[X|Y]] = Var[mY] = m*Var[Y] . (A.50)
RO

A.4 Distributions and Their Transforms
A.4.1 Probability generating functions

Let X be a non-negative integer-valued random variable with

p=PX=k), k=0,1,2,....
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The function

fO=E[s*]=) pst 0zs=1, (A.51)
k=0

is called the generating function of X. It has the following properties:
1.
fM=Y p=1. (A52)
k=0

2. If Z:; kpr < oo, then

f (=Y kp =E[X] . (A.53)

k=0

3. I Y2 k2 px < oo, then

F)=>"kk-1)p=E[XX-1] (A.54)
k=0
and
Var[X] =E[X*] - E[X])> =E[X(X — D]+ E[X] — (E[X])*
= (D + ()~ (D). (A.55)

4. If the random variables X; and X, are independent with generating functions
fi1(s) and f>(s), then the generating function of their sum is

E[s* ] = fi(s) f2(s) - (A.56)

5. If Xy, X5, ..., X,, ... are independent and identically distributed non-negative
and integer-valued random variables with the generating function f(s), and Y
is an integer-valued random variable with g(s) = E[sY], independent of X,
then

E[sX Xt ] = B[ [sM])] = g(f(5)) . (A-57)

A.4.2 Some basic distributions and their generating functions

Binary events or the Bernoulli law. 1f X is a random variable that is either zero
orone,and P(X =1)=p,0<p<1,g=1-— p,then

fs)=qs+ps'=q+ps=1—p+ps. (A.58)

Binomial distributions. The number of successes X in n independent trials with
success probability p follows the binomial distribution with parameters n and p,

P(X:k):(;:)pk(l—p)"k,k:O,l,...,n. (A.59)
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This is often expressed by saying that X is Binomial(n, p) or Bin(n, p). The
generating function is

n

f&=E[s*]=>" (Z) Pra=prtst=a—-p+ps). (A.60)

k=0

Clearly, X is the sum of n independent Bernoulli random variables.

Geometric distributions. 'The number of trials X until the first success in a se-
quence of independent trials each with the success probability p has the geometric
distribution with parameter p [is Geometric(p) or Geo(p)],

P(X =k)=qgp*, k=0,1,2,...: g=1—1p. (A.61)

The generating function is

f(s) = qu

Poisson distributions. A random variable Y has a Poisson distribution with pa-
rameter m > 0 [or X is Poisson(m) or Poi(m)] if
k

. (A.62)
—ps

P(Y:k):%f’”,k:O,l,z,... . (A.63)
The generating function is
2 mk > ms)
f@O=E[s"]=) — e sk = Z =6 (A.64)
k=0 k=0

The Poisson distribution is sometimes referred to as the “Law of Rare Events.”
The reason for this is that numbers of unlikely events sparked by many indepen-
dent sources tend to follow a Poisson distribution. Thus, the Bernoulli(n, m/n)
distribution converges to Poisson(m) as n — oo.

In its turn, the Poisson distribution is conserved if events are filtered (are inde-
pendently deleted with a probability 1 — p). Let Z = X| + X» + - - - + Xy, where
X;,i =1, 2, ... are independent identically distributed random variables such that

qg=PX;=0), p=PX;=1), p+tg=1. (A.65)

If Y has a Poisson(m) distribution, then Z is Poisson(pm) distributed.

Proof. By Equations (A.57), (A.64), and (A.58), we have

E[s*] =E[sX ] =E[E[sM )] =E[(@q + ps)"]
— eMatps=l) — mps=p) — ,pm(s=1) , (A.66)

as desired. (As is tacitly assumed, not only does a distribution determine its generating
function, but the reverse holds as well.)

SO0
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A.4.3 Multivariate generating functions

Now consider a d-dimensional vector X = (Xi,..., X;) with non-negative
integer-valued random components. The generating function of X is then defined
as

f() =EI* 1= f(s1,...,s0) = Els;" - 557]
=Y Y PXi =k Xg=ka)s) syt (A.67)
k=0 kqg=0

For instance, let n independent experiments be conducted, each of which may
result in one of d possible outcomes, the probability of the ith outcome being

pi,i = 1,2,...,d. Let X; be the number of trials that result in the ith out-
come. The distribution of the random vector X = (Xy,..., Xy) is called a
Multinomial(n, p1, ..., pg) distribution. One can show that

n
PXi=ki, ..., Xg=ky) = P pl
ki,... kg

— n! ki ka
The generating function of this distribution is
f& =f(s1,...,80) = (p1si + pasa+ -+ + pasa)” - (A.09)

A.4.4 laplace transforms

Let X be a discrete non-negative random variable that takes on values
X0, X1, X2, . .. with probabilities pg, p1, p2, ..., respectively. The function

o) =E[e™*] =Y P(X =xe™™ =) pe™, u=0, (A.70)
k k

is called the Laplace transform of X. Clearly, if X is integer-valued, then ¢ (1) =
f(e™). For instance, if X is Poisson(m) distributed, then
o) = f(e™) = exp{m (e’“ — 1)} . (A.71)

If X > 0is a continuous random variable with density p(x), its Laplace trans-
form is defined to be

o.¢]
o) =E[e™] = / e~ p(x) dx, u > 0. (A72)
0
Since, in this case,
[o.¢] o0
/ e " px)dx < / px)dx =1, (A.73)
0 0

the Laplace transform is well defined for all u > 0.
Like the generating function, the Laplace transform determines the distribution
function of a random variable uniquely.
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A.4.5 Some distributions and Laplace transforms

Exponential distributions. A random variable X is distributed exponentially with
parameter A > 0, or X ~ Exp(}), if its density is

p(x) =xe™ x >0, and  p(x)=0,x<O0. (A.74)
Then, the Laplace transform of X is
o0 N )\’
= e dx = . A.75
& (u) fo e e Y= ( )

As pointed out in the main text, exponential distributions are often used for life
spans. This has to be carried out with some care though, as having exponentially
distributed life spans is equivalent to the property of no aging.

If T ~ Exp(%), then for any ¢, u > 0, by the definition of conditional probabil-
ity,

P(T >t , T >t P(T >t
BT >t 4+u|T>1= L >itul>0 PT>i+u

(T > 1) T OP(T >1)
g~ Mt+u)
= =e M =P(T A.76)
— e (T > 1), (A.

so that the chances of a 7-year-old surviving for another u years are the same as
those for a newborn.

Conversely, if P(T > t4+u|T > t) = P(T > u) for any ¢, u > 0, then (as
above)

P(T >t+u)=PT > t)P(T >u). (A.77)
Thus,
P(T >t+u)—P(T >t) =—(1—=P(T > u)P(T >1). (A.78)

If we write S(t) = P(T > t) for the survival function, and divide the equation by
u — 0, it follows that

S'(t) = S"(0)S(2) . (A.79)
The only feasible solution of this is S(¢) = e™* with A = —5'(0).

Gamma distributions. A non-negative random variable X has the Gamma distri-
bution with parameters (a, A) [or X ~ I'(a, )] if

px) = x e x>0, and px)=0,x <0, (A.80)
['(a)
where
o0
I'(a) = / x4 e dx (A.81)
0

is the gamma function. Observe thatI'(n + 1) =n!=1x2x--- x (n—1) xn
for positive integers n.
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The Laplace transform of X is

P == / R N . (A-82)
- T@ Jo BCERE |

A.4.6 Generalizations of transforms

Definitions of expectation, variance, and transforms can be extended to random
variables that are partially discrete and partially continuous. We do not go into
detail (see Box 3.1, though).

Here we give an example. We say that a random variable Y is a mixture of the
independent random variables X; and X3 if

Y=1x,+0-0HX,, (A.83)

where [ is a Bernoulli random variable that is independent of X and X,. If Y is
a mixture of X; and X, and p = P({ = 1), the Laplace transforms of the random
variables involved are related by

Ele "] = (1 — p)E[e™"¥'] 4 pE[e~"*]. (A.84)
For example, if P(X; = 0) = 1 and X is Exp(}), then
Ele™"] =q+pL g=1-p (A.85)
u—+r ' '

The Laplace transform of an arbitrary non-negative random variable X is de-
fined to be

du)=PX=0)+u /00 e"P(X <x)dx, u>0. (A.86)
0

One can check, by direct integration for discrete random variables or by integration
by parts for continuous random variables, that this definition is consistent with
those given earlier [Equations (A.70) and (A.72)].

If X is a continuous (not necessarily non-negative) random variable such that
the integral

oo
/ e " p(x)dx (A.87)
—0o0

is convergent for all u# that belong to a domain D € (—o0, 400), the Laplace
transform can be defined by Equation (A.72) for u € D. For instance, if X is
distributed normally with parameters y and o2, that is, it has the density

1 _G-w?

= (A.88)

(x) = e
P o2

often written X ~ N (u, 02), then

1 R _a-w? ulo?
o) = > / e e % dx=e 2 " (A.89)
o T J—o00

is convergent and thus well defined for all real values of u.
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A.5 Convergence
A.5.1 Convergence forms

Probability theory contains several kinds of convergence of sequences of random
variables. The most important for this book are convergences in distribution, in
probability, in mean square, and with probability one, also called almost sure (a.s.)

convergence.
Let Xy, ..., X,, ... be a sequence of random variables. The sequence is said
to converge in distribution to a random variable X if
lim P(X, <x)=P(X <x) (A.90)
n—oo

at all points x where the function G (x) = P(X < x) is continuous.

The sequence X1, ..., X,, ... is said to converge in probability to X if, for any
g >0,
lim P(|X, — X|>¢) =0, (A91)

in mean square if

lim E[(X, — X)*]1 =0, (A.92)

n—o00o

and with probability one if
P(lim X, =X)=1. (A.93)
n—0oQ
A.5.2 Fatou’s lemma

Fatou’s lemma is a fundamental relation in probability and integration theory. In
this book it is also crucial for obtaining bounds to fence in entities that are impor-
tant, but difficult to calculate.

Lemma A.1 Let Y and Z be two non-negative random variables with E[Y] < oo

and E[Z] < oo, and let X1, ..., X,, ... be a sequence of random variables. If
—Y < X, foralln or X,, < Z for all n then, respectively,
E[liminf X,,] < liminfE[X,] (A.94)
n—oo n—o0
and
limsupE[X,] < E[limsup X,,] . (A.95)
n— 00 n—0oQ

A.5.3 Martingales

LetYi,...,Y,, ... beasequence of random variables with E[|Y,|] < oo for all
n. This sequence is called a martingale if, foreachn = 1,2, ...,

E[Yn+1|Yn, Yoct1,... aYl]ZYn~ (A96)
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If E[Y,+11Y, Yu_1,...,Y1] < Y,, the sequence is called a supermartingale.
(Supermartingales thus tend to decrease — the reason for the name is found in math-
ematical analysis and is an analogy to so-called superharmonic functions.)

Example. If X,, X, ... are independent random variables with E[X;] = O and ¥, =
X1 +X2—|—~-+X,,,then

ElY,1 Yo, Yoor, ..., Y1
=EX i +Xo+ -+ X, + X1 Y0, Yoot ..., Y1
=E[Y, + X, Y, Yo, ..., 1]
=E[Yu Yy, Yooty oo, VT + ELX 1Y, Yoo, -0, 11 (A97)
Clearly,

E[Y,1Y,, Yoor,... . Vi1 =Y,, (A.98)
since if we know exactly the value of Y, its expected value is, of course, Y,. However,
since X, is independentof ¥,,, ¥, _y, ... , Y,

ElXp411Yn, Y1, ..., Y11 = E[X,11]1=0. (A.99)
Hence,

ElYoilYn, Yoor, ... . Y11 =Y, (A.100)

and, consequently, the sequence in question is a martingale.
SO O

Theorem A.1, the famous theorem by Doob, is important in theory as well as in
applications.

Theorem A.1 IfY,Y,,...,Y,, ... is a martingale (or supermartingale) of non-
negative elements and there exists a constant C < oo such that E[Y,] < C for
all n, then there exists a random variable Y < oo such that lim,_,» Y, = Y with
probability one.

A.5.4 Martingales and branching processes

Martingales and Doob’s theorem have many uses in branching processes. The most
illustrious yields Malthusian growth of supercritical Galton—Watson processes. Let
Z, be the number of individuals in the nth generation. As usual, write m for the
expected number of offspring. Then

E([Zu11Zy) =mZ,, n=0,1,.... (A.101)

(Since the process is Markov, we need only condition upon the last preceding
element.) Thus, if m = 1 (the process is critical), Z, is a martingale.
Now, write W, = m™"Z,.. Then, by properties of the conditional expectation,

E [Wn+1 | Wn] =E [m_(n+l)Zn+1 |m_nzn]
=m_(”+1)IE [Zn+||m_"Zn] ) (AIOZ)
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Clearly,
E [Zn-H |minzn] =E [Zn+l |Zn] ’ (A.103)

since conditioning on m~"Z, is the same as on Z, — they determine each other.
Hence, by Equation (A.101),

E [Wn+1 IWn] = m_(n+l)E [Zn+1 |Zn] = m_(n+1)mE [ZnJrl |Zn]

=m"Z,=W,. (A.104)

Therefore, W, is a martingale. Since E[W, ] = 1, lim,,_,o, W,, = W exists and is
finite for any Galton—Watson branching process with m < oo.

Note, however, that since subcritical and critical Galton—Watson branching pro-
cesses die out, W = 0 for these cases.

Theorem A.2 (by Kesten and Stigum) shows that norming is accurate in most

cases (i.e., that dividing by m" does not ultimately annihilate Z,, except in rather
degenerate cases).

Theorem A.2 Let Z, be a supercritical branching process with E [Z] < oo and
W =1lim, oo m"Z,, then:

1. if E[Zilog(1+ Z1)] < oo, then
EW =1land P(W =0) = lim P(Z, =0) ; (A.105)
n—oo

2. if E[Zilog(1+ Z1)] = o0, then P(W = 0) = 1.

Note that a finite reproduction variance implies case (1) above.

A.5.5 Stationary and independent identically distributed random
variables

Let X1, ..., X,, ... be a sequence of independent, identically distributed random
variables with a = E [X;] € (—o0, 00).
The Law of Large Numbers states that for any ¢ > 0
Xi+---4+X,
n

lim P

n—oo

—a

> s> =0. (A.106)

The Strong Law of Large Numbers says that

X+ -+ X,
IP’(]im L:O =1. (A.107)

n—o00 n

If 02 = Var[X;] € (0, +00), then the Central Limit Theorem states that as n —
Oos

X4+ X, — I
IP’( Sy i x> N f e V2 qy (A.108)
o/n o271 J-x

uniformly in x € (—o00, 00).
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The Law of Large Numbers and the Strong Law of Large Numbers are not
only valid for sequences of independent identically distributed random variables.
Below we describe some important classes of random variables for which these
relations are preserved.

Consider a sequence of random variables that is infinite in both directions,
vy X9, X 1, Xo, X1, Xo, ... . The sequence is called strongly stationary if for
any integers n, m,and t; (1 < j <n),

IP’(XL. <Xxi,...,X; <x,,) =IP’(Xt[+m <Xlyooo Xpgm < xn) . (A.109)

n

This means that all n-tuples of observations have the same distribution, wherever
they are located in the sequence. It is said to be weakly stationary if all vari-
ables have the same expectation and variance and Cov [X i X j] depends only on
|7 —i|. In words, the covariance between two variables is determined by the dis-
tance between their indices. The correlation coefficient between X; and X,.,, is
thus independent of ¢ and equals

R(m) = VX0 Xul (A.110)

v Var [Xoly/Var [X,,]

For weakly stationary sequences with R (m) — 0 as m — oo, the Law of Large
Numbers, Equation (A.106), holds and for strongly stationary sequences that sat-
isfy this condition the Strong Law of Large Numbers, Equation (A.107), holds.

A.6 The Perron-Frobenius Theorem

A matrix M is called irreducible if there is an integer n( such that all the elements
of the matrix M" are positive.

Theorem A.3 If M is an irreducible matrix with non-negative elements, then it
has a unique positive eigenvalue p that is greater in absolute value than any other

eigenvalue. All elements of the left and right eigenvectors u = (uy, ... ,uq)" and
v=(vi,...,v9)7 that correspond to p can be chosen positive and such that
d d
Zukzl, Zukvkzl. (A.111)
k=1 k=1

Then the eigenvectors are unique. In addition,
M"=p"A+ B", (A.112)
where A = (vi“j);l,jzl and B are matrices that satisfy the conditions:

1. AB=BA =0;
2. there are constants py € (0, p) and C > 0 such that none of the elements of
the matrix B" exceeds Cp}.
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sibling dependence, 42—43
binomial distributions, 285-286
biological clock model, 38
biology
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and mathematics, x, 1, 2
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stable distribution, 274
bisexual
branching processes, 44, 45
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black box models 3
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cell cycle, 218-225
biological model, 2/9-221
branching process model, 227-223
definition, 279
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cell death, 226-228
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cell growth, 278
see also binary splitting
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cell kinetics, 1, 218
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cell model, Bell-Anderson, 68, 219
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chaos theory, 8§89
chaotic behavior, /188
Chapman—Kolmogorov equation, 99, 102
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chloroplast evolution, /28
coalescent processes, 200-208
see also convergence; exchangeable
population models
coalescence, 200-201
coalescent trees, 208, 209
inference in, 208-211
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mutation, 209-211
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colonization, 249, 251
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communities, polymorphic, 268
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composition, 79-81
see also age-distribution
population, 94, 97, 161-165, 196, 200
stabilization, /53
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conceptual models, 3
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conditional
expectation, 283
linearity, 272
variance, 284
constant death intensity, 8/
continuous-time branching models, 7, 11, 12,
158-161, 173
see also expected growth
age-distribution/composition matters,
79-81
Bell-Anderson cell model, 68
Bellman—Harris processes, 63—-64, 70, 72,
74,78
birth-and-death processes, 62—63, 81
demographic model, 88
and extinction, /30-132
exponential growth property, 72, 158-161
figures and diagrams, 57, 58, 60
general branching processes, 66-78
generations in real time, 5659
interactions, 81
Markov branching, 39, 59-63, 74, 130-132
multi-type, 68, 75-78
point processes, 66—67
Sevastyanov processes, 64—66
convergence, 290-292
see also coalescent processes
Fatou’s lemma, 290
forms, 290
martingales, 290-292
stationary, independent identically
distributed random variables, 292-293
critical populations see near-critical;
see also subcritical/supercritical
populations

Darwinian evolution see evolution
death-and-birth processes, 62-63, 81
see also cell death
death intensity, constant, 8/
decomposable processes, 26, 28-31
delayed renewal processes, 67
demographic model, 88
demographic stochasticity see random
environments; stochasticity
demography
assumptions, /66
Leslie matrices, 6
parity, 37
density dependent processes (population
density), 91-94
negative, 88
dependence see age-dependence;
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interaction/dependence; sibling
dependence; state of the individual,
dependence
deterministic approximations, 8§6—-88
deterministic models, xi, 1, 4-10, 62, 94, 108
dynamics, §§8-91
patch model, 250
environmental variation, /45148
quasi-stationarities, /93—199
deterministic path, adaptive dynamics,
269-271
differential equations, 68
diffusion
approximations, 84-86
Ornstein—Uhlenbeck, 187, 188, 189
processes, 10
dioecious (bisexual) plant species, /4
discrete-time branching models, 7, 154-158,
167, 173
basic process see Galton—Watson branching
process
benchmark processes, 15, 16-21
decomposable processes, 26, 28-31
embedded generation processes, /3
generation overlap, 3/-36
indecomposable processes, 26, 27-8
individuals, interaction, 42—43
individuals, types, 2/-27
life histories, types, 1113
migration, 52-55
and number of offspring, 2/
population dependence, 38—42
quasi-stationarity, /90—199
random environments, 49—52
sex, individual, 22, 36
sexual reproduction, 43—46
state dependence, 3638
varying environments, 46—49
discrete-time dynamical systems, 8§8—94
density dependent, 97-94
deterministic models, 88-91
quasi-stationarities, /90-199
distributions
see also age-distribution; Poisson
distribution
binary events/Bernoulli law, 285
binomial distributions, 285-286
geometric distributions, 286
life-length, 228-230
meta-populations, 259-261
multivariate generating functions, 287
probability generating functions, 284-285
quasi-stationarities, /93, 195, 196
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species, 252
stable-type, 76, 78, 80, 157, 162, 163
stationary, /92
DNA
see also cell growth
replication, /
sequencing, 2
doubling time, 2, 158-159
dynamical system models, /02
dynamics
adaptive see adaptive biological dynamics
of deterministic models, 88-91
population, /, 2, 5, 6, 9, 10, 218

ecological models, 89
ecology
and meta-populations, 249
and paleontology, 276
eigenfunctions, 76
eigenvectors, 25, 26, 256
embedded generation processes, /3, 57-58, 66
embryo arrest/cell death example, /148—149
emigration, 53, 54, 55
see also colonization; establishment;
immigration; invasion; migration
environment/s
constant, 103-104
ergodic, 51, 52
interaction variable, 97-98
linearity, 272
stochasticity see stochasticity,
demographic/environmental
stress, 107, 114
environmental variation, 46—49, 145-152
deterministic, /45—-148
human embryo arrest/cell death example,
148-149
random see random environments
epidemic/s
cycles, 6
spread, 28
epidemiology, measles, 236237
equilibrium, /87, 188, 189
ergodic class, 255
ergodic (stationary) environments, 51, 52
establishment, 266
see also colonization; immigration;
invasion; migration
and extinction, 107
probability, 274-275
time of, 268
eutely, cell number, 20
evolution
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as branching process, 200
chloroplast, 128
Darwinian, 107
and extinction, 107, 114
Galton—Watson processes, /8
and meta-populations, 249
symbiosis, 128—130
tumor model, 213, 214
evolutionarily singular strategies, 269
evolutionarily stable strategies (ESS), 267
evolutionary
change, 270
dynamics, 267
see also adaptive biological dynamics
exchangeable population models, 201, 202,
204-208
exclusion—inclusion, 281
expectation, 278-279
expected growth, 68-75
critical/subcritical/supercritical, 70
differential equations, 68
examples, 70-75
Malthusian parameters, 71, 74
maternity function, 68
mean age at childbearing, 71
Reimann integration, 68, 73
reproduction functions, 68, 71
reproduction point process, 68, 69
survival probability, 68
explosion/extinction dichotomy, /08—110,
140, 153, 154
exponential
decay, 19
distributions, 4, 58, 288
exponential growth, 1, 19, 39, 153, 154-161
continuous time, 72, 158—-161
discrete time, 154—158, 167
exponential probability density function, 60,
61
extinction, 1,2, 5, 7, 13, 249
benefits of risk assessment, 107
binary splitting example, 113114
continuous-time, /130—-132
and environmental stress, 107, 114
and environmental variation, /45-152
and establishment, /07
explosion dichotomy, /108—110, 140, 153,
154
Galton—Watson processes, 110-116, 120,
124-125, 131-132, 136138, 143
generating functions, //0-115
and meta-population theory, 107, 109-110,
133
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multi-type processes, 122—124

parasite spore example, /23—124

population-size dependence/independence,
19, 133-135

probability, 58, 141-145, 170, 171

role of evolution, 5, 107, 114

and sexual reproduction, /35-145

slightly supercritical populations, /24—130

times, 115-122, 170, 189

family trees, 57, 58, 69
Fatou’s lemma, 134, 290
Feller diffusion approximation, 84
fish, juvenile predation, 8, 9, 39
see also Ricker model
fixed points, 90, 105
fluctuation theorem, 93
fractional linear geometric distributions, /6

Galton—Watson branching processes, /3—15
see also continuous-time branching models;
discrete-time branching models;
extinction; Markov; multi-type processes
applications, /5
approximations, 82—86
basic assumptions/properties, 14, 15, 16-21
binary splitting, /71
bisexual, 44, 45
and coalescence, 200, 201, 206
decomposable, 28
embedded generations, 57-58, 66, 110, 248
evolution, /8
generation overlap, 31, 32, 36, 61, 66
indecomposable, 27
large populations, 82—86, 89, 92, 95, 101
population size, 39
PCRs as, 232-233
random environments, 50, 51
sibling dependence, 42, 43
supercritical, 154, 156, 160, 161
varying environments, 46, 47, 48
Wright—Fisher model, 200, 201
gamma distributions, 288—-289
Gammarus duebeni, 31
Gaussian approximation, 92
generation counting see discrete-time
branching models
generation expansion models, /00-102
generation overlap, /1, 31-36, 61, 66
biennial plant species example, 34-36
quasi-stationarity, 33
sexual reproduction, 44
small mammal example, 32—-34
generations in real time, 56-59
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see also continuous-time branching models
genetics, 200, 208
and meta-populations, 249
genotypes, variation, 22-23, 24
geometric
benchmark process, 66
distributions, 16, 17, 18, 286
growth, 82
Gillespie algorithm, 24/
global dependence, 42, 172-174
growth
see also age-dependence; bacteria,
growth/reproduction; cell growth;
population growth; tumor growth
catastrophe phenomenon, /97
logistic, 4
Gyllenberg, M, 94-106, 249-266

Hassell model, 7193

hazard rate functions, 61, 63, 64
hermaphrodite plant species, /4
hitting probability, 255
HIV/AIDS, 28

Hognis, G, 190-199
holobionts, 128, 129

immigration
see also colonization; establishment;
invasion; migration
branching process with, 52, 54
population, /79-183
incidence/incidence functions, 252
inclusion—exclusion, 281
indecomposable processes, 26, 27-8
indicators, 280-281
individual/s
branching process models, 4, 5, 6
level, 95, 96
linearity, 272
local interaction, 42—43
properties, 80, 162, 163, 165
size see size, individual
state space, 95, 96
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eigenvectors, 25, 26
genotypes, 22-23, 24
matrices, 23, 24, 25, 26
one-locus invasion example, 23
inference, ancestral, 208-217
approximate Bayesian computation, 271/,
212
in coalescent, 208-211, 209
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infinitely-many-sites model, 209
insect population examples, 49, 171
interaction/dependence, population, /9,
40-41,42, 81, 170-176
see also age-dependence
and extinction probability, 170, 171
global dependence, 172—174
and growth rate, /70
insect example, 171
Markovian, 52
polymerase chain reaction (PCR) models,
175
resource, 81
sibling dependence, 81, 171-172
slowly growing populations, /74-176
intrinsic biological clock model, 38
invasion
see also colonization; establishment;
immigration; migration
fitness function (Malthusian parameter),
268-269
gradient, 269
one-locus example, 23
successful, 266
islands
measles outbreaks, 244245
migration between, 255-259
see also mainland—island model

Jensen’s inequality, 9, 10, 51, 282
juvenile predation, by adults, 8, 9, 39
see also Ricker model

kernel, reproduction, 76, 273
Kesten—Stigum theorem, /77, 179
kinetics
cell, 1, 218
Michaelis—Menten, 92, 175
PCR reactions, 231
Kingman coalescent, 200, 202-204
Kolmogorov—Smirnov test, 247

Lande’s equation, 276
Laplace transform/s, 155, 156, 160, 287-289
large populations
see also structured population dynamics
approximations of branching processes,
82-88
discrete-time dynamical systems, 88—94
Law-of-Large-Numbers effect, 5, 51, 82, 85,
88, 153, 218
Law of Rare Events see Poisson distribution;
Law of Small Numbers
Law of Small Numbers, 17, 67
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Leslie matrices, 6
life conditions, 75
life histories
see also reproduction
strategies, /83
types, 11-13, 14
life periods, 53, 180-183
lifespan distribution, 63, 161
exponential, 4, 58
variation, 5
limit cycles, 277
limit theorems, 82-83, 85, 88, 187
linear structured population models, 98-103
linearity, conditional, 272
Listeria monocytogenes reproduction
example, 62
live population, /162
local state development, 251
logistic growth, 4
Lotka—Volterra model, 271

macro-individuals, 42-3
macroscopic/microscopic models, 97
mainland—island model, 250
ergodic class, 255
hitting probability, 255
migration between islands, 255-259
pure, 253-255
pure case/quasi-stationary distribution,
259-261
quasi, 261-266
transient class, 255
Malthusian growth rate, 1, 82, 159, 161, 168,
183, 184
see also exponential growth
parameters, 71, 74, 76, 268-269
Markov
branching, 7, 39, 59-63, 74, 130-132, 203
chains, 141, 191, 192, 193, 202
dependence, 52
inequality, 282
model, 185
properties, 95, 166, 167, 173
renewal theory, 76
structure, 4, 61, 63, 81, 173
martingales, 290-291
and branching processes, 29/-292
supermartingales, /40
theorem, 156, 176
mass growth, 161165
maternity function, 68
mathematical models see models,
mathematical
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mating
assumption of randomness, 200
functions, 44, 136—142, 178
matrices, 23, 24, 25, 26, 27, 28, 29, 122, 123,
127
matrix-formulated population biology, /66
measles outbreaks, 236—249
deterministic model, endemic measles, 239,
240
embedded process, moment generating
function, 248-249
epidemiology, 236-237
general model, 237-239
reproductive number, 236, 245-248
size distribution, 241-244, 246, 247
small islands, 244-245
stochastic model, 238, 240, 241
transition rate assumption, 238
mechanistic models, see deterministic models
merging see coalescent processes;
convergence
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see also mainland—island model
local state development, 251
models, 251, 252-253
structured, 250
and quasi-stationarity, 259-261
theory, 107, 109-110, 133
micelles (molecular aggregates), 200
Michaelis—Menten kinetics, 92, 175
microsatellite (MS) loci mutations, 213, 214
see also tumor histories, inference for
microscopic/macroscopic models, 97
migration, 52-55, 179-183, 249
see also colonization; establishment;
immigration; invasion
between islands, 255-259
branching process with immigration, 52, 54
emigration, 53, 54, 55
life periods, 53
rescue effects, 107
mismatch repair (MMR), 213
mitochondrial variation example, 271, 213
mitotic index, 164
MMR vaccine, 237
models, mathematical, x, xi, /-6
see also cell cycle; coalescent processes;
continuous-time branching models;
convergence; deterministic models;
discrete-time branching models;
Galton—Watson branching processes;
stochastic models; structured models
branching processes, xi, -7, 10, 50, 52, 54
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and intuition, 2
as simplification of reality, 3, 4, 47, 56, 95,
266, 276
molecular aggregates (micelles), 200
moment generating function, /91
monoecious (hermaphrodite) plant species, /4
monogamous mating, 45, 46, 178
moose population example, 79-80
most recent common ancestor (MRCA), 202
multi-type populations, /126—130
multi-type processes, 22, 23-26, 68, 75-78,
80, 122-124
multivariate generating functions, 287
mumps, 237, 245
mutants, invasion/spread, /4; and genotype
22-23; one-locus 23
mutation/s, 2, 231
bias, 277
in coalescent, 209-211
rare, 266
and speciation, 6
mutational steps, small, 266, 268, 277
mutator phenotype (colon) cancers, 213
see also tumor histories, inference for

near-constancy phenomena, /44
near-critical

populations, /9, 39

see also subcritical; supercritical

populations

processes, 174, 175-176
negative density dependence, 88
neighbors, geographic, 42
nematode worm example, 20-21
noise, 91-92
non-aging assumptions, 6/, 63
non-linear

dynamics, deterministic models, 89

structured population models, /04—106
Nosema genus, 31

occupancy problem, 4/
Octosporea effeminans, 31
offspring
distributions, 16, 17
numbers, inter-individual variation, 5
one-locus invasion example, 23
organ size variation, 20-21, 74
origin of species, 200
Ornstein—Uhlenbeck diffusion, 187, 188, 189

parasitism, /70
examples, 31, 123—-124
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parity, 37
PCR models see polymerase chain reactions
periodic/non-periodic indecomposable
processes, 27
Perron—Frobenius theorem, 27-28, 33, 104,
293
phenomenological models, 4
physiologically structured population models,
271-274
plant species
biennial example, 34-36
bisexual, /4
monoecious (hermaphrodite), /4
plasmids, 29, 30
point processes, 66, 67, 68, 69
Poisson distribution, 17, 66, 67, 70, 136, 286
competition for space (occupancy problem),
41
juvenile predation, 39
sexual reproduction, 44, 136
similarity with geometric distribution, /8
polygamy, 43
polymerase chain reactions (PCR), 11, 92,
215, 231-235
as Galton—Watson process, 232-233
interaction/dependence, 175
quantitative/real-time/kinetic, 231
variable efficiency, 234-235
polymorphic communities, 268
polynomial growth, 175-176
population/s
accumulated, 162, 168
composition, 94, 97, 161-165, 196, 200
critical/near-critical, 19, 39
see also subcritical; supercritical
populations
density, 91-94, 189
dependence see interaction/dependence,
population
dynamics, 1, 2, 5, 6, 9, 10, 218
structured see structured population
dynamics
genetics, 208
growth see population growth
large see large populations
models see population models
size dependence, 19, 3842, 81, 133—135,
172-174
state, 96, 97
stationary/stable, /, 5, 108, 174
population growth
see also expected growth; exponential
growth; extinction; large populations;
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quasi-stationarities

form, 153

immigration, /79-183

mass, 161-165

measures, /162

probability density function, /89

rates, 1, 7, 153, 170

reproductive value, /65-167

sexual reproduction, 177-179

slowly growing, 174-176
population models

exchangeable, 201, 202, 204-208

phenomenological, 4

Ricker model, 6, 7-10, 88, 89, 91, 192-194

structured see structured models

Verhulst’s logistic model, /0
pre-breeding censuses, /2
predation models, 6, 710, 39—40
predator—prey interactions, /70
probability

density function, /89

establishment, 274-275

extinction, 58, 141-145, 170, 171

generating functions, 60, 61, 284-285

hitting, 255

survival, 68, 167

theory, xi, 2

quantitative PCR, 231
quasi-mainland—island model, 26 /-266
quasi-stationarities, 9, 33, 108, 153, 183—-199
see also stationary, populations
assumptions, /85
Brownian motion, /87
Central Limit Theorem, 187
chaotic behavior, 188
deterministic models, 193—199
distributions, 193, 195, 196
meta-populations, 259-261
equilibrium, /87, 188, 189
Malthusian growth rate, /83, 184
Markov model, 185
moment generating function, /97
Ornstein—Uhlenbeck diffusion, 187, 188,
189
randomness, environmental/demographic,
184-188
relaxation rate, 185, 186, 187
simple discrete-time models, /90—199
size-dependent branching, 190, 198
and stochastic equilibrium, /88
strange attractors, /88
time until extinction, /89, 198, 199
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random
environments, xi, 4-6, 49-52, 149-152,
184-188, 191
variation, xi
walks, 242
real-time PCR reactions, 23/
see also continuous-time branching models
reality, simplification of, 3, 4, 47, 56, 95, 266,
276
recolonization see colonization
see also immigration; invasion; migration
reductionist approach, 4
Reimann integration, 68, 73
relaxation rate, 185, 186, 187
renewal
processes, 67
see also Poisson distribution
state, /103
theory, 158
reproduction
see also sexual reproduction
asexual, 141-144
bacterial, 1, 27
functions, /0, 68, 71 see also mating,
functions
kernel, 76, 273
once only, 57, 59
periods (non-overlapping generations), //
point process, 66—69
process, 58, 67
rate, 167
strategies, /83
value, 76, 157, 165-167
variance, 19-20
reproductive function, individual, /0
reproductive number, 236, 245-248
resource
dependence, 8/
scarcity, /
Ricker model, 6-10, 3940, 81, 88, 89, 91,
192-194
right whale example, /21, 122

seasonal reproduction see discrete-time
branching models

selection traits, 266—-267

Sevastyanov processes, 64—66, 70, 74

sexual reproduction, 43—46
see also asexual reproduction; reproduction
criticality, 137-140, 178
and extinction, 135—-145
mating functions, 44, 136-142, 178
and population growth, 177-179
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Poisson distributions, 44, 136
sibling dependence, 42-43, 81, 171-172
sibships, 171, 172, 206, 207
simple branching processes see
Galton—Watson branching processes
single type processes, /24-126
size, individual, 271-272
dependence, 19, 38—42, 81, 133-135,
172-174
branching, 790, 198
cell division example, 78
stabilization branching process models, 7
structured models, 279
slowly growing populations, /74-176
small mammal example, 32—-34
space
competition (occupancy problem), 4/
individual, 95, 96
species distribution, 252
splitting, 57, 59
squirrel example, 67
stable age distribution, 79, 108
stable birth state distribution, 274
stable-type distribution, 76, 78, 80, 157, 162,
163
stage/age structured matrix models, 271
standard Brownian motion, 84, 187
state of the individual, 95, 96
at birth, 103, 272-274, 277
dependence, 26, 36-38
population, 96, 97
renewal, /103
space, individual, 95, 96
stationary
see also quasi-stationarities
distributions, 192
environments, 51, 52
independent identically distributed random
variables, 292-293
populations, 1, 5, 108, 174
stochastic
differential equations, 84, 85
equilibrium, /88
integrals, 84
models, 4-5, 7-10
see also Ricker model
measles outbreaks, 238, 240, 241
meta-population, 257, 252
stochasticity, demographic/environmental, xi,
4-6, 49-52, 149-152, 184-188, 191
stock-recruitment function, /93
strange
attractors, /88
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integrals, 77
strategies, 268
see also traits, selection
bet-hedging, 52
and birth states, 272-273
evolutionarily stable (ESS), 267
life-history/reproductive, 183
stress, environmental, 107, 114
see also random, environments
structured models, xi, 6, 95-98, 250, 271-274
linear, 98-103
non-linear, 104106
structured population dynamics, 94-106
age-density, 97
composition of population, 94, 97,
161-165, 196, 200
concatenation, 98
constant environment, /03—104
environmental interaction variable, 97-98
individual state/level, 95, 96
Markovian property, 95
population state, 96, 97
renewal state, 103
state at birth, 703
subcritical
growth, 70
populations, 167-170, 179-183
substitution events see invasion;
see also colonization; establishment;
immigration; migration
super-additive mating function, 44
supercritical growth, 70
supercritical populations, 154-158, 160-161,
168-169, 176
and extinction, /124—130
and sexual reproduction, /78
and sibling dependence, 172
supermartingales, /40
see also martingales
superposition, 67
survival
analysis, 60
probability, 68, 167
swans example (monogamy), 45, 46
symbiosis, 170
evolution example, /28-130

Tauberian theorem, 229
telomere shortening, 225-231

branching process model, 225, 226

cell death, 226-228

general life-length distributions, 228-230
Tetrahymena thermophila, 230
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see also Law of Rare Events; Law of Small geneology of sample, 2/4-215
Numbers tumor evolution model, 213, 214
time turtle example, 206
see also continuous-time branching models;  types, 75-76, 218, 268
discrete-time branching models individuals, 2/-27
ecological, 269 life histories, 11-13
of establishment, 268 stable distribution, 76, 78, 80, 157, 162, 163
evolutionary, 269
time to extinction, 115-122, 170 vaccination, 237
and interaction/dependence, 170 variance, 19-20, 279-280, 284
and quasi-stationarity, /89, 198, 199 varying environments, 46—49
right whales example, 121, 122 Bicyclus butterfly genus example, 49
survival chance approximation, //8-119 periodic, 48
time-homogeneous dependence, 52 Verhulst’s logistic model, 10
traits, selection, 266-267 viability, 5
see also strategies viruses, 231
transforms, generalizations, 289
see also Laplace transform/s ‘Wald’s equation, 283
transition probability models, 279 whales example, /21, 122
trilobites, 167 Wright-Fisher model, 200, 201-202
tumor growth, 153, 170
tumor histories, inference for, 212-217 zero modified geometric distributions

data collection, 2/2-213 (fractional linear), 16
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